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The Navier-Stokes problem

The initial value problem for the Navier-Stokes equations is:
ut − ν∆u + (u · ∇)u = −∇p + f in D
div u = 0 in D
u = u0 on Tn × {0}

(1)

Here, let Tn = Rn/Zn is the n-dimensional torus and
D = Tn × [0,T ), with T > 0. Let ν ∈ R+.
Let u0 : Rn/Zn → Rn be C 2 with second order partial derivatives
Lipshitz continuous. Let f : Rn/Zn → R be C 1, with Lipshitz
continuous partial derivatives. Without loss of generality,
div f = 0. (Otherwise, replace f by f −∇p0, with ∆p0 = −div f ).
The unique (if it exists) strong solution of (1) is a pair of
“sufficiently regular” functions u : D → Rn, p : D → R satisfying
(1)
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Modified Navier-Stokes equations

Consider a cut-off function χM ∈ C∞([0,∞)) such that:

χM(r) =

{
1 if r < M
0 if r > 2M

Let ‖u‖1,2 = max
i
‖uxi‖L∞(Tn×[0,T ]) + max

i ,j
‖uxixj‖L∞(Tn×[0,T ]). As

long as ‖u‖1,2 < M, the Navier-Stokes equations are equivalent to:
ut − ν∆u + (u · ∇)u = −∇p + f in D
∆p = −χM(‖u‖1,2) tr(Dxu)2 in D
u = u0 on Tn × {0}

(2)

Note that div(u · ∇)u = tr(Dxu)2 =
n∑

i ,j=1

∂ui

∂xj

∂uj

∂xi
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Discretized space and time

• Discretization of Tn (for any n ∈ N):

Tn
M =

{
0, h, 2h, . . . , (M − 1)h, 1

}n

= h (Z mod M)n;

with M ∈ N1, and h = 1
M .

Given any x = (m1,m2, . . . ,mn)h and y = (l1, l2, . . . , ln)h in
Tn

M , let:

x + y =
(
(m1 + l1) modM, . . . , (mn + ln) modM

)
h

• Discretization of time: with T ∈ R+ and K ∈ N1, let k = T
K ,

and define:

IT
K =

{
0, k, 2k, . . . , (K − 1)k

}
= k (N ∩ [0,K ));
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Gridfunctions

• Discretization of Tn × [0,T ]: to each triple d = (M,K ,T ),
with T ∈ R+ and M,N ∈ N1 we associate discretizations as
defined above. Let:

Dd = Tn
M ×

{
0, k, 2k, . . . , (K − 1)k

}
Dd = Tn

M ×
{

0, k, 2k, . . . , (K − 1)k,T
}

• Gridfunctions:
U : Dd → Rn

P : Dd → Rn
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Finite diference operators

• Discretization of the gradient:

∇dU(x , t) =
1

2h

(
U(x + hei , t)− U(x − hei , t)

)
i=1,...,n

• Discretization of the laplacian:

∆dU(x , t) =
1

h2

n∑
i=1

(
U(x + hei , t)− 2U(x , t) + U(x − hei , t)

)
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Discretization of Pu = ut − ν∆u + (u · ∇)u:

PdU(x , t) =
U(x , t + k)− U(x , t)

k
− ν∆dU(x , t)

+
n∑

i=1

Ui (x , t)
U(x + hei , t)− U(x − hei , t)

2h

=
1

λh2

(
U(x , t + k)− (1− 2nνλ)U(x , t)

−λ

n∑
i=1

((
ν− h

2
Ui (x , t)

)
U(x+hei , t) +

(
ν+

h

2
Ui (x , t)

)
U(x−hei , t)

))

where λ =
k

h2
=

TM2

K
∈ R+,
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The finite-diference problem



PdU(x , t) = −∇dP + f (x , t) in Dd

∆dP = −χM(‖U‖d
1,2)

n∑
i ,j=1

δ0
h,jUi δ0

h,iUj in Dd

U(x , 0) = u0(x) on Tn
M .

where

δ0
h,iUj(x , t) =

1

2h

(
Uj(x + hei , t)− Uj(x − hei , t)

)
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Explicit solution of the finite-diference problem

Solving PdU(x , t) = −∇dP(x , t) + f (x , t) for U(x , t + k) yields:

U(x , t + k) =
(
1− 2nνλ

)
U(x , t)

+λ

n∑
i=1

((
ν − h

2
Ui (x , t)

)
U(x + hei , t)

+

(
ν +

h

2
Ui (x , t)

)
U(x − hei , t)

)
+λh2f̄ (x , t)

where f̄ (x , t) = −∇dP(x , t) + f (x , t).
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Iteration function

... that is:

U(x , t + k) = Φ(U,U)(x , t) + f̄ (x , t)

with

Φ(U,V )(x , t) =
(
1− 2nνλ

)
U(x , t)

+λ

n∑
i=1

((
ν − h

2
Vi (x , t)

)
U(x + hei , t)

+

(
ν +

h

2
Vi (x , t)

)
U(x + hei , t)

)
,
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Solution of the discrete problem (3)



U(x , t + k) = Φ(U,U)(x , t) + λh2f̄ (x , t) (x , t) ∈ Dd

∆hP(x , t) = −χM(‖U‖d
1,2)

n∑
i ,j=1

δj ,hUi (x , t) δi ,hUj(x , t) (x , t) ∈ Dd

U(x , 0) = u0(x , 0) x ∈ Tn
M .

where f̄ (x , t) = −∇dP(x , t) + f (x , t).
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Stability conditions

Stability conditions are needed to ensure that the iterates behave
nicely. These conditions ensure that φ(U,U)(x , t) is a weighted
average of the values of U at (x , t) and its neighbouring points.

• Stability condition: λ <
1

2nν

• Need also
h

2
Ui (x , t) “small”: h infinitesimal.
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Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Estimate for discretized Poisson equation

The solutions of

∆dP = χM(‖U‖d
1,2)

n∑
i ,j=1

δ0
h,jUi δ0

h,iUj

can be estimated using the Maximum Principle for ∆d on an
appropriate domain (A. Brandt’s method).

Lemma

For some C = C (n) > 0 finite):

‖P‖d
0,2 ≤ CM2
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Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Properties of the iteration function

We now work in 〈V (R), ∗V (R), ∗〉

Lemma

Let h be a positive infinitesimal. Let U,V ,W ,Z ∈ (Rn)Dd . If
there exists an M ∈ ∗R such that, for all (x , t) ∈ Dd ,
|U(x , t)| ≤ M and V (x , t) is finite, then, for all (x , t) ∈ Dd :

(a) |Φ(U,V )(x , t)| ≤ M

(b) Φ(U,W )(x , t)− Φ(V ,Z )(x , t) = Φ(U − V ,W )(x , t)−
λh

2

n∑
i=1

(
Zi (x , t)−Wi (x , t)

)(
V (x + hei , t)− V (x − hei , t)

)
.
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The Navier-Stokes equations in Tn

Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Estimate for ‖U‖L∞d (A)

Let ‖U‖L∞d (A) = max
(x ,t)∈A

|U(x , t)|

Lemma

If U is the solution of the discrete problem then

‖U‖L∞d (Dd ) ≤ ‖u0‖L∞ + T‖f̄ ‖L∞d

≤ ‖u0‖L∞ + T
(
CM2 + ‖f ‖L∞

)
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Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Estimate for [U]L∞d (A)

Let [U]L∞d (A) = max
(x ,t),(y ,t)∈A, x 6=y

|U(x , t)− U(y , t)|
|x − y |

Lemma

Let

F0 =

(
1√
n
[f̄ ]L∞d (Dd )

)1/2

≤
(

CM2 + [f ]L∞√
n

)1/2

L0 = [u0]L∞d (Tn
M)

If U is the solution of the discrete problem then for any
T < 1√

n(F0+L0)
, [U]L∞d (Dd ) is uniformly bounded by a constant

depending only on T , u0, f , n and M.
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The Navier-Stokes equations in Tn

Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Estimate for [[U]]L∞d (A)

• Let [[U]]L∞d (A) = max
(x ,t),(x ,t+k)∈A

|U(x , t + k)− U(x , t)|
k

• Let L2 = max
(
[[u0]]L∞d (Tn

M),
1
n ([[f̄ ]]L∞d (Dd ))

1/2
)

• Using the regularity of u0:

U(x ,k)−U(x ,0)
k = ν

n∑
i=1

δ0
h,i ,iU

−
∑n

i=1 Uiδ
0
h,iU + f̄ (x , 0)

≈ ν∆u0(x)− (u0 · ∇)u0(x)−∇p(x , 0) + f (x , 0)

This gives us an estimate for [[u0]]L∞d (Tn
M) in terms of the

initial data.
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Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Estimate for [[U]]L∞d (A)

Lemma

If U is the solution of the discrete problem then: For any
T < 1√

n(F0+L0)
, [[U]]L∞d (A) is uniformly bounded by a constant

(dependent only on n, u0, f , M and T).
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The Navier-Stokes equations in Tn

Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

First existence result

A good candidate for solution is:

u(st x , st t) = st U(x , t)

p(st x , st t) = st P(x , t)

These functions are well-defined on Tn × [0,T ] and Lipshitz
continuous for T smaller than the (possible) blow-up time of the
estimates of U.

Theorem

Let u, p and T be as above. Then u is a strong solution (i.e, at
least C 2,1) of the modified Navier-Stokes problem (2) on
Tn × [0,T ].
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The Navier-Stokes equations in Tn

Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Sketch of the proof

• Since ‖P‖d
0,2 ≤ CM2, p is C 1 (with its first derivatives

Lipshitz continuous). Then −∇p + f is Lipshitz continuous.
• Estimate the diference between U and the (smooth) solution

of the classical parabolic problem:{
vt − ν∆v + (u · ∇)v = −∇p + f in D
v = u0 on Tn × {0}.

• It follows that U − ∗v is infinitesimal. So (the standard) u is
equal to the C 2,1,α function v .

• Let q satisfy

∆q = −χM(‖u‖0,2) tr(Dxu)2

Then ∆dq −∆dp ≈ 0. Use the maximum principle to
conclude that P − ∗q is infinitesimal. Then (the standard) p
is equal to the C 3,α function q.
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The Navier-Stokes equations in Tn

Discretization of the modified Navier-Stokes problem
Estimating the iterates

Existence and regularity of solutions

Main result

Theorem

Let u, p be as above. Then there exists a T > 0 such that u is a
(strong) solution of the Navier-Stokes problem (1) on Tn × [0,T ].

Proof: u, p solve the modified problem and are C 2,1,α. By uniform
continuity of u and its first and second derivatives we conclude
that for any M > ‖u0‖0,2 there is a T > 0 such that ‖u‖0,2 ≤ M.
Then, for 0 ≤ t ≤ T , the modified problem is equivalent to the
original problem.
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