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The philosophy

Competitions in which:

= large number of players: taking N — oo
m small players: very little influence on the overall system

m indistinguishable players: symmetric payoffs

— Analogy with mean field models

Mean field games

Study of strategic decision making in very large populations of
small interacting individuals with symmetric payoffs.
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A stochastic optimal control problem

m mean field game (MFG)
m the concept of e-Nash Equilibrium

From game to PDEs: the mean field equations (MFE)
m main hypothesis
m existence theorem
® uniqueness theorem

The link between MFG and MFE

m an abstract control problem
m asymptotic resolution of MFG
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Mean field game (MFG)

We have N players. Fori=1,---, N, the player i has a dynamic
described by the following SDE:

dX! = aldt + v/2dB..
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Mean field game (MFG)

We have N players. Fori=1,---, N, the player i has a dynamic
described by the following SDE:

dX! = aldt + v/2dB..

We suppose:
H1. Xé has a fixed law m( and are independent;
H2. (Bj) are independent d-dimensional Brownian motions.

The player i can choose his control o adapted to the filtration

(Fi=0(X},Bl:s<tj=1,---,N))
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Mean field game (MFG)

Player i's payoff is given by

T
1 . ) 1
Rl a®) <2 | [ Sl e P | X g |
J#
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Mean field game (MFG)

Player i's payoff is given by

T
1 . ’ 1
Rl a®) <2 | [ Sl e P | X g |
J#

The problem

Minimize JJN conditioned to

dX] = oldt + v2dB!
for all j.
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The notion of € - Nash equilibrium

We say that (a®!,--- a*") is a Nash equilibrium for (JM)X, if
for all 7 and for all o
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The notion of € - Nash equilibrium

We say that (a®!,--- a*") is a Nash equilibrium for (JM)X, if
for all 7 and for all o

€ - Nash equilibrium

We say that (a®!,--- oY) is an ¢ - Nash equilibrium for

(JMN, if for all i and for all «

@t 0Ny < IV (@40, 0) + e
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The Mean Field Equations (MFE)

In some sense, the MFG evolves to:

—Opu — Au+ §|Vul> = F(z,m)
oym — Am—div(mVu) =0
u(z, T) =0

m(0) = my,

the first is an Hamilton Jacobi Bellman
the second is a Fokker Planck

they are coupled by F' (the coupling term)
[ the system is forward - backward
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The Mean Field Equations (MFE): main hypothesis

F:RYx PLRY) = R,
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F:R% x PYR?) — R, such that
|F'(z,m)| < C,
(P m) — F(a,m)] < Collz — 2] + dy (m, m0)).
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F:R% x PYR?) — R, such that
|F'(z,m)| < C,
(P m) — F(a,m)] < Collz — 2] + dy (m, m0)).

H my is absolutely continuous with respect to Lebesgue measure
with Holder continuous density and satisfies

/ |z|?mg(dz) < +oo0.
Rd
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The Mean Field Equations (MFE): main hypothesis

F:R% x PYR?) — R, such that
|F'(z,m)| < C,
(P m) — F(a,m)] < Collz — 2] + dy (m, m0)).

H my is absolutely continuous with respect to Lebesgue measure
with Holder continuous density and satisfies

/ |z|?mg(dz) < +oo0.
Rd
for all m,m’ € PL(RY), m # m/,

/Rd(F(:c,m) — F(z,m"))d(m — m/)(z) > 0.
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The Mean Field Equations (MFE): existence theorem

We say that a pair (u,m) is a classical solutions to MFE if

m u,m:R?x [0,T] — R are continuous

m u,m are C? in space and C! in time
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The Mean Field Equations (MFE): existence theorem

We say that a pair (u,m) is a classical solutions to MFE if

m u,m:R?x [0,T] — R are continuous
m u,m are C? in space and C! in time

m u,m satisfy the MFE in a classical sense.

Existence theorem

Under the above assumptions, there is at least one classical solution
to MFE.
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The Mean Field Equations (MFE): existence theorem

We denote with C*t® (s € N, a € (0, 1])the maps
z:R? x [0,7] — R such that

m the derivatives 0F D!z exist if 2k +1 < s
m the derivatives are bounded and a- Holder in space and a/2-
Holder in time
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The Mean Field Equations (MFE): existence theorem

We denote with C*t® (s € N, a € (0, 1])the maps
z:R? x [0,7] — R such that

m the derivatives 0F D!z exist if 2k +1 < s
m the derivatives are bounded and a- Holder in space and a/2-
Holder in time

Existence and uniqueness result for the heat equation

If a,b, f,wy € C, the there exists a unique weak solution to

{ Ow — Aw + (a(z,t), Vw) + b(z, t)w = f(x,t)
w(z,0) = wo(x).

Moreover w € C2+.
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The Mean Field Equations (MFE): existence theorem

The proof is split in the following steps:
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The Mean Field Equations (MFE): existence theorem

The proof is split in the following steps:

Consider a proper convex and compact subset C of
c([0,T] : PLY;
Build a map ¥ : C — C in the following way:
m associate to some u € C the solution u of

—0u — Au+ 3|Vul? = F(z, p)
u(z,T) =0

m associate to u the solution m of
{ om — Am—div(mVu) =0

m(0) = my,

Apply a fixed point to W : p — m.
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The Mean Field Equations (MFE): existence theorem

Step 1. The set C
C is the set of maps ;1 € C([0,T] : P}(R?)) such that
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The Mean Field Equations (MFE): existence theorem

Step 1. The set C
C is the set of maps ;1 € C([0,T] : P}(R?)) such that

d1(p(s), p(1))
s#£t ‘t - 8|1/2 : ¢

and

sup ||z Pu(t)(de) < C.
tel0,T] /R
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The Mean Field Equations (MFE): existence theorem

Step 1. The set C
C is the set of maps ;1 € C([0,T] : P}(R?)) such that

(). w(1) _
sAt [t—s[2 T
and

sup ||z Pu(t)(de) < C.
tel0,T] /R

Properties of C:

m C is convex;
m C is compact in the topology of

d(p,v) = Sup di(p(t), v(t)).
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The Mean Field Equations (MFE): existence theorem

Step 2. The map ¥
Associate to some i € C the solution u of

—0u — Au+ §|Vul? = F(z, p)
u(z, T) =0
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The Mean Field Equations (MFE): existence theorem

Step 2. The map ¥
Associate to some i € C the solution u of

—0u — Au+ §|Vul? = F(z, p)
u(z, T) =0

To see that a solution exists and is unique, we use Cole Hopf

transform:
w=e %2

then w has to satisfy

—0w — Aw = wF (x, 1)
w(z, T)=1
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The Mean Field Equations (MFE): existence theorem

We denote with C*t® (s € N, a € (0, 1])the maps
z:R? x [0,7] — R such that

m the derivatives 0F D%z exist if 2k +1 < s

m the derivatives are a- Holder in space and «/2- Holder in time

Existence and uniqueness result for the heat equation

If a,b, f,wy € C%, the there exists a unique weak solution to
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Moreover w € C2te.
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The Mean Field Equations (MFE): existence theorem

In our situations:

ma=0;
m f=0;
mb=1"F;
mwy=1;

It is sufficient to control that (x,t) — F(z, u(t)) € C* :

F (o, u(t)) — F(a!, u(#)] < Clla — o] + da(t), p(¥))
< Ofla — /| + |t —£]'?)
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The Mean Field Equations (MFE): existence theorem

Step 2. The map ¥
Associate to some i € C the solution u of

{ —Ou — Au+ 5|Vul> = F(z, )

u(z,T)=0
To see that a solution exists and is unique, we use Cole Hopf
transform:
w=e"Y?

then w has to satisfy
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The Mean Field Equations (MFE): existence theorem

Step 2. The map ¥
Associate to some i € C the solution u of

{ —Ou — Au+ 5|Vul> = F(z, )

u(z,T)=0
To see that a solution exists and is unique, we use Cole Hopf
transform:
w=e"Y?

then w has to satisfy

—Ow — Aw = wF (z, 1)
w(z,T)=1

— Existence and uniqueness of w (and u),
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The Mean Field Equations (MFE): existence theorem

Step 2. The map ¥
Associate to some i € C the solution u of

{ —Ou — Au+ 5|Vul> = F(z, )

u(z,T)=0
To see that a solution exists and is unique, we use Cole Hopf
transform:
w=e"Y?

then w has to satisfy

—Ow — Aw = wF (z, 1)

w(z,T)=1
— Existence and uniqueness of w (and ), w € C*** (and
u € C*a))
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The Mean Field Equations (MFE): existence theorem

Properties of u:

®m u is bounded;

m u is Lipschitzian;
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The Mean Field Equations (MFE): existence theorem
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Associate to u the solution m of

ogm — Am—div(mVu) =0
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The Mean Field Equations (MFE): existence theorem

Properties of u:

®m u is bounded;
m u is Lipschitzian;
muc C?e
Associate to u the solution m of
ogm — Am—div(mVu) =0
m(0) = my,
which can be written as
{ orm — Am — (Vm,Vu) —mAu =0

m(0) = mo,
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The Mean Field Equations (MFE): existence theorem

Properties of u:

m u is bounded,;
m u is Lipschitzian;
muc C*e,

Associate to u the solution m of

Om — Am—div(mVu) =0
m(0) = mo,

which can be written as

om — Am — (Vm, Vu) — mAu =0
m(0) = my.
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The Mean Field Equations (MFE): existence theorem

Properties of u:

m u is bounded,;
m u is Lipschitzian;
muc O = Vu, Au € C¢

Associate to u the solution m of
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The Mean Field Equations (MFE): existence theorem

Properties of u:

m u is bounded,;
m u is Lipschitzian;
muc€ O = Vu, Au € C = there exists m € C?T°

Associate to u the solution m of

Om — Am—div(mVu) =0
m(0) = mo,

which can be written as

om — Am — (Vm, Vu) — mAu =0
m(0) = mo,
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The Mean Field Equations (MFE): existence theorem

Properties of u:

m u is bounded,;
m u is Lipschitzian;
muc O = Vu, Au € C* = there exists m € C?*T* m € C

Associate to u the solution m of

Om — Am—div(mVu) =0
m(0) = mo,

which can be written as

om — Am — (Vm, Vu) — mAu =0
m(0) = my.
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The Mean Field Equations (MFE): existence theorem

Step 3. The properties of ¥ and fixed point theorem
Properties of U:

m well defined (m € C)
m continuous

Schauder fixed point Theorem

Let X be a locally convex topological vector space. Let K C X be
a non-empty, convex and compact set. For any continuous function

f:K— K,

there exists = € K such that f(z) = «.

Valeria De Mattei Universita di Pisa

An introduction to the theory of Mean Field Games



The Mean Field Equations (MFE): uniqueness theorem

As to uniqueness we suppose: for all m, m’ € PH(R?),m # m/,

/Rd(F(:L", m) — F(z,m"))d(m —m')(x) >0

Uniqueness Theorem

Under the above assumption, there exists a unique classical solution
to MFE.
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The link between MFG and MFE: abstract control problem

Consider the following abstract control problem:

Abstract problem

We have

m a functional: [f Tlow)? + F( Xt,mt)dt]
m a state: dX; = oudt + /2dB;.

Find
inf J ()
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The link between MFG and MFE: abstract control problem

Resolution of abstract control problem

m fix (u,m) solution to the MFE;
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The link between MFG and MFE: abstract control problem

Resolution of abstract control problem

m fix (u,m) solution to the MFE;

m let X solves
dX, = —Vu(X,, t)dt + V2dBy;

m put ~
dt = —VU(Xt,t),
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The link between MFG and MFE: abstract control problem

Resolution of abstract control problem

m fix (u,m) solution to the MFE;

m let X solves
dX, = —Vu(X,, t)dt + V2dBy;

m put ~
dt = —VU(Xt,t),

Then
J(a) = inf J(«).
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The link between MFG and MFE: abstract control problem

0 = Eju(X7,T)]

T
u(Xo,0) —I—/O Ou(Xs, s) + (as, Vu(Xs, s)) + Au( X, s)ds}
1
u(Xo,0) +/0 i\Vu(XS, 8)? + (s, Vu(Xs, 8)) — F(Xs,ms)ds]

T
1
u(Xo,0) +/ —5\%]2 — F(X,,my)ds
0

= E[u(Xo,0)] — J (o).
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The link between MFG and MFE: abstract control problem

0 = Eju(X7,T)]

r T
=E |u(Xo,0) —I—/O Ou(Xs, s) + (as, Vu(Xs, s)) + Au( X, s)ds}

- T
=E |u(Xo,0) +/0 i\Vu(XS, $)? 4 (s, Vu(Xs, s)) — F(Xs,ms)ds]

T
1
>E |u(Xp,0) +/ —5\%]2 — F(X4,my)ds
0

= E[u(Xo,0)] — J(a).

Then
J(a) > E [u(Xp,0)].
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The link between MFG and MFE: asymptotic resolution of
MFG

We have the following situation:

m a payoff for each player:

T
1, . . 1
Tl 0 =B | [ Sl P | Xy S |
i#i

m a state for each player:

dX! = oldt +\/2dB!
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The link between MFG and MFE: asymptotic resolution of

MFG

Fix (u, m) solution to MFE. For all ¢, put

dX! = —Vu(X}, t)dt + v2dB!

di = —V’UJ(X;, t)
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The link between MFG and MFE: asymptotic resolution of

MFG

Fix (u, m) solution to MFE. For all ¢, put

dX! = —Vu(X}, t)dt + v2dB!
di = —V’LL(Xti,t)

Then (a!,---,a") is a ex- Nash equilibrium for (J{V,--- ,JJ]VV)
with ey — 0 as N — oo.
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The link between MFG and MFE: asymptotic resolution of
MFG

Proof. We have to evaluate:

JN@ - aNy = TN (@), @)
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The link between MFG and MFE: asymptotic resolution of
MFG

Proof. We have to evaluate:
Jijv(&la T >dN) - J'N((dj)jfb a)

7

which is dominated by

7

JN@t, @) — J@h) + J(a) — TN (@) 4, ).

Valeria De Mattei Universita di Pisa

An introduction to the theory of Mean Field Games



The link between MFG and MFE: asymptotic resolution of
MFG

Proof. We have to evaluate:

JN@ - aNy = TN (@), @)

which is dominated by

7

JN@t, @) — J@h) + J(a) — TN (@) 4, ).

It is sufficient to show that

and
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The link between MFG and MFE: asymptotic resolution of

Consider the first:

T
j 1
N1 _N ,Z
Ji(@, - a)=J(@) <E /0 di m(t)’]\f—lié)?f dt|,
j#i
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The link between MFG and MFE: asymptotic resolution of

Consider the first:

Ni(al ~N i r 1

TNt aN)-J(a') <E /0 " m(t),N_lgng it
yE)

which goes to zero, since X7 are independent and identically
distributed with law m :

dX! = —Vu(X}, t)dt + /2dBJ

om — Am — div(mVu) =0
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The link between MFG and MFE: asymptotic resolution of
MFG

So we get

Valeria De Mattei Universita di Pisa

An introduction to the theory of Mean Field Games



The link between MFG and MFE: asymptotic resolution of
MFG

So we get
ey =JN@, - av)y - J@) =0
ey = J(a) = IV (@) i, @) = 0;
then A
JiN(alv t 75‘N) - JZ»N((@])]';AZ‘,O[) < en
with

eN:e}V+e?v—>O.
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The link between MFG and MFE: asymptotic resolution of
MFG

The MFG evolves to:

—0u — Au+ 3| Vul? = F(z,m)
om — Am—div(imVu) =0
u(z,T)=0

m(0) = m,

m optimality is given by the notion of e— Nash equilibrium;

m the optimal control is —Vu;

m the law of the optimal state is m.
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