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Singularly perturbed differential equation :

evw' = W(x,u,a,¢e) (1)

x € [-1,1], v is a real function, «a € R, € — 0
positive

= To simplify notations, ¢ = ¢, fixed.

We are studying solutions of perturbed equa-
tions that are staying '"near" the repulsive part
of a slow curve.

Example : case of the equation

eu = af3u—|—oz—|—€(u2 + x)



PART 1 : Existence of canard solutions

(H1) (1) has a slow curve (ag,ugp)

(vxa \U(CIZ, uO(CC)7 aQ, O) — O)

<0ifz<O

(H2) W (2, ug(x), ap,0) is
>0ifz>0

p : order of the zero x = 0 (p is ODD)

NOTE : Similar study in the complex case
(OVERSTABLE solutions)

Main difference :
- o € CP in the complex case
- o € R in our case




Restriction of our study to the equations

ev' = 2Pu + azt + > oFighi 4 eP(z,u, a,¢) (2)
i

with :

- L < p even
-k;>land ;> L+1

THEOREM
"Locally" dla™ such that the equation

(2)

u(—1) =0 = u(1)

has an unique solution v* € C([—1, 1], R) which
is limited.

Solutions canard en des points tournants de-
generes (submitted) [in french]



Demonstration
Given (B,v), the linear equation

eu = 2Pu 4+ azl + 3, aFicli + eP(x,v, B, €)

u(—1) =0 = u(1)

has an unique solution (a,u) =: =(8,v)

— =17 o0p with :
- p(ﬁav)(x) = P(CB,’U(CE),ﬁ,E)

- 7 : linear operator such that Z(w) solution of

eu' = xPu + azl + > i akigli 4+ cw

u(—1) =0 = u(1)
= is a (£e1/(+1))-Lipschitz function

(a*,u*) : fixed point iteration of =.



PART 2 : Asymptotic expansion

- = is a (£1/(P+1))_Lipschitz function
- (a*7U*) — Ilm’n—>—|—oo(anaun)
=

ut = Z (un — up—1)

n>1

where Vn, up — up_1 = Len/(p+1)

EXistence and uniqueness of an
e1/(r+1)_asymptotic expansion for u* ?

The "natural" £1/(P+1)_asymptotic expansion

u(x) ~ Zuk(az)ek/(p+1), with u; analytic in z,
k

isn’t suffisant :

O can be a pole of the coefficients wuy.



We allow u; to be analytic in z and in inter-
mediary function(s) ¢ :

ut(2) = Y up(@, p(w, )/ D)
k
Some possible choices for ¢

e~ (T(2), ..., T(«P))

Note that :
_»pt+1
le=™" /e =1
—1/(p+1)
||33€_xp+1/€|| _ (e +/1p)p+1€1/(p+1)
p

So, ziplel/(P+1) and /(1) have possibly not
the same "place" in the expansion.



We have to "ordered" the monomials
ipiel/ (0+1)

with respect to their estimates in e1/(p+1),

= Definition of an "order" :

(il /D)y (In |xiso<x,e>jal/<p+1>|m>o

In e

Set-up of a structure of gradued algebra (Ag)
such that

Ay, = Vect{xigpjel/(p-kl); H(wtpiel/ (PH1)y < k)

A will be the set of the principal term with
order k for the ¢1/(P+1)_gsymptotic expansion
of u™.



Implementation in the case p =20 :

NOT a study of a canard solution!

Study of a limit layer with an attractive slow
curve for z € [0, 1].

o iifj=0
o(xz,e) = e~®/¢, and H(zipieh) =
i+ 1if >0

eu' = —u+ eP(x,u,¢)

u(0) =ug #0

W@~ Dot 3 i1 (2) ol eyelt

10,721

which is a particular form of a Combined Asymp-
totic Expansion :

w' (@)~ Y (fal@) +n (1)) "

n
where for all n, f, is analytic, and g, is an
exponentially decreasing function.



What about the "canard situation" case ?

+ p =1 : Non degenerated turning point
— No intermediary function needed
already countain in the overstable theory

+ p > 3 . degenerated turning point

— Definition of adapted intermediary function
done

*if P is linear in v :

study is done

*if P is not necessary linear in u :
problem to solve .

complete study of the interactions (multiplica-
tion4-composition) of the intermediary func-
tions.



