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Definition [Reeken, 1992] Let E and F be normed spaces, U C E open set
and f:*U — *F an internal function. f is m-differentiable if

1. for all a € °U there exist 0 ~ §, € *RT and a finite linear operator Df, €
*L(E,F) such that, for all z € *U, there is some n ~ 0 with

50 < |z —a| 0 = f(z) — f(a) = Dfa(z —a) + |z — aln

2. f(ns(*U)) C ns(*F).

Theorem [Schlesinger, 1997] If E and F are finite dimensional and f: *K —
*F' an internal function, with K a compact set, then the following statements
are equivalent:

1. f is S-continuous and m-differentiable;

2. There exists a differentiable standard function g : K — F' with

sup |f(z) — g(z)| = 0.
zerK



Definition Let £ and F be normed spaces, U C E open set and f : *U — *F
an internal function. f is mu-differentiable if

1. for each a € U there exists a positive infinitesimal §, such that, for all
x € u(a), there exists a finite linear operator Df, € *L(E,F) for which
holds

Vy € p(a) |z —y| > da = f(x) — f(y) = Dfo(z —y) + |z —yln
for some n = 0.

2. f(ns(*U)) C ns(*F).

Theorem Let f : *U — *F be a mu-differentiable function. Then, for all
xz,y € ns(*U) with x ~ y, we have

1. f(z) =~ f(y),

2. if d € *E with |d| = 1, Df.(d) =~ Df,(d).



Theorem If E and F are finite dimensional and f : *U — *F an internal
function, then:

1. If f is mu-differentiable then st(f) : U — F is a C* function, Dst(f)s =
stDf, for a € °U and

Va € °U Ino~0Vxr~a |f(x)—st(f)(x)| <no.

2. If there exists a C! standard function g : U — F with
Va €U dnp~0Vx=a |f(x)—g(z)| <no,
then f is mu-differentiable. The function g = st(f).

Proof

(1) (...)



(2) Fix a €U and let §, :== \/no. Fix z,y € p(a) with §, < |z —y|.
Since g is of class C! then

9(z) — 9(y) = Dgu(z —y) + [z — yln
for some n = 0.
Define €1 :=g(x) — f(x) and ex := g(y) — f(y). Then

f(z) = f(y) =Dge(x —y) + |z —yln+e—e

and
€1 — €2 < le1] + |e2| < 2n0

lz—yl = Jzr—y|l T /Mo

~ 0.




Corollary If f : U — F' is a standard function then
f is of class C! « f is mu-differentiable
Theorem If f:*U — *F is a mu-differentiable function, then

e Va €U IS~ 0Vde*E 3L € fin(*F) Yz € *U

fatod) —f@)
: .

d=1A|z~a=

e Vx € ns(*U) 38, ~0 3IDf, € *L(E,F) Vy € *U In ~ 0
|Dfz| is finite A[6: < |z —y|=0= f(x) — f(y) =Dfe(z—y) + |x—yn].

e Va €°U 35, ~03Df, € *L(E,F) Vz,y € u(a) In~ 0
|Dfa| is finite A[lx —y| > da = f(x) — f(y) = Dfaz —y) + |z —y|n].



Theorem If £ and F are finite dimensional and f : *U — *F an internal
function, then:

1. If f is k-times mu-differentiable then st(f) : U — F is a C* function,
Dist(f)e = stD’f, for 7 =1,2,...,k and a € °U. Furthermore

Vi€ {0,1,...,k—1}Va €°U Inj =0V ~a |D'f, — DIst(f).]| <nj.

2. If there exists a C* standard function ¢ : U — F with
Vj€{0,1,...,k—1}Va €U I; =0V ~a |D'f,— Dig,| <y
then f is k-times mu-differentiable and g = st(f).



Taylor’'s Theorem. Let E and F be two standard finite dimensional normed
spaces,U a standard open set and f : *U — *F a function k-times mu-
differentiable, k € °N. Then,

1. for every z € ns(*U), there exists € ~ 0 such that, whenever y € *U with
e < |y — x| = 0, there exists n &~ 0 satisfying

1 1
f@»::fuo+Lmay—xr+53ﬂﬁxy—xﬂ”+«~+Egﬂfxy—x%“+ﬂy—ﬂ%m

2. for every x € ns(*U), there exists ¢ ~ 0 such that, whenever y € *U with
e < |y — x| = 0, there exists n =~ 0 satisfying

.ﬁw=wﬂﬂ@0+D%Uh@—x%+%D%ﬂﬂAy—@@thu

1
+=DFst(£aly — )P + |y — o',



Proof

(1) Define the sequence (€;)i=_1.. 51 by
o f(y) =st(f)(y) +e-1, (-1 <mo);
o f(z)=st(f)(z)+ o, (€0 < mo);
e Dfe(y —x) = Dst(f)a(y — ) + |y — zfe1, (€1 <m);

o DF1f(y—2)* ) = DF1lst(fa(y —2)*F D 4 ly — 2| Lepq, (o1 < mi_1);

Furthermore
N N NG N
D’ffx(y x) %Dkfa(y x) zD’fst<f>a(y ””"’) zD’fst(m(y x) ,
ly — x| ly — x| ly — x| ly — x|

SO there exists ¢, =~ 0 with

D*fo(y — 2)® = DEst(f)a(y — )P + |y — z|%e.



1

Define ¢ = max{n(’;“,nl,. ,mi_;} and take y € *U with e < |y — z| = 0.
Since st(f) is of class C¥, then

st(f)(y) = st(f)(x) + Dst(f)a(y— ) +%D28t(f)x(y—x)<2> +...+%D’“st(f)x(y—x)<’f> + |y —z|"n

Consequently

f(y) = f(z) + Dfu(y — z) + %D%(y — )@ 4 L+ %Dkfx(y — )" 4 |y — z|fn+

te 1 —e0—|ly—zxler — |y —z|?e2 — ... — |y — x| et — |y — z|Fes
and
|e-1] |€o| €1 =1 ler—1]
+ + +o <
ly—zlk -y —z|F |y —x[Fl |y — |2 ly — x|
0 0 1 k—
§"+”+L+u+ 41 5o
net omet omt nyt M1

(2) Define ¢ 1= 0¥, (..)



Chain Rule. Let g,f be two m-differentiable functions at a and g(a),
respectively, where a and g(a) are two standards. If Dg, is invertible and
|(Dga)~ 1| is finite, then fog is m-differentiable at a and D(fog)a = D fya)Dga

Proof Take § := max{da, 26,(,)|(Dga) |} and choose = with § < |z —a| = 0.
Then

> 04(a)

_ r —a
0 ~lg(e)-9(@)| = |Da.(o—a)Hla—alns| > 26,00/ (Dge) | Do (222 ) +m

and
fg(z))—f(g(a)) = Dfya)(g(z)—g(a))+|g(x)—g(a)n2 = DfyayDga(z—a)+|z—aln

for some n = 0.
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Mean Value Theorem. Let f : *U — *R be a mu-differentiable function
with U open and convex. Then, for all z,y € ns(*U) with |x — y| > d4, Where
a .= st(x)

de € [z,y] f(z) = f(y) =Dfe(z—y)+ |z —yln
for some n = 0.

Proof Define an hyper-finite sequence (x,)ner in the following way:

Let 1 = = and fix ;1 =~ 0 with, for all z € *U:

01 <|z—z1| = 0= f(2) — f(x1) = Dfs,(z — x1) + |2 — x1|m1.

Let 20 = 1 + 251|Z:i| and fix 0 =~ d» > ;1 with, for all z € *U:
62 < |z —x2| = 0= f(2) — f(x2) = Dfr,(z — 22) + |2 — 22|72

and take z3 = xo + 252‘3:3.
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Repeating the process, we obtain a sequence {z,|1 < n < N 4 1} which
satisfies the conditions

® 1 — I,

L mn—l—l:71777,_|_2(S"nﬁ, o, ~ 0 and (5n>51, n=1,,N,

o f(xpt1) — f(xn) = Dfy (xnt1 — xn) + |Tut1 — Tn|nm, for some n, =~ 0, n =
1,..., N,

e zyt1 =y (if not, choose O = § > oy with zy + 26

Yy—=x
—X

ly |=y).

Then

N N N
f(:E) - f(y) — Z(f(wn) — f(xn-l-l)) — Z Dfxn(mn — $n+1) + Z |33n — $n+1|77n

and

N
‘anl |5Bn - CEn_|_1|77n

|z — y

~ 0.
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We will prove now that there exists ¢ € [x,y] such that

L—=Y \ ij:l Dfmn(xn_xn—l-l)
Df. ~ .
|z — ¥ |z — y

Letting d := |§:Z|, it is true that

Zfl\le Dfacn(xn — xn-{—l) — Z?jzvzl Dfa:n(xn — xn—i—l) _ ZnNzl 25anxn(d) .

Choosing m, M € {z1,...,zy} with
D fm(d) = ,min, Dfy,(d) & Dfu(d) = max, D f5,(d),
we get
> ne1 28D fz,(d)
> =1 20n
So, there exists ¢ € [m, M] C [z,y] with
S 26,Df. (d)
Yno120n

Dfm(d) < < Dfu(d).

Df.(d) ~
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Norm Mean Value Theorem Let f: *U — *F' be a mu-differentiable function
with U open and convex. Then, for all z,y € ns(*U) with |x — y| > d4, Where
a .= st(x)

Je e [z, y] [f(z) = fW)| < [Dfe(z —y)| + |z —yln
for some n = 0.
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Inverse Mapping Theorem Let f:*U — *F be a mu-differentiable function
and a € °U. If Df, is invertible and |[(Df,)~!| is finite, then there exists a
standard neighborhood V of a such that

Ve,y € Ve Fy= f(x) # f(y).

Proof Let
A:={ee " RY| Vo,y € B(a) |z —y| > b= f(z) # f(v)}.

Then A contains all positive infinitesimal numbers since, for ¢ ~ 01t and
x,y € Be(a) with |z —y| > 4,

f(w)—f(y)NDfa(:v—y).

|z — y |z — y

Df, x_y) > 0
' / (|x—y| S

and therefore f(x) #= f(y). By Cauchy’s Principle there exists ¢ € R with
e € A. Define V := B.(a). The proof follows.

But

0
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