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STRONGLY SUMMABLE AND UNION ULTRAFILTER

CLASSICAL DEFINITIONS

m For a sequence (xp)pen in @ some semigroup (S, ) let
FP(xn) :={Iljcp xi | 0 # F C S finite}.
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STRONGLY SUMMABLE AND UNION ULTRAFILTER

CLASSICAL DEFINITIONS

m For a sequence (x,)nen In @ some semigroup (S, -) let
FP(xn) :={Iljcp xi | 0 # F C S finite}.
m u € ON is strongly summable, if it has a base of FS-sets.
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SOME PROPERTIES I

Let u be (very) strongly summable.

ALGEBRA (HINDMAN)

e u is idempotent (in the semigroup (8N, +)).

e If p+ g =u (in ON), then{

e The maximal subgroup in N with identity v is minimal (& Z).

p=u-+z
g=u—=z

} for some z € Z.
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SOME PROPERTIES 11

Let u be (very) strongly summable.

COMBINATORICS (BLAS

e u-prod(w) has exactly 5 constellations and 3 skies.
e u has a Ramsey property for partitions of finite sums.

e min(u) and max(u) are selective ultrafilters.
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DAGUENET(-TEISSIER)’S TOPOLOGICAL FAMILIES

GICAL FAMILIES

A family ® of filters on N is a ,if it
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DAGUENET(-TEISSIER)’S TOPOLOGICAL FAMILIES

LOGICAL FAMILIES
A family ® of filters on N is a ,if it

includes the countably generated filters
is closed under images and preimages (for all f : N — N)

is closed under countable (compatible) unions.

Then the sets of ultrafilters extending filters in ® generate a (finer)
topology on SN.
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EXAMPLES

m Countably generated filters
m F, filters
m X filters
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FINER TOPOLOGIES

Let @ be a topological family and consider SN with the ®-topology.

BAIRE CATEGORY THEOREM (DAGUENET)

The intersection of wi-many open dense sets is dense
(w1-comeager).
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ULTRAFILTERS AND FINER TOPOLOGIES

Consider the F,-topology on ON.

APPLICATION(DAGUENET)

m The set of P-points is the intersection of 2%° open dense sets.

m Under CH: the set of P-points with no image being
selective/rapid /" property C" is w;-comeager.
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SUMS OF FILTERS

Let F, G, H be filters; F, G, H the corresponding subsets of 3N.

PETER KRAUTZBERGER Freie UNIVE BERLIN
I




SUMS OF FILTERS

Let F, G, H be filters; F, G, H the corresponding subsets of 3N.

(COMBINATORICAL) SUM

F+G:={ACN| @BV eF,(W)evin G)U,ey v+ W, CA}

Freie Universita

FINER TOPC



SUMS OF FILTERS

Let F, G, H be filters; F, G, H the corresponding subsets of 3N.

(COMBINATORICAL) SUM

F+G:={ACN| @BV eF,(W)evin G)U,ey v+ W, CA}

TOPOLOGICAL CHARACTERIZATION

F+ G D Hiff
For all g € F, (pn)necw in G: g-limpen(n + pp) € H.
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IDEMPOTENT FILTERS

IDEMPOTENCY

F is idempotent, if F+ F D F.
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IDEMPOTENT FILTERS

IDEMPOTENCY

F is idempotent, if F+ F D F.

ADDITION AND FINER TOPOLOGIES

There are (many) idempotent filters in every topological family ®.
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EXAMPLES IN EVERY TOPOLOGICAL FAMILY (FOR (N)

"Adequate partial semigroups"
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EXAMPLES

EXAMPLES IN EVERY TOPOLOGICAL FAMILY (FOR (N)

"Adequate partial semigroups"
FS . -filters

min—!, max~? filters (1)
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TOPOLOGICAL FAMILIES REVISITED

Let ® be a topological family and consider the ®-topology.
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SOME (INDEPENDENCE) RESULTS

TOPOLOGICAL FAMILIES REVISITED

Let ® be a topological family and consider the ®-topology.

IDEMPOTENT ULTRAFILTERS

Assume CH and let A C SN be wj-comeager.
There exists dense D C E(N), such that
{min(e) | e € D} and {max(e) | e € D} are dense in A.
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AMPLES REV

m (Blass) For countably generated filters: The set of (very)
strongly summable ultrafilters (with selective image).
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SOME (INDEPENDENCE) RESULTS

AMPLES REV

m (Blass) For countably generated filters: The set of (very)
strongly summable ultrafilters (with selective image).

m For F,-filters: The set of idempotent ultrafilters with min and
max strong P-points.
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APPLICATION

EXAMPLES REVISITED

m (Blass) For countably generated filters: The set of (very)
strongly summable ultrafilters (with selective image).

m For F,-filters: The set of idempotent ultrafilters with min and
max strong P-points.

m For Xl-filters: The set of idempotent ultrafilters with min and
max not >gk any P-point or any rapid.
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QUESTIONS

Can "dense" be replaced by "w;-comeager "7

What is the position of these ultrafilters in the partial order of
idempotent ultrafilters?

m What other algebraic properties do these new idempotent
ultrafilters have?

m What other topological families are there and may they help
with the above?
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