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1 Introduction

The relativistic equation of quantum mechanics called Dirac equation

h 0
'_ - - = O = t = = ’ =
LV . () — My(x) , Lo =Cl,T1 =T,T9 = Y,T3 = 2

contains the constants: ¢ (velocity of light): the fundamental constant in the
relativity theory, h = 2xwh (Planck constant): the fundamental constant in quantum
mechanics. Dimension: c: [LT™!], h: [ML2T1].

W. Heisenberg thought that the equation must also contain a constant [ with
dimension [L].

Arbitrary dimensions are expressed by the combination of ¢, h and [, e.g., [T] =
LI/ILT=1, [M] = [ML2T=]/(ILT—][L))



In 1958, Heisenberg with Pauli introduced the equation

h 0

g (@) Py (@) (@) s (z) = 0, (1)

which is later called the equation of universe. The constant [ has the dimension
[L] and is called the fundamental length.

Durr, H.-P.; Heisenberg, W.; Mitter, H.; Schlieder, S.; Yamazaki, K.

Zur Theorie der Elementarteilchen, Z. Naturf. 14a (1959) 441-485

Heisenberg, W., Introduction to the Unified Field Theory of Elementary Particles,
John Wiley & Sons (1966)

1965 Shin'ichiro Tomonaga was awarded the Nobel prize for physics.

1967 Heisenberg visited to Japan for the second time (first time 1929).
Heisenberg gave a talk in Kyoto University.



4
But equation (1) is difficult to solve. So, we consider the following soluble equation

having the constant [ with the dimension [L]:

[ Do+ (F) ot =0 N
| (g = M) ¥la) = 2P 0()o() |

This equation has no solutions in the axiomatic framework of of Wightman, that
is, the field ¥ (x) is not an operator-valued tempered distribution.

But v (x) is an operator-valued tempered ultrahyperfunction.

The equation (2) has a solution in the framework of
E. Bruning and S. Nagamachi: Relativistic quantum field theory with a fundamental
length, J. Math. Phys. 45 (2004) 2199-2231.



2  Wightman axioms

W.I (Relativistic invariance of the state space). There is a physical Hilbert space
H in which a unitary representation U(a, A) of the Poinaré spinor group Py acts.
W.II (Spectral property).

W.III (Existence and uniqueness of the vacuum). There exists in H a unique unit
vector W (called the vacuum vector),

W.IV (Fields and temperedness). The components ¢§~"°) of the quantum field ¢

are operator-valued generalized functions gbgﬁ) () over the Schwartz space S(R4)

with common dense domain of definition D to all the operaotrs ¢§&)(f).
W.V (Cyclicity of the vacuum).

W.VI (Poincaré-covariance of the fields).



W.VII (Locality, or microcausality).
Any two field components gbg&) (x) and gbé“/)(y) either commute or anti-commute
under a spacelike separation of x and y:

If f and g have space-like separeted supports

o (Nod ) (9) F 6y (9)ol" (/¥ =0

for all U € D. We express

2 (@)l ()0 F ¢ ()6 (@) = 0 for (z — 1) <0

(z—y)* =" -y")" = (@ —y)* = (2" —y*)" = (2" — ¢*)"]



3 Fundamental length

W.VII (Locality) says that the two events which are space-likely separated are

independent. Even if we replace W.VII by a weaker axiom
(%) ) (T k') (®) (VT =0 f _ )2 < 2 <0
¢; (@), (WY F &y (y)e; ' (2)¥ =0 for (z—y)* < -7 <0,
(the two events which are separated by ¢ are independent), we can prove W.VI
6 )0y () ¥ F o) (1)) (1) = 0 for (z—y)* <0

by using other axioms. It is not easy to weaken the condition of locality if the field
¢§ﬁ) (x) has the localization property. We must introduce generalized functions

which have no localization property.



Let T'(—¢,¢) = R+i(—¢,¢) C C.
T(T(—¢,0)) > f: holomorphic function in T'(—¢,¢). Then for |a| < ¢, we have

/ a” 5<n>

||M8

(A): Anx(z) = Zn 0 =1 ~6() (2) converges to 6(z + a) = 6_q(z) in T(T(—£,0))
as N — oco. supp Ay = {0}, suppd_, = {—a}.

(B): If |a| > ¢, An(z) does not converge in T (T'(—4,¢))".

(A) and (B) imply: If |a| < ¢ then the distinction between {0} and {—a} is not
clear in 7(¢)’, but if |a] > ¢ then the distinction between {0} and {—a} is clear.



4 Ultrahyperfunction

Hasumi, M., Tohoku Math. J. 13 (1961)
Morimoto, M., Proc. Japan Acad. 51 (1975)

T(A)=R"4+iACC", ACR".
R™ D K: convex compact

To(T'(K)) > f: fis continuous on T'(K), holomorphic in the interior of T'(K') and
satisfy

IF 17T = sup{|2Pf(2)]; 2 € T(K), |p| < j} < o0, j=0,1,....

There is a natural mapping for K1 C K
To(T(K2)) — To(T (K1),
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Let O be a convex open set in R™. We define

T(T(0)) = m T(T(K)), K 1 O
T(T(0O)): Fréchet space

Definition 4.1 tempered ultrahyperfunction is a linear form on the space
T(T(R")).

T(T(R"))": space of tempered ultrahyperfunctions

In the book of I.M. Gel'fand and G.E. Shilov, Generalized functions Vol. 2, (1968),

there are function spaces S''? and St = Blim ShHB — Klin}O}Z,(T(KQ),

. 1,B _ . _ n
but no space O].(l_I%S R%{r_nKl To(T (K1) =T(T(R")).



5 Model

Lagrangian density: Natural unit, c=h =1.
L(z) = Lpf(x) + Liv(@) + Li(a),
Lrs(z) = P(2)(iv" 0, — m)y(z),

Lin(2) = 5{(0,0(2))* = m*o(2)*}
Li(z) = 22 (@) (@) $(x) D, ().

The field equations

D+m () =0
{ (i m) ) = 29,20 () ) 22

11



Quantization — Path integral. Two point function, formally

[ dutaypataewi{ [ L} ape. 6)dg(o)

16(0) =ei{ [ Lruoite} T] dota)

re R

dmw,@:exm{ /R4 LFf<a:>da:} [T 11 v @)iuo)

reR* a=1

Lattice approximation. M, N: positive integers L = M N.

I'={t=jA;jeZ -L<j<LA=+a/M}=AZ/(2/7N).

12
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4 . .
Linear operator —A +m? on R = R*?" (difference operator on the lattice I'*)

O(x+e,)+ P(xr—ey) —20(x)

3
“A+m2: RN 5 d(x) — — Z +m?®(z) € R™.

A2
pu=0
Gaussian measure on R*?2%:
3
1 ) d(y — — 2P
dG(®) = C'exp 5 y: y: (y +eu) + 2/2 €u) (y)
yel't Lu=0

—m*®(y)] A*} || d@(v),

yel

C': normalization constant /dG(q)) = 1. The exponent: Euclideanized (z° —

—iy", & — y) discretization of Lagrangian i [ Lpp(z)dz.
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The covariance

/ B (1) B (y2)dG(®) = 2(— A +m) (41 y2) = 25m (51 — y2)

Sm(y1 — y2) = (27) —4 Z ip(y1—y2)

pel4

={s=jmj€Z~L<j<Ln=+r/N}=nZ/(2yTM).

Z(2—2cospMA)/A2—|—m2 nt,

u=0

Nonstandard analysis: S, (y1 — y2) — S (y1 — y2), M, N — oc.

Schwinger function of neutral scalar field of mass m:

; _ —1
Sm(y1 y2) (27‘(‘) /R4 ezp(yl Y2) [p2 _|_m2} d4p.
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Measure dD (P!, ¥2) on the Grassmann algebra generated by {¥! (y), U2 (y);a =
1,...,4, yeI'}:

dD(U', ¥%) = C'expq — > ¥ (y) [ZVEV +m| U(y)A*

yel'4

< | quﬂ )2 (y),

y€F4 a=1

pl= (0l ehT e = (u2 L u)T
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VuVy :{ VIUL(y) = (Wi(y +eu) — Wr(y)) /A if k=
g V7UL(y) = (Wi(y) — Yely —eu))/A if k

Avoid doubling problem.
.72 2 5
—Li(y) = U7 (y)e WY "
u=0

X [PrW! (y o+ e){em 0T — em IR A
+P_W (y — e, ) {e "W — em R A
P =(1£75)/2

Li(y) — iL;(x): differences — derivatives, (y° — iz", y — x).
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Two point Schwinger functions of the interacting fields.

/\Ifé(yl)\llé(yg)exp ZLI(?/)A4 dD(‘Dla‘IJQ)dG(@

yeld

—1

X /exp > Li(y)A* | dD(U', ¥?)dG(P)

yel?

:/eiZQqD(yl)Q\Iﬂl(yl)e_il2q)(y2>2\P/Q(yg)dD(\Ifll,\IJ/Q)dG((I))

_ /\P/l(yl)\P/2(y2>dD<\Ifll, \If/2> /eil2<1>(y1)2e—il2¢(y2)2dG((I)).
Change of the variables

Ul (y) = O (y), W(y) = e PO w(y),



/eiZQCIJ(yl)Qe—il2<1>(y2)2dG((I))

—1

= [(1 = 6128, (0))(1 + 6128, (0)) — I*Spa (31 — 12)?]

Sm(0) — oo as N, M — oo. Wick product:

et = Z[ (it®(y))" : /nl] = e~ Sm(0)git®(y).

n=0

/2
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Then we have

/ el RW)? L o milPR(y2)” dG(®) = [1 - 41*S,, (y1 — yg)z} /2
Two point Schwinger function of :
~1/2
[1— 418, (y1 — y2)°] / Rinza,3(U1 — Y2),
4 27—1/2
— [1 — 4] Sm(yl — y2) } Rﬁ%;a,ﬂ(yl - y2)
Two point Wightman function
~1/2

A (i 2] T e (s >
{1 4l* D, (xq ze,m)} —[1 41 Sm(za:0+e,w)]

D) (z) = D) (g, @) = lim D7) (zg — de, ).

e—0
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D) (zg — e, )| < (2me) ™2, 2D (—ie,0) — (2m)72 (e — 0).

If € > v/21/(27), then |41*D% ) (29 — i€, 2)2| < 1 and

—1/2

[1 _ 414D§n—>(zo,m)2} , Im zo > v/21/(2n)

defines a ultrahyperfunction W by
~1/2
W(f)= / [1 — A D) (g — e, m)ﬂ flxg — i€, @)dx
R4

for f € T(T(Oy)),
Os = {z € RY; ||z|| < s}

for some s > +/21/(2r). /21/(27) is the fundamental length, i.e., two events
within the distance v/21/(27) cannot be distinguished.
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6 Continuous limit

IF={x=3jA;j€Z -L<j<LA=\a/M}=AZ/(2y/7N),
T={p=jnj€2Z-L<j<Ln=r/N}=nZ/(2/TM).

b(x+e,)+ P(x—e,) —20(x)
A2

3
—A+m?: RT3 b(z) — — Z +m*®(z) € R

p=0
| attice Fourier transformation:

B(x) = (2m) 72 ) | e D (p)n.

pel4



3 )
~ _ LA —1q
@(p)_}z( e’Pr= — ¢ PHA+2+ 2>~ 3 5 _ 9
A2 m @ p— B COSp A
(p) (Z A2 - -|—m2>

u=0

_ 2\ — 3
( A +m ) 1 : (27-‘-)_4 § eip(a;—y) 2 — 2COSp’uA 1
: : AQ + m2 774.

TP

2. :
2= ZcospA)/AT+ AR~ 2 @ e — oA AT AR
p

pel
pel’
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B Z 6i($+A)p
=2 (267;pA _ pi2pA 1)/A2 + ez‘pAA(p)g 7,

pel’

z=eP? 22 — (24 A%A(p)?)z+1=0,

2+ A?A(p)® £ AA(p) /4 + A2A(p)?
2 .

& = 24+ =

2y >1>2_ >0, 232 =1

1 — A2

(2eiPA — ei2PA 1) /A2 4 eiPAA(p)2 22 — (24 A2A(p)2)z + 1

—AZ? A A A

(z—zy)(z—2.) 2zy—2z_ |z—2_ z—21




Aei(m—l—A)p ixp

A o o
Z T n = Z = efipAZ_n _ ZZAG'L(w kA)pZE?]

pel’ pel’ k=0 pef

Aei(QZ—I—A)p /

o/e n=2mnz" forz <O0.

= 2wz

—x /A
= 2Tz, Cforx > 0. ZeipA

~ — Z_|_
pel’

VM AelZp tAp x/A d
/ c de/ Z—27TZ z/A
|

ipA
_JaMm €T — 2 2=1% — %= ¥

—l|z|/A

Z e'rp 2z,
2 —2cospA)/A2+ A 21 = 2. — 2
( pA)/ (p)? +

pEF

2m(1+ AA(p \/4 + A2A(p)2/2 + AA(p)/2])~l=l/A
(p)\/4 + A2A(p)? '




Note: for —/7M < p, < /7TM,

— 2cosp, A
p|* = Z\W Z o 4/7T221pu|2—4/7f2lpl2

pu=1

Let M,N c *N\N, MO = \/M. |f |p| < M(),

< V[P +m? < /M +m?, AA(p) < Vay/T/M + m2/MZ ~ 0

6 = AA(p)[\/4+ A2A(p)2/2 + AA(p)/2] =~ 0.

(1+AA(p \/4+A2A( )2/2 4+ AA(p)/2)~1=/A (1 + §)Y/o]dll/A

(p)v/4+ A2A(p)? A(p)y/4+ A2A(p)?

e~ APzl /2 A(p)  for some
< 2—A(p)|m|/2A(p) S~

Q

—A(P)[\/4+A2A(p)? /2|z|+AA(P) /2]||
A p) \/4 + A2A(p)2 {

25



(2m) ™4 Z e

pOEf

and e,, ~ e.

Let M; > 0 be finite. If |p,| < M; then

2.

pels,|p|<M;

AZ

p=0

2—2cosp, A o
A2 ~ p;, and

e_A(p>|xO| eV |p|2+m2|x0|
*

Y

24(p) 2/|p|Z +m?

eipwe_ V |p|2—|—m2 |:C0|

ez'paze;A(PﬂiEM

2 A(p) DY

. 2 2 4 m?2
pET3,|p|<M; Ve

1 px,—AD)|zo]
3 1P
i 2 —2cosp,A 5 B _qePTe,,
p <§ +m 77—(27T) 2A(p)

nS
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Note:

(1+AA(p)[v/4+ A2A(p)2/2 + AA(p)/2])~l=l/A

A(p)\/4+ A%A(p)?

is decreasing function of A(p).
|f |p| > M() then

(27T)_4 Z ePr

poEf

L2~ AP0l
2A(p)

< (2m)~

p=0

pl=ns, < (2m) 327 2Molzol/m

3 ~1
2 —2cosp,A

1

4M0/7T.
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(2m)~t )

pel3,|p|>M,

Since
6**

DPED3,|p|>Mo poel

ipw ’ 2 —2cosp,
P D s

p=0

2—2M0|£C0|/7T

4M0/7T

773 < (27‘(‘)_3/2MS

—AP)zol  9—A(p)lzel  9—2|P||wol/7

Ap) = 2A(p) ©  dpl/n

for any standard ¢ > 0, there exists a finite M; such that

(2m)~"

2

PET3, M, <|p|< My

2A(p)

—1
A
)
2—2M|az0|/7r
~ 0.
AM /7
| <€

eigme_A(p)lxd 3
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Ve >0 ElMl

Also

(2m)~*

2.

2"

pel3,|p|>M; poel

Ve > 0 dM; (27‘(‘)_3

Proposition

(27)

oy,

pel4

2.

pel3,|p|>M,;

pu=0

eipme_ V |p|2—|—m2|:1;0| 3

7
2/|p|? + m?

~1
3
. 2 —2cosp,A
P <§: o P +m2> 7

—1
2 —2cosp,A 5 4

< €.
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Proposition

Proposition

3 —1
. 2—2 A
(27_‘_)—4 Z Ry <Z ZOQSP,LL + m2> 774

eipme_ V |p|2+m2|x0| eipx
~ (2#)_3/ dp = (2%)_4/ dp
R*  2/|p[* +m? R



