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Regular ultrafilters

Definition

An ultrafilter D over « is («, 3)-regular if there is E C D of
cardinality 3 such that (X = 0 for all X C E of cardinality «.

o D is [(-regular if it is (w, 3)-regular.

@ D is regular if it is x-regular.




Regular ultrafilters

Suppose that & is an infinite cardinal, D is a regular ultrafilter over
k and that w < A < k. Then

A =2
D



Regular ultrafilters

Let D be an ultrafilter over infinite cardinal k. If D is uniform
(IX| = & for all X € D) and k<" = k&, then

] xl=2"
D



Two cardinal problem

Definition
Let £ be a first order language and let U be a unary predicate
symbol of £. We say that an L-theory T admits pair (k, A) if
there is an L-structure M = (M, UM, ...) such that:
oMET
o M| =k
o |UM| =X




Two cardinal problem

Some examples:
o If T admits (k,\), then T admits (x’, '), where
A< N <K <k
e If T admits (k,\) and D is an ultrafilter over k, then T

admits (| l;[/ﬂ, | ];[ Al).

@ There is a theory admitting (™, k) for all k and not
admitting any (k7 1, k) for any k.

@ There is a theory admitting (2, k) for all k and not admitting
any ((2%)*, k) for any .



Two cardinal problem

Definition

Suppose that T admits (k,A). We say that (&, A) is:
o Left large gap (LLG), if T doesn't admit (kT \).
e Right large gap (RLG), if T doesn't admit (%, AT).
o Large gap (LG), if it is both LLG and RLG.




Two cardinal problem

Example

Suppose that (A(k), k) is LLG for T for all k, and that (k,(k)) is
RLG for T for all k. Then, T admits (| [[A(x)|,|[]#|) and
D D

(ITT &) I TIT (&)1, ). so
D D

TT# <ITIA@I< AT T
D

D D

and

r(II=D < ITIrr< ]~
D

D D




Continuum displacement

The continuum function is a cardinal function

R, — 2% e On.

Definition

The continuum displacement function is an ordinal function
f : On — On such that

Mo — Na+f(a), a € On.




Continuum displacement

Initial boundaries on the CP-displacement f:
o 2% >N, so f(a) > 1.
0 2% < Nywy = Ny jona, 50 fa) < 2%a,




Continuum displacement

Suppose that the CP-displacement f is constant, i.e.

(Vo € On)f(a) =

for some fixed 8 € On. Then 8 < w.




Continuum displacement

Theorem

Let (N¢(N),A) be LLG for theory T for all infinite cardinals A. Fix
some k > w. Suppose that Ne(r)<Ne(r) = R¢(k) and that D is a
uniform, nonregular ultrafilter over ¥¢(k) ‘“jumping” after k, i.e.

[T w0 < ITIRe(o)l:
D D

Let X, = |[][p k| and Rz = R¢(k). Then,

a<B+f(B)<ati<a+tp.




Continuum displacement

R = [[]=l

D
TRl
D

2Ns

A

= Ngir(g)

Hence,

a < B+ f(6).



Continuum displacement

Norrs) = |[]Re(s)l

Thus,



Continuum displacement

Let Kk =w, £ = 17. Then,

N
277 NaJrl?-

In addition, if | [[w| < Ri7, then
D

2M7 L Ny




Continuum displacement

If 287 — N,11, then there is no “jumping” ultrafilter over Ni7, i.e.

Tl =] Rl
D D
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