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In this paper we discuss the tractability of stochastic volatility models for pricing and hedging
options with the mean-variance hedging approach. We characterize the variance-optimal measure as
the solution of an equation between Doléans exponentials; explicit examples include both models
where volatility solves a diffusion equation and models where it follows a jump process. We further
discuss the closedness of the space of strategies.
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1. INTRODUCTION

The mean-variance hedging approach to pricing and hedging contingent claims was
introduced (in the martingale case) by Follmer and Sondermann (1986); subsequent
extensions to the general semimartingale case were made by Duffie and Richardson
(1991), Schweizer (1992, 1996), Schil (1994), Gouriéroux, Laurent, and Pham (1998),
Pham, Rheinldnder, and Schweizer (1998), and Rheinldnder and Schweizer (1997). The
paper of Schweizer (1999) contains a general overview of the subject, and a complete
bibliography.

The aim of this paper is to analyze the mean-variance hedging criterion in stochastic
volatility models. We develop a general framework (introduced by Follmer and Schweizer
1991) where a stochastic volatility model is seen as a model with incomplete information.

This model would be complete with respect to some larger filtration (usually including
all information on past and future volatility), but not under the filtration available to the
hedging agent (who usually observes only the asset price history). This framework is
general enough to include both the diffusion models (such as Hull-White, Heston, and
Stein and Stein, among others), and less common models where volatility jumps.

We begin our analysis with a characterization of the set of equivalent martingale
measures in terms of Doléans exponentials; this provides a one-to-one correspondence
between equivalent martingale measures and a class of predictable processes. Exploiting
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results of Schweizer (1996) and Delbaen and Schachermayer (1996), we then identify the
variance-optimal martingale measure as the solution of an equation involving exponential
martingales.

Our results are illustrated by several examples; the detailed analysis of all these exam-
ples can be found in Biagini and Guasoni (1999).

In the case of diffusion stochastic volatility models we recover some results of Laurent
and Pham (1999) with a different method; they use dynamic programming techniques
and we essentially focus on stochastic integration. Also the recent paper by Heath, Platen,
and Schweizer (1999) contains a detailed analysis of the mean-variance hedging criterion
(compared to the locally risk-minimizing criterion) in stochastic volatility models.

In order to keep notations simple, we only consider one-dimensional models; however
our results can easily be extended to the multidimensional case.

2. STATEMENT OF THE PROBLEM

For all definitions on stochastic integration and martingale representation, we refer to
Protter (1990) and Dellacherie and Meyer (1982) (in particular, all filtrations are supposed
to satisfy the so-called usual hypothesis).

We have two complete filtered probability spaces denoted by (22, F"', 7", P") and
(E,E. &, PE). We assume that ¥, is a standard Brownian motion on Q@ = C([0, T, R),
P" is the standard Wiener measure, " = ]—';V , and .7-'tW is the PW—augmentation of
the filtration generated by W.

We have two assets: the risky asset S;, and the riskless asset B; = exp( f(; s ds),
where 7; is a deterministic function. The risky asset is represented by a process S;(w, n)
on the product space 2 x E, whose dynamics are given by the following equation:

dS(t,w,n) =S, w,n) (M(t, w,n)dt+o(t, o, n)dW,(a)))
S(0) = So.

We make the following assumptions:

(i) On the space E we have a (possibly d-dimensional) martingale M that has the
predictable representation property with respect to the filtration (& )e(o, 77
(i) The information available at time ¢ is given by the filtration .7-'tW ® &
(iii) The probability P on Q ® E is the product probability P @ PE.

REMARK 2.1. In many applications, the most natural filtration available to the agent
is the one generated by S; let us see how (ii) translates in this case. If o has a right-
continuous version, it is ]—"tS -adapted; in fact we recall that (see Follmer and Schweizer
(1991) p. 410)

t
(S)t:/ 0282 ds =
0

Z (Sti+1 - Sti)z

is .ES-adapted. If u(t, w, n) is also .ﬁs-adapted, it is easy to see that the filtration gener-
ated by S coincides with the one generated by (W, u, o). Therefore the assumption (ii)
boils down to

m
sup; |ti4+1—1i|—0

7=l es.
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REMARK 2.2. Since the technicalities involved in the definition above may hide the
idea of incomplete information, we provide a simple explanation. This market would be
complete if the agent had access to the (larger) filtration F; = F; ® £, which contains
at any time all the information on past and future drift and volatility. As pointed out by
Follmer and Schweizer (1991), this is a consequence of the fact that all F;-martingales
can be written in the form

t
Ni(w, n) = No(n) +/0 Hy(w, n) dWy(w)

for some f—predictable process H. This result is an exercise on stochastic integration;
we provide a proof in the Appendix (Proposition A.1), for the sake of completeness.

The discounted value of the risky asset follows the equation:

dX; = Xt((Mr — 1) dt +Udet)
Xo = So.

We assume p and o are such that X, € L%(P) for all ¢+ € [0, T], and denote by
M(w,n) = (M(t, w,n) — r(t))/o(t, w, 1) the so-called market price of risk.

EXAMPLE 2.3. This example was introduced by Harrison and Pliska (1981), and
investigated later by Follmer and Schweizer (1991, p. 142). Here, u; and o; are constant
until a fixed time 7o, then they jump simultaneously, the pair (u, o) having two possible
outcomes. In other words,

e (M) = Tig <oyt + =s1 iy
or(n) = 1{t<to}(7 + l{tzto}aﬂ’

where £ = {0, 1}, & = {0, E} for t < 19, and & = P(E) for t > ty. A fundamental
martingale is given by M; = 1=} (1;=1y — p), where p = P(n = 1).

This example was generalized by Follmer and Leukert (1999), where the values of 1,
and o; after the jump time f#y have a continuous distribution—in this case £ = R and
the martingale M has to be replaced by a random measure (see Biagini/Guasoni 1999
for details).

EXAMPLE 2.4. The previous example can be extended in several ways; we consider
in particular a model proposed in discrete time fashion in RiskMetrics Monitor (see
Zangari 1996) as an improvement of the standard lognormal model for calculating Value
at Risk. More precisely, we have multiple independent jumps at fixed equispaced time
intervals. We can set £ = {0, 1} and, denoting n = {ay, ..., a,}, & is equal to the parts
of {a;},< (where t; = i(T/(n +1)). The following dynamics result:

o) = Loyt + 225 Yoy<e<ty1ia; + Li=s,)a,
o:(n) = 1{f<t1}0 + Zi l{tiil<ti+1}0ai + l{thn}Gan'

Since in this model 5 is binomially distributed (in fact the numbers a; are independent
and P(a; = 1) = p), the existence of a martingale with the representation property
easily follows.
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EXAMPLE 2.5. This example was studied in detail by Biagini and Guasoni (1999).
We have

we(M) = Lp<oypr + lyseypz
0:(n) = ly<ryo1 + ly=1y02,

where 7 is a stopping time whose law restricted to [0, T') has adensity f (and P(t = T) =
T
1L— [y f(s)ds).
In this case, E =1[0,T], & = B([O, t]) U (¢, T'], and a fundamental martingale can be
found in the form M; = 1{;>;)} — a(t A T), where a(.) is an increasing function that can
be written in terms of f.

EXAMPLE 2.6. The previous example can be generalized in the following way: After
the jump time 7, u and o have a general probability distribution independent from .
The space E is, in this case, [0, 7] x R and the martingale M is replaced by the random
measure (v — v?), where v? is the compensator of the random measure v(n, dt, dx) =
€z, a(p)(dt, dx) and a(n) = )Lz(i’)) — A.%.

EXAMPLE 2.7. A number of diffusion stochastic volatility models have been proposed
in the literature, most of them being particular cases of the following:

dX; =o(t, X, v) Xi (Mt Xp, v) dt +dW}!)
dve = a(t, Xp, v) dt + B, Xe, v) dW}! +y (@, Xi, v) dWE,

where W and W? are two independent Brownian motions.
We set E = C([0, 1], R), and & is the augmentation of the filtration generated by w2
the natural choice for a martingale with the representation property on E is clearly W2

In the general framework described above, an agent wishes to hedge a certain European
option H expiring at a fixed time 7. His goal is to minimize the risk, defined as the
variance of the tracking error at expiration; therefore we look for a solution to the
minimum problem

ceR

@.1) minE[(H—c—(;T(@))2 ,
6e®

where
t
G,(@):/ 0,dX, and © = {0 e L(X), G,(0) € S*(P)}.
0

Here L(X) denotes the space of X-integrable F;-predictable processes, and S? the space
of semimartingales ¥ decomposable as ¥ = Yy + M + A, where M is a square-integrable
martingale and A is a process of square-integrable variation.
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DErFINITION 2.8. We define the following spaces of signed martingale measures

M, ={0 <« P : X is a Q-local martingale }
Me={0eM, 0~ P}

M2 = {Q e M, ZTQ> e L2(P)}

M2 = M, N M2,

If O is a signed probability with density Z with respect to P, by definition X; is a
Q-martingale if X;Z; is a P-martingale, where Z; = E[Z|F].

The existence of a minimizer for (2.1) was shown for any H € L?(P) independently
by Gouriéroux et al. (1998) and Rheinlidnder and Schweizer (1997) under the two stand-
ing assumptions (which need to be checked for each particular model):

i) M2#£9
(i) G7(O) is closed.

Although (i) is equivalent to a no-arbitrage condition (see Delbaen and Schachermayer
1996) and holds for very general models, (ii) often fails even for models commonly used
in practice. However we shall return to this issue later.

If (2.1) has a solution, the optimal value for ¢ can be written as

¢ = E[H],

where E denotes the expectation under a new signed measure P, the so-called variance-
optimal martingale measure. By definition, P is the element of minimal norm in Mf
(which evidently exists as soon as Mf # ); see, e.g., Schweizer (1996) for further
details.

Our first step toward an explicit formula for d 13/d P is the characterization of the set
M2 of the square-integrable equivalent martingale measures. We start by recalling the
following.

DErINITION 2.9. The Doléans exponential £ (Z ) of a semimartingale Z is defined as

1
5(Z)t = exp(Z, — 7<Z‘?>t> H(l + AZy) exp(—AZy),

2 s<t

where Z¢ denotes the continous part of Z, while AZy = Zy — Z-.
We now prove the following lemma.

LEmMA 2.10. Let Z; be a local martingale with Zo = 1. The following conditions
are equivalent:

(1) Z:X; is a local martingale.
() Zi=E(— fyhs dXs), (1+ fé ks dMy) for some predictable process ks such that

the stochastic integral fot ks dMs is a local martingale.
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Proof. We recall that the pair (W, M) has the predictable representation property (see
Proposition A.2). Therefore,

t t
Z; =1 +/ hdeS+/ ks d M.
0 0
By It6’s formula, we have
d(Z: Xy) = [th(,th — 1)+ htUt]Xr dt + [thO-lXt + tht}th + ke Xe dM;.

The process (Z;X;) is a local martingale if and only if b, = —((us — r0)/01) Zs—.
More precisely, if A; = (us —r¢)/o; then Z; satisfies the following stochastic differential
equation:

dZt = —)\.tZ[_dW[ + kth[,

which has a unique solution (see Protter 1990 for details). It can easily be checked that
Z, = 5(— Jo *s dXs)t (l + fé kg dMS) is the solution of the above equation. O

If Zr is strictly positive, then N, = 1 + fot ks d Mg can be written as the Doléans
exponential N; = &(— [;(ks/Ny—)d Mj),.
An immediate consequence of Lemma 2.10 is the characterization of M2 and M2,

ProrosITION 2.11.

1. For every Q € M?

i . T
c:g:g(_/o A (o, n)dW,)T<c+/0 ktht>

where k; is a process such that the above expression is square integrable.
2. For every Q € M2

a9 = 5<— /‘)»t(a), n)th) 5(/‘/‘3(0), 7})th>
dP 0 T 0 T

with k; such that k, - AM; > —1 and E(— [y AsdWy + ked My)
integrable martingale.

, Is a square-

Recall that &£(— [jAsdW, + kdMy), = E(— [yrsdWy),E([foks dMy), since
[W, M] = 0 (see Protter 1990, p. 79). Condition k; - AM; > —1 guarantees the positivity
of g(fo k[dM[)T.

REMARK 2.12. A similar characterization holds for the probabilities 0 <« P such that
X, is a Q-martingale with respect to the enlarged filtration F;; more precisely,

ag [
dP—G(n)5< /())»s(n)dWs)T

with G such that the above expression is square integrable and E[G] = 1. Q is a true
probability if G > 0.
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Before we find an equation to identify P, we need another definition.

DEFINITION 2.13. We define the two processes ; and W} as follows:
N t
Wt = W; +/ )"S ds
0
t
wr=w, +2/ Asds.
0

REMARK 2.14. By the theorem of Girsanov, if €(— [y As dW), and (=2 [y AsdWy),
are uniformly integrable martingales, then V/I}[ and W are Brownian motions respectively
under the measures P and P*, defined as

dP : d P* :
—=¢£ —/ )"tth and =& —2/ )‘tth .
dP 0 T dP 0 T

We recall that P (if it exists) is called the minimal martingale measure.

LEMMA 2.15. Let h, k be two predictable stochastic processes whose stochastic inte-
grals f(; hs dW¥ and fé ks d M are defined. The following conditions are equivalent:

r E(JohsdW})
2 _ 0 s)T
2.2) exp (/0 As ds> =c —5(f(j A de)T

2.3) 5(—/'xsdws+/'kdes) =c5</'(—,\s+hs)dﬁ/s) ,
0 0 T 0 T

where c is the same constant in both equations.

Proof. We will use the properties of the Doléans exponential listed in Protter (1990,
p. 79). Starting from the left-hand side of (2.3), we have

5(—/'AdeS+/'kdes>
0 0 T
. N . T
=5(—/AdeS) g(/ deMS> exp(/ kfds).
0 T 0 T 0

Conversely, starting from the right-hand side of (2.3), we have

5(/(—& + hs)dWS)
0 T
_ R . R T
:5(—/ )&des) g(/ hsd S> CXP(/ AShSdS)
0 T 0 T 0
:5<_/'xscm7s) 5(/%de3‘)
0 T 0 T

The conclusion is now immediate. O
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From now on, we suppose that Mg # (. By Schweizer (1996, Lem. 1, p. 210) and
Delbaen and Schachermayer (1996, Lem. 2.2 and Thm. 1.3) we obtain the following
characterization of the variance-optimal martingale measure: P is an element of MZ
(i.e., P is a true probability) and it is the unique element of /\/l? which can be written
in the form

dP

T
d7=c+/0 Vs d X

with ¢ > 1. In the above equation, y; is a predictable stochastic process that does not
necessarily belong to ®; however the integral process fot ys d X, is a square integrable
martingale for every probability measure O € MZ In particular, fOT ys d Xy is an element
of Gr(®).

Since d P/d P is strictly positive, it can be written as a Doléans exponential. From the
previous result, we obtain the following theorem.

THEOREM 2.16. Let h,k be two predictable processes such that the exponential
martingale 5(— fo As dWs + fo ks dMS) is square-integrable. Then h,k are solutions
of equation (2.2) of Lemma 2.15 if and only if

e - ‘ e [ipudx),
7:5 — SdWS deMS = B )
Gp =5 (= [ mamr [am) = hETO

where Bs = (As — hg) /05 X.

The equality d P /dP = ce (— fo Bs d X, s) 7 1s useful to characterize the optimal strategy
(see Rheinldnder and Schweizer 1997); we also recall that 8 is the so-called hedging
numéraire of Gouriéroux et al. (1998).

3. EXPLICIT SOLUTIONS

We have seen that a solution to the equation:

r E(fohsdW?
exp(/ )Lfds) — CM
0

& ( Joksd MS) T
provides an explicit form for the density of the variance-optimal martingale measure.

DEFINITION 3.1. We recall the definition of the mean-variance trade-off process K,
(see, e.g., Schweizer 1996):
. t
Kt :/ )\.3 ds.
0

From (2.2) we can immediately see the following.
ProposITION 3.2. I/(\T is a constant if and only if P=Pand B=A/cX

This was first pointed out by Pham et al. (1998) and, for It6 processes, by Laurent
and Pham (1999).
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In more realistic situations, a solution to (2.2) can easily be found in two cases:

() Ag(w, n) = As(w): in this case we set k = 0, and solve the equation

. T .2
A
g(/ hf dVV[*) _ exp(f() ldt)
0 T

- Erfexp(fy 7))

which, provided that E* exists and the above expectation is finite, admits a
solution by the representation property of W (and thus of W*) on . This
case covers the so-called almost complete models, where P = P, while By =
(As — hs)/0sxs.

In a typical example, H is an option on two observable assets, but trad-
ing is allowed in only one of them. As a result, .7-}5 is strictly smaller than
.7-'[W ® &, unlike in the usual stochastic volatility models, where these filtrations
are equal. For a discussion on almost complete models, see for instance Pham
et al. (1998) or Laurent and Pham (1999). We only remark that in this case
M2 # ¢ if and only if P exists and dP/dP is in L?. Since (dP/dP)* =
E(=2 [y rsdXy) pexp (fOT A2 dt), this condition is satisfied if the probability P*
exists and exp( fOT Atz dt) is P*-integrable.

(B) As(w,n) = rg(n): in this case we can simply set # = 0, and then solve the
equation

. o
8(/ ksz,) __exp( for%(n)dt) 7
’ r Elexp(= Jy A7 dr)]

which always admits a solution since M has the representation property on
E. This case covers all examples considered in Biagini and Guasoni (1999):
Bs = As/osXs, and P is generally different from P unless K7 is deterministic
(for diffusion processes, this is proved by Pham et al. 1998, Thm. 11).

We remark that if fOT ktz(n) dt is finite almost surely, then Mf # (). Namely, in this
case we obtain

(42 (=2 [ s2paw;) =0l i)
0o rE

p lexp(— fy 22 dr)]?

The process €(—2 fo Atz dW;)r is actually a stochastic integral depending on the param-
eter n (see Protter 1990 for details): therefore for every fixed n we have that
fQ 5(—2 fo Xf(n)th)T d P(w) = 1, and consequently we get

Emiﬂ ~ Elexp(— folT 27 (n)dt)]

When As(w,n) = As(n), it may be hard to find k explicitly; but in fact it is often
sufficient to know that it exists, since P can be obtained through the equality

_ | o
3.1) dng(_/ Ades> exp(~ Jy #di)
ap 0 r Elexp(— Ji 22dt)]

Some examples follow.
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EXAMPLE 3.3. If we consider Example 2.4, under the probability P the numbers a;
are still independent, but a; = 1 with a new probability p, where, if AT = T/(n + 1),

pe—x%(AT)

pe—x%(AT) +(1=p) e—xg(AT)'

ﬁ:

EXAMPLE 3.4. If we consider Example 2.6, under the new probability P the time
jump 7 and the new values of u and o after 7 are no more independent; in Biagini and
Guasoni (1999) one can find the explicit form of the law of ¢ under P and of the laws
of u and o conditional to {t = ¢}.

In some models, however, it may be desirable to find %;; this is the case, for instance,
for stochastic volatility models defined by diffusion processes. In Example 2.7, if
B(t,x,y) = 0 and if «,y,0 do not depend on X;, we have rs(w,n) = rs(n), and
P can be written as in (3.1); however, this does not clarify the dynamics of v, under P.
On the other hand, if &, is known then one can apply Girsanov’s theorem and get

dX, = Xio(t, Ut)dﬁ/tl
dv, = (a(t, v) — k) dt + y (&, v) A2,

where VI~/t1 and ﬁ,{z are independent Wiener processes under P.

If the model is, in some sense, “Markovian,” we obtain the following result (which
coincides with Proposition 6.1(3) of Laurent and Pham 1999, but it is proved in a com-
pletely different way):

PROPOSITION 3.5. Assume that E [exp(— ftT A2(s, v5)ds)|F] = G(t,vy), and that
the function G(t, x) is Cl in t and C? in x. Then we have

8(/ kde?) _ ool Jo 235, vy) ds) iff k, = =Y
o ) T Elexp(= Jy 200 ds)] 5

Proof. By martingale representation, there exists a process g; such that

T T
exp (—/ 22 (s, vg) ds) =Gy +/ s dWSZ.
0 0

t
G, =E[Gr|F] = G0+/0 g dW?

t T
= exp(—/ Az(s, Vg) ds) E {exp (—/ Az(s, Vg) ds)
0 t
t
= exp(—/ kz(s, V) ds)G(t, vr).
0

Applying It6’s formula, we obtain:

(t, vr)

Therefore,

7

t 0G
dG; = g thz = exp(—/ kz(s, V) ds) <ay> (t, vy) aw?,
0 X
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where, in the last equality, the sum of the terms of finite variation vanishes since G; is a
martingale. Therefore, g = exp(— fé A2(s, v5) ds) ((8G /dx)y ) (¢, v;). However, we also

have
T . g .
Gr =Go+/ gdeszzGoé‘(/ (;dW3> =G08</ kdef) ,
0 0 s T 0 T

therefore k; = g;/G;, and the proof is complete. O

4. CONDITIONS FOR THE CLOSEDNESS OF Gr(®)

The closedness of the space G7(®) in L%(P) plays a key role in mean-variance hedging,
because it guarantees the existence of an optimal hedging strategy in the space ©.

A sufficient condition for G7(®) to be closed is the boundedness of K7, as shown
by Pham et al. Q998). In some sense, we now show that in cases («) and (), the
boundedness of K7 is almost necessary. We will show that this condition is not satisfied
for some commonly used models.

First we recall, and state as a theorem, a short version of a necessary and sufficient
condition established by Delbaen et al. (1997).

THEOREM 4.1. Let X be a continuous semimartingale: suppose that /\/lz # () and let
Z; = E[(dP/dP)|.7-}]. The following conditions are equivalent:

(i) Gr(®) is closed in L*(P).
(i) Z; satisfies the following reverse Holder inequality:

(%)

for all stopping times t < T and for some constant C.

J—',] <C

We shall now see how this condition translates for («) and (8).

PROPOSITION 4.2.  Assume that M2 # (:

1) If As(w, n) = rs(w), then G7(®) is closed if and only if there exists some M
such that, for all stopping times t,

T
E* [exp(/ kf(a))dt)‘}',] < M.

(i) If As(w, n) = As(n), then G (®) is closed if and only if there exists some € > 0
such that, for all stopping times t,

T
E{exp(—/ )»tz(n) dt) ‘f,] > €.

Proof. From Theorem 4.1, it follows that G7(®) is closed if and only if condition
(>i1) in Theorem 4.1 is satisfied.
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For (ii), we have

Elexp(— Jy 2} dt)|F]
¢ Elexp(— Jy Mmdr)]

Z. = E|Z7r|F] =5(— /0 /\tth)

It follows that

Zr E(= fomdmy),  exp(— [i A2 dt)

Ze  E(=JordWi), Elexp(— fy 2P di)|F]

4 T2
=g<—/ AtdW,> exp(—J; A dr)
T TE[

exp(— [ 2 dt)| 7]

Therefore,

_ E[E(=2 [ kedWi)pexp(= [} 220 d1) | 7]
- Elexp(— [ 226 dr) | 7]
E*[exp(= [ 23 (n) dt) | ]
Elexp( [ 22y dr)|Fe)*

However, since A depends only on 7, we find that the projection of P* on Fg coincides
with P, and thus E* [exp(— fTT A2 () di)|Fe] = E[exp(— frT A2 () dt)|F:]. Hence,

(%)

as claimed. For (i), calculations are more straightforward:

Z; :5(—/ X;th>
0 T

ZT—‘(HWW’)T=5<—/'MJW,> .

Ze B 5(— f().)htth)r

1
Elexp(— [] 22(n)dt) | F:]

7] -

and thus

Finally,

7]

. T
ff] =E{5(—2/ )\tth) exp(/ A%(w)dl)
T T T
T
= E* [exp (/ Atz(w) dt>

and the proof is complete. m|

f[(%)

7]

We shall give some models where G 7(®) is not closed.
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EXAMPLE 4.3. Consider Example 2.3 (the generalization of Follmer and Leukert)
where

At = A Ljrcg) + A 1=4)-

As mentioned before, here £ = R : G7(®) is closed if and only if the distribution of
A(n) has compact support. R

In fact, if the last condition is satisfied, then Kr is bounded; conversely, for ¢ > 7y we
have

T
E[exp (—/ )L?(n) ds) ’.7—',] = exp(—(T — t)kz(n)).

t

By Proposition 4.2, the conclusion is immediate.

EXAMPLE 4.4. We now examine the Heston model, a stochastic volatility model
described by the following equations:

dX; = X;(hove dt + JordW])
dU[ = (O( —,BUt) dt + \/U_tthz.

Here we have (see, e.g., Laurent and Pham 1999):

T

4.1 E{exp(—/ A2(n) dt) ‘}7} =exp(—A(T — OA§v, — B(T — 1)),
t

where

_ T 2 _
Ay = 1Fe =™ g 1 ;=%.

§ l4¢ge ™t
Since §, & > 0, it follows that 4(T — ¢) > 0, and therefore (4.1) is bounded from below
if and only if v; is bounded from above. However, this is never the case, since in the
Heston model v; is the square of a Bessel process with an appropriate change of time.
Analogous calculations can be carried out in the Stein and Stein model (see Heath
et al. 1999, Ex. 3.2.2 for details) showing that also in this case G7(®) is not closed.

We point out that the drawback of the nonclosedness of the space Gr(®) has been
overcome by Schweizer (1999), by exploiting the approach introduced by Gouriéroux
et al. (1998), Schweizer has proved the existence of an optimal mean-variance strategy
not in the spaced ®, but in the space ® of all predictable processes € such that the
stochastic integral fot 0y d X is a square-integrable martingale for every Q € ./\/lg

5. CONCLUSIONS

We have seen that a simple equation involving stochastic exponentials can identify the
variance optimal probability P (and the mean-variance hedging strategy) in a general
class of stochastic volatility models. All examples introduced are analyzed in detail in
Biagini and Guasoni (1999).

We further point out that the change of numéraire approach introduced by Geman,
El Karoui, and Rochet (1995) can be adapted to give the explicit form of the mean-
variance hedging strategy for a call option (see Biagini and Guasoni 1999).
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APPENDIX

ProPOSITION A.1. Any square-integrable martingale with respect to the filtration F;
can be written as

t
Ni(w, 1) =No(n)+/0 Hy(w, n) dW(w),

where H is F,-predictable and such that E [fOT H? ds] < oo.

Proof. Denote by 9 the set of martingales that admit a representation in the desired
form. We begin by showing that 9 contains all martingales N; such that Nr(w, n) =
F(w)G(n), with F, G square-integrable and measurable functions. In fact, if F(w) =

Fo+ Jy Hy(w)dW,(w), with E[F?] = F§ + E[ [, H2ds], it is easily seen that
T
F@G) = RG®) + /O Hy(@)G () dW ().
The stochastic process I;TS (w,n) = Hy(w)G(n) is ]?,-predictable, and
T
E[F?G?| = E[F;G*] + E[/ HSZGst].
0

N is obviously stable under linear combinations, hence the set {NT : Ne zm} is dense
in L2(Q2 x E, Fr ® €, P). However, if N; = No + [y Hy dWy, the map N > E[N?] =
E[NO2 + fOT Hf ds] is an isometric injection from 97 into L2(Q x E, Fr ® €, P). This
concludes the proof. O

PROPOSITION A.2. Any square-integrable martingale N; with respect to the filtration
FI' ® & = F, can be written in the form

t t
N (w, n)=No+/0 H(w, n)dWs(w)Jr/O K(w, n)dM(n)

with H, K predictable and such that

T T
EU Hfds+/ K? d[M]S] < oo.
0 0

Proof. Denote by 9 the set of martingales that admit a representation in the desired
form. We start showing that 91 contains all martingales N; such that Nr(w,n) =
F(@)G (n). We write F(w) = Fy + [y Hy(w)dW(), G(n) = Go+ [y Ky(n)dM;(n),
and consider the martingales R, = E[F|%,] and V; = E[G|F;]. By 1t6’s formula, and
recalling that [W, M] = 0, we have

T T
F(@)G(n) = FoGo + / Vo Hy dW, + / ReK, dM,.
0 0
Again, 901 is stable under linear combinations and {NT : Ne DT(} is dense in LZ2. Since

the map N > E[N§ + fOT HZ?ds + fOT KZ2d[M];] is an isometric injection from 97 in
L?, the proof is complete. m|
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