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Abstract

We prove that the curvature flow of an embedded planar network of three curves
connected through a triple junction, with fixed endpoints on the boundary of a given
strictly convex domain, exists smooth until the lengths of the three curves stay far from
zero. If this is the case for all times, then the evolution exists for all times and the network
converges to the Steiner minimal connection between the three endpoints.

1 Introduction

We are interested in the long time behavior of the evolution by curvature of a triod, that is, a
network of three planar curves meeting at a common point (called triple junction) with equal
angles (the so-called Herring condition) and with fixed endpoints on the boundary of a given
convex domain in the Euclidean plane.

As for the mean curvature flow, this evolution can be regarded as the gradient flow of the
Length functional. In this respect, the Herring condition naturally arises from the variational
interpretation of the flow and corresponds to the local stability of the triple junction.

An important motivation for this study is due to the appearance of this evolution in
several models of materials science for the motion of grain boundaries in a polycrystalline
material or, more generally, of two—dimensional multiple phase systems (see [7, 14, 15] and
references therein). Another more theoretical motivation comes from the fact that this is
possibly the simplest evolution by curvature of a nonsmooth set. Indeed, while the mean
curvature flow of a smooth submanifold is deeply, even if not completely, understood, the
evolution of generalized submanifolds admitting singularities, for instance a varifold, has
not been studied too much in detail after the seminal work by K. Brakke [8] (see also [10, 11]
for an alternative approach based on the implicit variational scheme introduced in [2]), we
mention anyway the works of T. Ilmanen [19] and K. Kasai and Y. Tonegawa [22].

The mathematical analysis of this flow started in [9] (see also [23]), where short time exis-
tence and uniqueness of a smooth flow has been established, and continued in [26] where the
authors proved that, at the first singular time, either the curvature blows—up or the length
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of one of the three curves goes to zero on a sequence of times. Extending the analysis per-
formed by G. Huisken for the mean curvature flow (see [17] and references therein), they
could also rule out certain kinds of singularities, namely the so—called Type I singularities,
corresponding to a specific blow—up rate of the curvature at the singular time. A significant
difficulty of this analysis is the lack of maximum principle, due to the presence of the triple
junction, which requires new arguments in order to estimate geometric quantities such as
the curvature and its derivatives.

In this paper we complete the program started in [26] and we prove that no singularity
can arise during the evolution of a triod, independently of the type of singularity. More
precisely, our main result is the following.

Theorem 1.1. For any smooth, embedded, initial triod Ty in a strictly convex set ) C R2, with
fixed endpoints P, P2, P3 € 0, there exists a unique smooth evolution by curvature of To which at
every time is a nondegenerate smooth embedded triod in 2, in a maximal time interval [0,T). Then,
either the inferior limit of the length of one of three curves of the triod Ty goes to zero ast — T, or
T = 400 and Ty tends as t — +oo to the unique Steiner triod connecting the three fixed endpoints.

Our strategy is based on the analysis of the blow—up of the flow at a given point, indepen-
dently of the behavior of the curvature. Using some ideas presented in [20] (see also [25]),
which are based on Huisken’s monotonicity formula (see [17]), we are able to classify all the
possible blow—up limits. It turns out that the only admissible configurations are a straight
line, a halfline or a flat unbounded triod (see Proposition 2.19). As none of them arises from
a singular point of the flow, we obtain our main result. A fundamental ingredient in our
analysis are the interior regularity estimates of K. Ecker and G. Huisken (see [12]), which we
combine with the estimates on the curvature and its derivatives obtained in [26].

One difficulty in this classification is to show that the possible limits necessarily have
multiplicity one. This follows from a geometric argument proposed in [16] (see also [18])
and extended in [26] to the case of a triod, consisting in estimating from below a kind of
“embeddedness measure”, which is strictly positive when no self-intersections are present
and showing that it is monotonically increasing for an evolving triod. We underline that it
is not clear to us how to obtain a similar bound for a general network (with multiple triple
junctions), since the analogous quantity is no longer monotone if there are more than two
triple junctions.

Recently, T. Ilmanen, A. Neves and F. Schulze announced a comprehensive analysis of
the evolution by curvature of a general network with several multiple (not only triple) junc-
tions, with any angles between the concurring edges. This would clearly include and greatly
generalize our work.

In their preliminary paper [21], which the authors kindly sent us, it is proved a local reg-
ularity result stating that if in an open set in space-time the Gaussian densities are bounded
away from two and the network is locally tree-like, then the flow is smooth with bounded
curvature and its derivatives.

Independently of such a general result, this paper deals with the simpler situation of a
single triod with fixed endpoints in a strictly convex domain. Our goal is simply to show
that singularities cannot happen in this special case, hence completing the program started
in [26]. We point out that our method cannot be directly extended to the case of a network
with more than two triple junctions, due to the aforementioned main difficulty in showing
that the blow—ups at the singular points have multiplicity one.
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2 Definitions and Preliminary Results

Definition 2.1. Let Q € R? be a smooth open set and T = U3_, 0 the union of three embed-
ded (at least C?), regular (i.e. o, # 0 for all z € [0, 1]) curves o* : [0,1] — Q. Let P* € 99, for
i € {1,2, 3}, three distinct points. We say that T is a triod in € if

e oi(z) € 9N if and only if z = 1, for alli € {1,2,3};
e O=0"0)foralli € {1,2,3} and o' (z) # o0%(y) # 03(z) forall z,y,z € (0,1];

e 0'(1) = Piforalli € {1,2,3};
3 op(0) _
[ Zi=1 m = 0.

Under these conditions, we will call O the 3—point of the triod T and P’ the endpoints of the
triod T.

For a given “initial” triod Ty = U?_;0¢, we consider the following motion by curvature

(see [9] and [26]).

Definition 2.2. We say that the one parameter family of triods T; = U?_,v(:,t) evolve by
curvature (staying embedded) in the time interval [0, T") (T" > 0), if the three family of curves
4% [0,1] x [0, T) — Q are at least of class C? in the first variable and of class C' in the second
one, and satisfy the following quasilinear parabolic system,

yi(x,t) # 0 regularity
v (z,t) € 0N iff x =1 intersection with 992 only at the endpoints
v (@, t) # ' (y,1) ifx#y simplicity
Yz, t) =4 (y,t) & =,y =0 ifi#j  intersection only at the 3-point
PO g;ﬂz (8:3| =0 angles of 120 degrees at the 3—point
7i(1,t) = Pt fixed endpoints condition
7i(x,0) = o'(z) initial data
] — ’Y;z(x7t) 1
vi(x,t) = G motion by curvature

@.1)
forevery x € [0,1],t € [0,T) and 4, j € {1,2,3}.

To denote a flow we will often write simply T; instead of letting explicit the curves A
which compose the triods.
Moreover, it will be also useful to describe a triod asa map F': T — Q) from a fixed standard
triod T in R?, composed of three unit segments from the origin in the plane, forming angles
of 120 degrees. In this case we will still denote with O the 3-point of T and with P’ the three
endpoints of such standard triod.



The evolution then will be given by amap F : T x [0,T) — Q, constructed naturally from
the curves 4%, so T; = F(T,t).
In [26] the following short time existence and uniqueness theorem has been proven.

Theorem 2.3. For any smooth initial triod T in a convex set 2 C R?, there exists a unique smooth
solution of Problem (2.1) in a maximal time interval [0,T), with T' > 0. In particular, the evolving
triod does not exit the open set ) (with exception of the three fixed endpoints P).

The goal of this paper is to show the following result which, with the above theorem,
gives Theorem 1.1 in the introduction.

Theorem 2.4. Given a triod F : T x [0,T) — Q evolving by curvature, where Q) is a strictly convex
subset of R?, -either the inferior limit of the length of one of three curves of the triod T; goes to zero as
t = T,orT = +oo and Ty tends as t — +oo to the unique Steiner triod connecting the three fixed
endpoints.

We remark that the first situation can actually happen, for instance, if the triangle formed
by the points P!, P?, P3 has one angle larger than 120 degrees. Notice that the strict convex-
ity of {2 implies that such triangle is nondegenerate.

Along the paper we will make extensive use of the following notation,

=1 (1,t) = %I | unit tangent vector to *

V= vi(x,t) = Rri(,t) = Rﬂé-”' unit normal vector to v*,

0 =0(t) =+°(0,1) 3—point of T,

vl = vi(x,t) = g:zlg | - velocity of the point ' (x,t),

A= Ni(z,t) = W%%"'; D= WTZ:;';@ tangential velocity of the point 7/(z, ),
ko= ki(x,t) = QL) — (9 70| i) = (9,0 | ) curvature at the point v*(z, ),

where with s we have denoted the arclength parameter on any of the curves and with
R : R? — R? the counterclockwise rotation centered in the origin of R? of angle 7/2. Fur-
thermore, we set \' = \r¢ and k' = k!, from which it follows that v* = A + k* and
[0 |2 = (A)? + (k%)%. We will also denote by L’ the length of the i—th curve of the triod and
by L = L' + L? + L3 its global length.

We now state some results which have been proven in [26].

Lemma 2.5. If v is a curve of a triod moving by curvature, which means that

Vax
’2

Y = =T+ kv,

e
then the following commutation rule holds,

0105 = 950, + (k% — Xs)0s .

With the help of Lemma 2.5 one gets the following formulas.



Lemma 2.6. For any curve evolving by curvature, there holds
T = 0405y = 050y + (K — Xs)Dsy = Os(AT + kv) 4 (K* = A\)T = (ks + kN
Oww =0i(R7) = RO = —(ks + kN T
Otk = 04(057, V) = (01057, v) = (05047, v) + (k? — Xs)(DsT, 1)
=0,(0yT, V) + k3 — kX = 05k + EX) + k3 — kX,
=kas + kA + K
e oo L g () ROOT R ) (A~ k)

x’%c| 1Yz |3 |V Ve |
=05(As — k?) — Mg — k?) = Ags — A\s — 2Kk, + M2

Taking into account the compatibility conditions at the 3—point, we have the following
lemma.

Lemma 2.7. At the 3—point of a triod T, evolving as in Problem (2.1) hold

. i—1 _ pi+l
N k k
V3
A i+l _ yi—l
ki — A A
V3

where the indices are understood modulo three. Moreover

3 3
}:HZZ)%w
=1 =1

KD+ Nk = kI 4+ MK
for every pair i, j € {1,2,3}.

The key theorem for the analysis of the singularities is the following result [26, Proposi-
tion 3.13].

Proposition 2.8. If [0,T) is the maximal time interval of existence of a smooth solution T, with
T < 400 of Problem (2.1), then one of the following possibilities holds:

o the inferior limit of the length of one curve of T, tends to zeroast — T,
e limsup, ,p th k% ds = +oo.

Moreover, if the lengths of the three curves are uniformly bounded away from zero, then the superior
limit is actually a limit.

In the next section we will show that if the lengths of the three curves are uniformly
bounded away from zero, no singularity can develop. We now introduce the tools and the
estimates which we will need.

Let F : T x [0,7) — R? a curvature flow for a triod in its maximal time interval of
existence, then a modified form of Huisken’s monotonicity formula holds.

Let 79 € Q and p,, : R? x [0, T) be the backward heat kernel of R? relative to (g, T), that is

|lz—2q|?
e 4T-%)

Pao (T, 1) = Nl



Proposition 2.9 (Monotonicity Formula — Proposition 6.4 in [26]). For every xo € R? and
t € [0,T) the following identity holds

i/qrtpxo(wat)dsz —/Tt
+Z<Pz_“”° PO Y e (P0),

Integrating between t; and to with 0 < t; <ty < T we get

2
- (z — o)t

TG

Pao(,t) ds (2.2)

2

to B N
/ / : xoz pr(IE?t)det:/ pr(x’tl)ds/ Pao(x,t2) ds
n B ) Ty Tiq
5. 2 ) pi g
0 ,
- = 7 1 . PZ’ '
+;/t1 <2(T—t)’7( ”f)>00( t)dt

Remark 2.10. Notice that the monotonicity formula for a triod differs from the standard one
because of a boundary term. Thanks to the next lemma, this extra term will not change to a
big extent the blow—up analysis for the curvature motion of triods.

Lemma 2.11 (Lemma 6.3 in [26]). Setting |P'—xo| = d', for every index i € {1,2, 3} the following
estimate holds

+oo
T/ P —ay ; 1 —y2/2
/t <2(T_£)77'<175)>Pxo(Pa§)d§‘§m / eV Tdy <1/2.
d /r/2(T—1)

As a consequence, for every point xo € R?, we have

}LH;Z/< _“ i<1,£>>pxo<Pi,f>df=o.

Proposition 2.12. If for every xo € R* we define the functions © : T x [0,T) — R as

@(xg,t):/ Pao(z, 1) ds,
Ty

then, the limit
O(z0) = lim O(wo,t) = lim | pa,(2,t)ds

t— T,

exists and it is finite.
Moreover, the map © : R? — R is upper semicontinuous.

Proof. We consider the function b : R? x [0,7) — R given by

b(zo.t / < — T

T"<1,5>>pxo<Pi,a> e



Lemma 2.11 says that b is uniformly bounded and for every z¢ € R? we have lim;_,1 b(wg,t) =
0. Hence, the monotonicity formula (2.2) can be rewritten as

2

)L
Pao(z,1)ds <0,

PN Clntl

d
00+ oan0) = - [ |+ G20

hence, being nonincreasing and bounded from below, the functions (O(-,t) + b(-,t)) point-
wise converge on all R? when t — T. Since we have seen that b(-, ) pointwise converge to
zero everywhere, the limit ©(x) exists for every zq € R2.

As the convergence of the continuous functions (O(-,t) + b(-,t)) to © : R2 - R is monotone
nonincreasing, this latter is upper semicontinuous. [

We now introduce the rescaling procedure of Huisken [17].
For a fixed 79 € R?, let F,, : T x [-1/2log T, +00) — R? be the map

= EFp, t(t)) — xo

Fo(p,t) = {(t) = —< log (T — 1).

2T = (1) 2
Then the rescaled triods are given by

= _ Ty — 2o
T 2(T — 1Y)

and they evolve according to the equation

aFIBO(Z% t) = ﬂ(pa t) + ﬁro(pat) )

where

E(}%QIM:E—FE:%V—FXT and t) =T — e 2.

Notice that we did not put the “tilde” over the unit tangent and normal, since they do not
change under rescaling.
We will often write O(t) = Fy, (0, t) for the 3—point of the rescaled triod T,, ¢, when there is
no ambiguity on the point .
The rescaled curvature evolves according to the following equation

Ok = koo + koA + K> — k,
which can be obtained by means of the commutation law

00y = 050+ (K2 — Ao — 1)0,,

where we denoted with o the arclength parameter for T, .
By a straightforward computation (see [17] and [26, Lemma 6.7]) we have the following
rescaled version of the monotonicity formula.

7



Proposition 2.13 (Rescaled Monotonicity Formula). Let 2o € R? and set

For every t € [—1/2log T', +00) the following identity holds

% lom@dg:_ﬁgﬂk+xﬂp <w+§:<xml ) P(Phy )

Taq,t

i

0.t = AT —t(1)
Integrating between t; and to with —1/2logT < t; < ty < +00 we get
t2
/ / %+ o 25 dadt—/ ﬁ(x)da—/~ () do 2.3)
TIO t TZO tq TIO,tQ

3 to
30 [ (Pl a0 a0

Then, we have the analog of Lemma 2.11.

Lemma 2.14 (Lemma 6.8 in [26]). For every index i € {1,2, 3} the following estimate holds

+oo
| B 00 7, ae| < VAR

Then, for every xo € R?,

J&;ié/%w<§%JTﬁLdQ»ﬁ(deS—O
i=1 "t

Before showing the key proposition about the blow-up limits of the flow at a singularity,
we need some technical lemmas.

Lemma 2.15 (Second statement in Lemma 6.10 in [26]). For every ball Br centered at the
origin of R?, we have the following estimates with a constant Cg independent of o € R? and
€ [-1/2log T, +0) N
Hl(szt N BR) <Cg.

Definition 2.16. We say that a sequence of triods converges in the C} _ topology if, after
reparametrizing all their curves with the arclength, they converge in C" on every compact
set of R?.

The definition of convergence in W' is analogous.

Given the smooth flow T; = F(T,t), we consider two points p = F'(z,t) and ¢ = F(y,t)
belonging to T; and we define I',, ; to be the geodesic curve contained in T; connecting p and
q. Then we let A, , to be the area of the open region A,, , in R? enclosed by the segment [p, q|
and the curve I, 4, as in the figure.

If the region A, 4 is not connected, we let A, ; to be the sum of the areas of its connected
components.



We consider the function ®; : T x T — R U {+o0} as

lp—al* if
Ap.q e 7& Y
Dy(z,y) =< 43 if  and y coincide with the 3—point O of T,
+00 fr=y+#0

Since T, is smooth and the 120 degrees condition holds, it is easy to check that ®; is a lower
semicontinuous function. Hence, by the compactness of T, the following infimum is actually
a minimum
E(t) = inf ®i(x,y)
z,yeT

forevery t € [0,7).

If the triod T; has no self-intersections we have E(t) > 0, the converse is clearly also
true.
Moreover, E(t) < ®,(0,0) = 4+/3 always holds, thus when E(¢) > 0 the two points (p, q) of
a minimizing pair (z, y) can coincide if and only if p = ¢ = O.
Finally, since the evolution is smooth it is easy to see that the function £ : [0,7) — R is
continuous.

Proposition 2.17 (Theorem 4.6 in [26]). If 2 is bounded and strictly convex, there exists a constant
C > 0 depending only on Ty such that E(t) > C > 0 for every t € [0,T).
Hence, the triods T remain embedded in all the maximal interval of existence of the flow.

Lemma 2.18. The function

12

E(T) = inf p—d ,
p,q€T qu
pFq ’

defined on the class of C! triods without self-intersections (bounded or unbounded and with or with-
out end points or 3—-points), is upper semicontinuous with respect to the C[L . convergence.
Moreover, E is dilation and translation invariant.

Consequently, every Cl. . limit Too of a sequence of rescaled triods T has no self-intersections

9



and has multiplicity one (outside the endpoints and the 3—point if present), it actually satisfies
E(Ts) > C > 0 where the uniform positive constant C' is given by Proposition 2.17.

Proof. The dilation-translation invariance and the upper semicontinuity of the function £
are straightforward, by the C[. . convergence. This latter obviously implies the final state-
ment of the theorem once we show the embeddedness and the multiplicity one properties.

Suppose that a sequence of rescaled triods ’]Af{j converges to some limit T. If this latter
has a transversal self-intersection, the triods of the approximating sequence must defini-
tively have self-intersections too, but this contradicts Proposition 2.17. By the same reason,
a self-intersection is also impossible at the 3—point. Since the limit can contain an endpoint
P! only if we rescale the evolving triods around one of their endpoints P?, the convexity
of the set ) implies that the limit set T must lie in a halfspace of R? and that the only
way a self-intersection can happen is that the limit curve starting at P, is tangent at such
endpoint to another limit piece of a curve of To. As we assumed that the lengths of the
curves are uniformly bounded below away from zero, then either T+, contains a loop (as it
is connected), or a piece of the limit triod close to P., must have multiplicity two, coming
from the “collapsing” of two pieces of curve in the sequence of rescaled triods. The first case
is excluded again by Proposition 2.17, the second one is managed by means the argument
below, which deals with the multiplicity of the limit set.

The only other possible self-intersections of the limit set can happen at self-tangency points
(i.e. there exist “internal” points of T, with integer multiplicity larger than one).

By the Cl . convergence, in a sufficiently small ball of radius R around any of such points
z € R?, definitively, for every rescaled triod ﬁ‘tj, there must be some number of curves which
are “pieces” of ’ftj, such that they are all disjoint, all graphs on the tangent line L to T at
and all converging to the same limit C'! graph T+, N Br. Considering two of such pieces of
curves, say o] and 03, we take the point p; and ¢; which are the intersections of the orthogo-
nal line to L at x and the two curves. By hypotheses, the distance d; between p; and ¢; goes
to zero. Moreover, as every rescaled triod is connected there must be a geodesic curve (in the
entire rescaled triod) connecting such two points. This means that the open region A,, ;. is
well defined and its area A, ,; is larger than the area S; contained between the two curves—
graphs of and ¢ in B. Hence we get E('ﬁ‘tj) < dj2~ /Sj. If we now rescale the ball Br by a
factor 1/d;, the line L and the the two curves inside 0{ and ag converge to three parallel un-
bounded straight lines, as j — oo, while at the same time the distance between the rescaled
of the points p;, ¢; is one (hence, also between the two lines coming from the two curves in
the limit). As the function E is dilation invariant and the rescaling of the region between
the two curves in By converges to a half-strip in R?, we conclude that lim; 00 S/ d? = }o0,

hence E (TNth) — 0 which is a contradiction, by Proposition 2.17. O

We can now show the following results which is analogous to the (stronger) one for Type
I singularities proved in [26, Proposition 6.16].

Proposition 2.19. Assume that the lengths of the three curves of the triods T, are uniformly bounded
away from zero during the evolution.

For every zo € R? and every subset T of [—1/2log T, +o00) with infinite Lebesgue measure, there
exists a sequence of rescaled times t; — +oo, with t; € I, such that the sequence of rescaled triods
'fffmtj converges in the CL _ topology to a limit set T, which, if not empty, is one of the following:

loc

10



o a straight line through the origin with multiplicity one (in this case O(z0) = 1);

o an infinite flat triod centered at the origin with multiplicity one, except its 3—point (in this case
O(z0) = 3/2);

e a halfline from the origin of multiplicity one, except the origin (in this case ©(z0) = 1/2).

Moreover, the L? norm of the curvature in every ball Br € R? along such sequence goes to zero, as
j — o0.

For every sequence of rescaled triods Ty, ., converging at least in the Cy, ; topology to a limit Toos
as t; — +oo, we have

hm— pdo =

iy =3 o O(ao) (2.4)

v o7

Proof. Assume that we have a sequence of rescaled triods 'ﬁ‘xo,tj converging in the C|L _ topol-
ogy to a limit T, as t; — +oo. Since by Lemma 2.18 the limit must be embedded with
multiplicity one, the convergence on every compact subset of R? implies that the Radon
measures H! L TNT%,{J.Z weakly* converge in R? to the Radon measure #! L To.. Moreover, as
in the proof of Proposition 6.20 in [26], we can pass to the limit in the following Gaussian
integral:

li / pd . / pd
m ——= 0 = —F(— g .
J—00 /27 1~Tavo,tj P V2T JT,, P
Consequently,

~

1 o e o e )
\/ﬂ/ﬁzo,t pdo-_/Tt(t-)pr( ’t(tj))d 6( O7t(tj)) _>®( 0)7

as j — oo and equality (2.4) follows.
We now show the first statement.
Setting t; = —1/2logT and letting t2 go to 400 in the rescaled monotonicity formula 2.3, by

Lemma 2.14 we get
+oo

/ / |k + 2t *pdo dt < 00,

—1/210gTT%0’t

then, a fortiori,

/ / |k + 2 ?pdo dt < +o00.

1 ﬁzo,t

Being the last integral finite and being the integrand a nonnegative function on a set of
infinite Lebesgue measure, we can extract within Z a sequence of times t; — 400, such that
[ |k + z'?pdo converges to zero.
Tag,t;
It thus follows that, for every ball of radius R in R2, the triods ﬁ‘mo,tj have curvatures
uniformly bounded in L?(Bg). Then, reparametrizing all the triods with arclength, we ob-
tain curves with uniformly bounded first derivatives (from above and below away from

11



zero by the assumption on the lengths) and with second derivatives in L2 . Moreover,
by Lemma 2.15, for every ball B centered at the origin of R? we have a uniform bound

Hl('ﬂ‘mo,tj N Br) < Cg, for some constants C'r independent of j € N.
By standard compactness argtNJments (see [17, 24]), the sequence Tm{j of reparametrized
triods admits a subsequence Ty, ¢, which converges weakly in I/Vlif and also in the C}

loc
topology, to a (possibly empty) set Tw. If the point 2 € R? is distinct from all the endpoints
P!, then T+, has no endpoints, since they go to infinity along the rescaled flow. If xo = P,
the set T has a single endpoint at the origin of R?.

As we have already pointed out, by Lemma 2.18, the limit set (if not empty) has no self-
intersections and multiplicity one, moreover, if a 3—point is present then the angles are of
120 degrees by the convergence of the curves in C}l

loc*
Since the integral functional

T H/|E+xL\2ﬁda
T

is lower semicontinuous with respect to this convergence (see [27]), the limit T+, distribu-
tionally satisfies k., + = = 0. In principle, the limit set is composed by curves in WIQ’2 but

oc”’

from the relation k£ + 1 = 0, it follows that k., is continuous, since the curves are Cl{)c. By

a bootstrap argument, it is then easy to see that the T is actually smooth.
Such a limit set is an unbounded triod or curve with at most one endpoint (depending on the
choice of the point z(), moreover, by Lemma 2.18, (if not empty) it has no self-intersections.
As the relation above implies ko, = —(z | V) at every point z € T, repeating the argument
of Lemma 5.2 in [26], if a triod is present, it must be centered at the origin of R? and this ex-
cludes the presence of an endpoint at the same time. Indeed, in such case, it must be 2y = P!
(for instance) and any blow—up must be contained in a half space (since the triod does not
"escape” the convex set € during the evolution) which is clearly impossible for a triod.
Thus, by the same relation, the classification Lemmas 5.2, 5.3, 5.4 and Proposition 5.5 in [26],
we can conclude that in any case the curvature of the limit set is zero everywhere and that
T is among the sets in the statement.

Since on every ball Bgr the sequence of rescaled triods Tmo,tj can converge (in the Cc!
topology) only to a limit set with zero curvature, satisfying - = 0 and

lim / |k+ 2t ?do=0,
j—00

Tzo,fijR
1

is continuous in the C\L |

) ~2

lim / k do=0.
J—00

’]rxo,kj mBR

as the term x convergence, we actually have that

Finally, the values of O(zo) in the statement are obtained through a computation by
means of formula (2.4). O

Lemma 2.20. The existence of the limit O = lime_,7 O(t) together with O(xo) = 3/2are equivalent
toxg = 0.
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Proof. We first show that © () can be equal to 3/2 at only one point in 2. Assuming that
O(zo) = O(yo) = 3/2, we define the two sets of rescaled times

Ty ={t € [-1/2log T, +00) such that |O(t(t)) — zo| > /2(T — t(t)) },
Ty, ={t€[-1/2log T, +00) such that |O(t(t)) — yo| > /2(T —t(t)) }

and we claim that both have finite Lebesgue measure. Indeed, if the Lebesgue measure of
Z.,, for instance, is not finite, we have

/ / |k + 2> pdodt < +00.

Iw() Txo,t

Hence, since we assumed @(.7}(]) = 3/2, we can extract a sequence of times t; € Z,, such
that the rescaled triods ’fmo,tj converge in the C|. . topology to an infinite flat triod centered
at the origin of R?. This is clearly in contradiction with the fact that, by construction, every
set 'ﬁ‘mo% N By /2 does not contain the 3-point of the rescaled triod ﬁ‘mo,tj.
If the points = and gy are distinct, we have a contradiction, as [ty, +00) \ Z, C Z,, if ty is
large enough and the set [ty, +o0) \ Z,, would have finite Lebesgue measure as well, which
is clearly not possible.

We now see that ©(zg) = 3/2 holds for every point 7o € (2 such that there exists a se-
quence t; — T with lim;_,o, O(t;) = z¢. This fact, by the compactness of (2 and the unique-
ness of point z(, implies the statement of the lemma.

Fixing any r € [0,T"), we definitely have ¢; > r, hence if O(t;) — x¢, we get

|z—zq \2 |Pi—:c \2
e AT-r) 7‘) Pl _ xO . e 4T-bt
O(xo,7) + b(xo,7) = ds + < Zl,t>dt
(a0:7) + Waw) = |~ TZ (1) e
_\z o(t;)? _IPf-o))”?
4(tv—'r) Pz 4(t;—t)
= lim / ds+/ Z< ), i, t)>e]dt
j=oo | Jt, \/4m(t; — 1) 2(t; —t) Am(t; —1t)
_|z o(t;)? |Pi-0(t;)|?
4(t 77") Pz ) . > e 4(tjft)
> lim lim —= 7(1,t) ) ———=dt
- j—>oo7~—>tj‘{ . \/m Z< i—1) () Am(tj — 1) }
_lz—0@))I?
e 4(tj—r)

= lim lim

L s,
j=oo i J1, (AT (t; — 1)

where in the last passage we applied the analogue of Lemma 2.11 with ¢; in place of 7.
Indeed, the monotonicity formula (actually all the previous strategy) holds also if 7" is not
the maximal time of smooth existence. Repeating all the argument in the Proposition 2.19
at time ¢;, we then see that the last integral inside the limit must be equal to 3/2 (as we are
rescaling exactly around the 3—point O(t;)) and thus the only possible limit of rescaled triods
is an unbounded triod in R? centered at the origin.

Hence, we can conclude that for every r € [0,7) it holds ©(xo, ) + b(xg,7) > 3/2, which,
when r — T, implies that O(zo) = 3/2. O
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In the following, given = € R? and R > 0, we denote by Qr(Z) the square
QR(E) = {x € R? : |$1 —f1| <R, ’.TQ —fg‘ < R} .

Proposition 2.21. Suppose that the curve ~ is a graph over (e1) in the square Q2r(xo), and assume
that the curve v N Qar(xo) is contained in the horizontal strip {|x2| < &} forany t € [0, 1), with
7>0and0 < < R.

Then v N Q2r (o) is a graph over (ey) forall t € [0, 7).

Proof. We claim that the number of intersections of +; with any vertical segment of the form
Uy ={x+sex:x € Qar(zo), s € RyNQ2r(zo) is nonincreasing in time, hence it is constantly
equal to 1 as 7y is a graph in Q2r(zo) over (e1). It then follows that v N Q2r(xo) is a graph
over (e;) for all t € [0, 7) and the thesis is proven.

In order to prove the claim, let us assume by contradiction that there exist a vertical
segment ¢ and a time ¢ > 0 such that the set 7, N ¢ is a single point for ¢ € [0,¢), and has
cardinality strictly greater than 1 for a sequence ¢, | . In particular, there exist a point
T C ;N ¢ and two sequences x,,, y, such that

TnyYn € Y, NL, Ty # yp and lim z, = lim y, = 7. (2.5)
n—oo n—oo

It follows that ; has a vertical tangent line at 7, so that we can write 7; N Qs(Z) as a smooth
graph over / for a suitably small § > 0.
By [13, Theorem 2.1] there exists ¢ > 0 such that v, N Qs () is also a graph over ¢ for all
2

t € [t,t+¢] and, by continuity, at the intersection with 9Q) ; () the curve 7 does not intersect
2
¢. Then, by the Sturmian theorem of Angenent in [5, Proposition 1.2] and [4, Section 2]
(see [3] for the proof), we have that the cardinality of ; N ¢ in Qs (Z) is nonincreasing in time
2
on [t,t + €], thus contradicting property (2.5). O

Corollary 2.22. Assume that o N Byr(xo) is a graph over (e1), contained in the horizontal strip
{|z2] < R}. Then ~: N Bag(wo) is a graph over (e1) for all t € [0,7), with 7 = R?/2. Moreover,
letting v = (v | e2) ™, we have

sup sup v<C sup v
t€[0,7) vNBr (z0) YoNB2r (zo)

for some C' > 0 independent of R.

Proof. Letting x4+ = xg £ 4Rey, by assumption we have that vy is contained in the comple-
mentary of the set Bzp(xy) U Bsr(z—) C Byr(xo).

By comparison principle, it follows that y; does not intersect the set Br ;) (21 )UBgg)(7-),
with R(t) = VOR2 — 2¢, for all t € [0,9R?/2). In particular, v; N Q2r(z0) does not intersect
the upper and lower edge of the square Qar(7) if t € [0, 7), with 7 = R?/2. Therefore, from
Proposition 2.21 it follows that v N Q2r (o), hence also v N Bagr(xo), is a graph over (e;) for
allt € [0, R?/2).

The last assertion of the corollary then follows from Theorem 2.3 in [13], noticing that if -, is
the graph of the function u(-,t), then v = /1 + |[u/|2. O

We recall the following result [13, Corollary 3.2 and Corollary 3.5].
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Proposition 2.23. Suppose that -y, is a graph over (e1) in Br(xo) for all t € [0,7). Then letting
0 € (0,1) and m > 0, we have

sup O k? < Crno
WNB, e (20)

forallt € [0, 7), where the constant C., ,, depends only on m, 6 and supc(o -y SUp~,np - (w0) V-

Proposition 2.24. Let ; be as in Proposition 2.23. For all § € (0, 1) we have

Coy 1
sup k|2 < — + sup |k? (2.6)
vNB (z0) (1 - 9)2 R? YoNBg (z0)

VOR2 -2t R0

forall t € [0, 7), where the constant C', depends only on supyc(o +) SUP~,ABy, (20) V-

Proof. Let g = k%p(v?), with ¢(s) := s(1 — ¢s)~! and ¢ > 0 to be chosen later, and let
n = (R? — |z|? — 2t)%. By a direct computation as in the proof of Theorem 3.1 in [13], we
obtain

1
(O — A)gn < —2cgzn—2<cpv_3Vv—|—77_1V17, V(gn))+C(n) <(1 + @) (|x\2 + Qt) + R2> g.
(2.7)
At a point where m(t) := max,,np (@) (gn) is attained in space, multiplying inequal-

ity (2.7) by 5L we get

m’(t)ZﬁC < —m(t)?+ 02(:) ((1 n ch;?) <|x|2 + 2t) + R2> m(t) <0,

as soon as

m(t) > E ((1 + L) (|:c|2 + 2t) + R2> .

2c cv?

Choosing then the constant ¢ = § ~2, we obtain that

MNB gy (w0) ¥

min v=2 max v’ =1/2

NNB s, (o) MNB /s, (o)

cv? <

invNB m(xo), hence the function 7g is well defined, moreover we have m/(t) < 0
whenever
m(t) > 4C(n) R* max v?.
%ﬂB\/m(aco)

As p(v) > 1andn > (1 —0)2R*in B, j5rr—s; (%0), it follows

sup k? < (1-6)2R™ max (gn)
%ﬂBm (zo) ’ytﬂBm(xo)
< (1-6)"?max { m(0) , 40(n) max 02}
R4 R2 ’yth\/m(Io)
which gives estimate (2.6) as m(0) < R?k* max. g, (zy) v°(+,0). O
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3 The Proof of Theorem 2.4

The fact that if ' = 400 and the lengths of the three curves of a triod moving by curvature
are bounded below away from zero uniformly in time, then the evolving triod T; tends as
t — 400 to the unique Steiner triod connecting the three fixed endpoints is shown in Section
8 of [26].

This section is devote to exclude finite time singularities (i.e. 7' < 4o00) for a triod moving
by curvature, whose curves have lengths bounded away from zero from below, uniformly
in time. From this fact, Theorem 2.4 follows.

To this aim, we will proceed with an argument by contradiction relying on the C{. . con-
vergence (with the L? norm of the curvature going to zero in every compact subset of R?) of
a sequence of rescaled triods to any of the three singularity models in Proposition 2.19. The
argument is similar in spirit to the one in [25], adapted to the case of an evolving triod.

To set the notation, let F' : T x [0,T) — R?, with T < oo, be a triod moving by curvature
in its maximal time interval of smooth existence. We assume that the lengths of the three
curves of the triod T; are uniformly bounded below away from zero and that 7' < +o0c. We
are going to show that the full L? norm of the curvature of the evolving triod stays uniformly
bounded up to time 7', hence contradicting Proposition 2.8.

We define the set of reachable points of the flow as

R = {x € R? } there exist p; € T and t; T such that lim F(p;,t;) = 1:} .
1— 00

Such a set is easily seen to be closed, contained in Q, hence compact, and the following
lemma holds.

Lemma 3.1. A point x € R? belongs to R if and only if for every time t € [0, T) the closed ball with
center x and radius \/2(T — t) intersects T;.

Proof. One of the two implications is trivial. We have to prove that if x € R, then F(T,t) N
B m(m) # (). To this aim, we define the function d,(t) = inf et |F'(p, t) — x|, where, due

to the compactness of T the infimum is actually a minimum. Since the function d,, : [0,T) —
R is locally Lipschitz, we can use Hamilton’s trick to compute its time derivative and get (for
any point ¢ where at the instant ¢ the minimum of |F'(p, t) — ¢| is attained)

<k(Q7 t)V(q) t) + A(q’ t)T((L t)? F(Qv t) — x)

Ordy (t) = 0| F(q, 1) — x| >

[F(g,t) — x|
_ (kg )v(e,1), Flg,t) =) 1
[F(q,t) — x| = A (t)’

since at a point of minimum distance the vector % is parallel to v(g, t) (unless x is one

of the endpoints, but in this case the Lemma is obvious). Integrating this inequality over
time, we get
d2(t) — d3(s) < 2(s—t).

We now use the hypothesis that z is reachable (i.e. lim;,_,7 d(¢;) = 0) and we conclude

d2(t) = lim [d2(t) — d2(t;)] < 2 lim (t; —t) = 2(T — t).

1—00 1—>00
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As a consequence, when we consider the blow—up of the evolving triods around points
of ©, we have a dichotomy among the them. Either the limit of any sequence of rescaled
triods is not empty and we are rescaling around a point in R, or the blow—up limit is empty,
since the distance of the evolving triod from the point of blow—up is too big. Conversely, if
the blow up point belongs to R, the above lemma ensures that any rescaled triod contains at
least one point of the closed unit ball of R2.

Fixing any point zo € R, by Proposition 2.19 there is a sequence t; ,”* 0o of rescaled triods
such that if‘xo,tj converges in the C. . topology to a nonempty limit which must be either a
straight line, a halfline or an infinite flat triod. Moreover, in every ball Bi € R?, the L? norm
of the curvature along such sequence goes to zero as j — oo.

We start considering the case when the blow—up limit is a straight line.

Proposition 3.2. If the sequence of rescaled triods ﬁ‘xo,tj converges to a straight line, then the curva-
ture of the evolving triod is uniformly bounded for t € [0,T') in a ball around the point x.

Proof. Assume that there is a straight line L through the origin of R? such that the sequence
of rescaled triods Ty,,¢; converges to L as j — oo.
Recalling Lemma 2.20 this implies that the distance [O(t) — x| is uniformly bounded from

7

’Ytj
\2(T—tj)

L as j — oo. In particular, for all M > 1 there exists jp; € N such that the curve %J.M N

below, so that there exists i € {1,2,3} such that the rescaled curves converge to

By \/m(xo) is a graph over the line zo + L. By Corollary 2.22 it follows that i N

By o,
(T—tj\,
[tiy,T), and its slope v’ (with respect to the line z( + L) is uniformly bounded by a constant
independent of M and t¢. Therefore, if M > 2, from Proposition 2.23 (applied with 6 = 1/2)
it follows that the curvature of the curve v; N B, \/m(xo) and all its derivatives are

)(xg) is also a graph over the line z + L for all ¢ € [t;,,,t;,, + M*(T —t;,,)) D

bounded for t € [t;,,,T") and we are done. O
We then consider the case of a halfline.

Proposition 3.3. If the sequence of rescaled triods Ty, ; converges to a halfline, then the curvature
of the evolving triod is uniformly bounded for t € [0,T") in a ball around the point x.

Proof. By the C|L_ convergence of the rescaled flow to the halfline, we can see that the point
xo must be one of the endpoints of the triod, which we will denote with P. We now perform
a reflexion with center P of the triod and we consider the motion by curvature of the union
of the two (mutually reflected through P) triods which is still a motion by curvature, now of
a network of curves (see [26] for more details). Since at the endpoint P the curvature vanishes
by construction, the point P stay fixed during the motion of the network and the sequence
of rescaled networks around P = z( converges in the C[L _ topology to a straight line. We can

loc
now repeat the proof of Proposition 3.2 to conclude. O

If there is no zg € R? with (:)(mo) = 3/2, by Propositions 3.2 and 3.3, there exists a
ball around every reachable point in which the curvature of the evolving triod is uniformly
bounded for ¢t € [0, 7).

As the set of reachable points R is compact, it follows that the curvature is uniformly bounded
ast — T < +oo, which is contradiction to Proposition 2.8. Hence, we can assume that at
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some (unique) point zg € € we have ©(zy) = 3/2 and that the sequence of rescaled tri-
ods 1~I‘x07tj converges to an infinite flat triod T, centered at the origin. Furthermore, the L?
norm of the curvature of the rescaled triods goes to zero on every compact subset of R?. By
Lemma 2.20 this means that 7y = O is the limit of the 3-point O(t) as t — T. We write
T = L' U L? U L3 where the L¥s are halflines from the origin of R2.

In order to analyze the case of a flat triod arising as a blow—up limit, we need some pre-
liminary estimates, based on the following Gagliardo—Nirenberg interpolation inequalities
(see [1, 6], for instance).

Proposition 3.4 (Proposition 3.11 in [26]). Let v be a smooth reqular curve in R* with finite length
L. If w is a smooth function defined on v and m > 1, p € [2, 4+00|, we have the estimates

Bn7m7p

Lmo‘

1—
105 ull Lo < O pll O ul| 72 |ull 27 + [l 2

foreveryn € {0,...,m — 1} where

n+1/2—1/p
c=—"=
m
and the constants Cy, . , and By, p, , are independent of .
Lemma 3.5. Let F : T x [0,T) — R2, with T < oo, be a triod moving by curvature with moving
endpoints Q° : [0,T) — Q such that the lengths of the three curves are uniformly bounded from

below away from zero by L > 0.
Then, for some constants Cy > 0, Cy > 0, independent of the triod, the following estimate holds:

d/ k:2ds<01(/ k2d5)3+02</ k2d8>2+223: Ki(kD + N
dt T, - T, L T, 1 5

Proof. Using Lemma 2.6 and integrating by parts (see computations (3.4), (3.5) and (3.6)
in [26] for full details), we get

at the point Q*(t)

3
d oo o
— | Kds= —2/ k;gds+/ Krds — Y k(KL + NE)
dt T¢ T Ty i=1 at the 3—point
3
+2) K (K4 NE)
i=1 at the point Q*(t)

)

3
= —2/ kgds+/ Krds +2) " k(KL + NE)
T Ty at the point Q*(t)

i=1

where we applied the “orthogonality” relation (2.10) in [26], saying that the 3—point contri-
bution above is zero.

Letting L to be the minimum of the length of the three curves of the triod, by the above
proposition and Peter—Paul inequality, for any € > 0 we have the interpolation estimate

/Ttk4d5§ [C(/Tt’“?dS)l/g(/Ti k2d8)3/8+L10/4</Ttk2d8>1/2]4
SC(/E k?ds)l/Q(/T k2d8)3/2+§(/1r k2d8>2
SE/TtkgdS'f‘Cl(/Ttk2d5)3+%(Atk2d3>2,
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Substituting in the last equation above, after taking ¢ < 2, we get the thesis. O

We are now ready to prove the main theorem of the paper.

Since the subset Z of [-1/21og T, +-00) defined by Z = U2, (t; +log V/3/2,tj+1log v/3) has
obviously infinite Lebesgue measure, by Proposition 2.19, we can assume that there exists
another sequence of rescaled triods TNT:EO’;J,, with t; € (t; + log \/3/2,t; + log v/3) for every
j € N, which is also C[._ converging to a flat triod (a priori not necessarily the same one)
centered at the origin of R? as j — oo. Indeed, even if the two blow—up limits are different,
they both must be a flat triod, as equality (2.4) must hold for both of them. Moreover, the L?
norm of the curvature of the modified sequence of rescaled triods, as well as the one of the
original sequence of rescaled triods, converges to zero on every compact subset of R%.
Finally, passing to a subsequence, we can also assume that t; and t; (hence, also ¢; and ;)
are increasing sequences.

Notice that, by means of the rescaling relation t(t) = —% log (T' — t), the condition E € (4 +
log 1/3/2, t; +log v/3) reads, for the original time parameter, as ¢; € (2t;,, + 37, 1t;, + 27)).

Repeating the argument in the proof of Proposition 3.2, for any M large enough there
exists jys such that for all i € {1,2,3} the curve 7/ N By, 2(TftjM)(5U0) \ B, ST (xo) is
agraph over zo+ L' forallt € [t;,,,T), with slope (with respect to the line z¢+ L") uniformly
bounded by a constant C,, independent of M and t € [t;,,,T). Moreover, by Lemma 2.20,
we can also assume that the 3—point O(t) in this time interval does not get into the annulus
By Proposition 2.23, with § < 1/2 < 9/16 + ﬁ, it follows that the subsequent evolution of
the curves

i
Vipg 1 <B4M 2T—t5,,) (z0) \ By 2(T—t5,,) (1"0)) ’
that, with an abuse of notation (we cannot exclude that other parts of T; get into the annulus

B4M\/m($0) \ BQM\/W(ZL‘())), we still denote with
70 (B4M\/2(TTM)($0) \ BQM\/Q(TTM)(%)) ,

fori € {1, 2,3}, are smooth evolutions for all ¢ € [t;,,,T’) and the following estimate holds

KL()|? < Co o Co <%

B o (t - tjM)2 N (%}N[ - tjM)2 N (T - tjlbl)z '
forall ¢ € [t;,,,T), where the constant C,, depends only on the slope with respect to the line
Ty + L. _

Since, by Proposition 2.19, the L? norm of the curvature (in the rescaled ball Bs);(0)) of the

sequence of rescaled triods ’f‘xo i which is given by

\/2(T%})/ k*ds,
Tfj mBS]\/[‘ /2(T—t]~]\/{)(x0)
converges to zero as j — oo, the above estimate (3.1) on the derivative of the curvature,

which for the sequence rescaled triods becomes |E§(t])\ < 3/C, implies that also the L™
norm of the curvature of the rescaled curves

(3.1)

Py%j n (B4M Z(T*tjM)<m0) \ By 2(T—tjM)(x0)> )
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which is given by

2AT 1)) sup K|

Tfj m(B4M 2(T7tjjw)($0)\B21\/1 2(T7tjjw)(x0))

converges to zero as j — 0.

Since the above argument holds not only for jj, but for every j > jy, fixed any € € (0,1/2),
first considering an M > 2 large enough and then choosing a suitably large j);, we can
assume that

o M > max{1//z,Cy/c"/%}, where the constant C; is the one appearing in Lemma 3.5,

) s < - 62)
T{jM mBSMM(xO) \/2( JM \/2 t]M
2 € 3¢
20T -t 2(T —t;
T’{jjwm(BALM 2(T— t]]w 0)\32]\1m(x0)) ( j]v]) ( JM)
Moreover, if C,, is a constant depending only on the slope of the evolving curve, with respect

to the line xy + L, we can clearly always increase js as we like, without affecting C,,, since,
by Proposition 3.2, as j — oo, the three curves %j N B;,, \/m(xo) \ By, T tjM)(xo)

converge to a smooth limit.
Hence, for every such constant C,, we can also assume that C,,c'/'? < 1 and 2(Cy + C, +
e/ < 1.

By Proposition 2.24, as M > 2, at the points

0 (Brarmrg (@0) \ B, iy a0)

we have the estimate

. ) 1
' (t)* < Cy | sup K+ W
'Y%ij(B4M /2(T—t; 5 (@o\B,,, /2(T—t;, (xo) Lin

forall t € [t;,,,T), with a constant C,, depending only on the slope of the curve with respect
to the line o + L*, which is uniformly bounded. Thus, by the above estimate (3.3) we get

. C 1 2C,e
(3 2 < v < v .
W&N—T—t<&UW>—T—%I G4

JIM

as we already chose M? > 1/¢ above, for all the point of the curve v} N (B Iu m(xo) \

B 50\ /30T= tjM)(xo)) and times ¢t € [tj,,,T). We want to underline once more that the con-

stant C' depends only on the slope of the curve with respect to the line zo + L.
It follows that for every ¢ € [{; a» 1), all the triods Ty determined by “cutting” T; at the
new (moving in time) endpoints Q*(t) = 7{ N 9By, W(mo) have the lengths of their
M
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three curves uniformly bounded away from zero from below and unit tangent vectors at
the endpoints Q' (¢) which form angles with the respective velocity vectors 9,Q"(t) which are
also bounded away from zero, uniformly in time, because of the uniform control on the slope
of the curves with respect to the line 2 + L. This implies that the norm of the curvature
|k (Q(t))] at any endpoint Q*(¢) controls the norm of the tangential velocity |\ (Q"(t))|, up
to a multiplicative constant C, (depending only on the slope), uniformly bounded in time

fort € [t;,,,T).
Then, from estimates (3.1), (3.4), we conclude
B@ k@ )| < 2=
’ B (T - tj]w)% ’
o o RN C,e3/4
[FQ@IEN@Q )] <CF @] < =
(T —tj,,)2

ja» T), where the constant C,, depends only on the slope of the curve with
respect to the line z¢ + L.

Recalling Lemma 3.5 and noticing that the length of every curve of the triod is bounded
from below by a uniform factor (depending only on the slope v) times M /T —t;,,, being
a graph in the annulus By, 57— tjM)(xo) \ By, ST 1tjM)(ano), we have the following for-

for every t € [t

mula for the evolution of the L? norm of the curvature of the triods WAI‘,: determined by the
three (moving in time) endpoints Q*(t), for t € [tjn>T), where the constants C; and C; are
“universal” and C, depends only on the slope of the curve with respect to the line xo + L":

d 3 CyC 2 C,el/4
k*ds <C /k‘st +— /k:?ds + —
dt/ 1< T ) M\/T_tjM< T ) (T_t’ )%

3 5 2 1/4
gcl(/ K ds) +056(/ K2 ds) T
J T, (T~ )}

IM

3 15 2 1/4
gcl([ k2ds> +w</A k2d3> G
Ty T —t Ty (T_tjl\l)§

IM

as we chose M > Cg/sé and 20,eY/12 < 1.
Then, letting

A(t) /de e
‘= max S, —F—= ,
Ty \/T_tjM

A'(t) < CoA(t)

for almost every t € [t;,,,T), where the constant C, is given by C; + C,, + 1.
Integrating this differential inequality and recalling estimate (3.2), implying that

1 1

3 1 1

A(tjM) < max \fe c12 < €12
\/2(T - tJM \/T JM T— tjM

ase < 1/2, we get

it follows

)

B\H

< 1
~ — l ~
\/A(tjM - 20 t - t]M \/T - tJM —2Ces (t - tjM)

)
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forevery t € 0> T) -
As (t —t;,,) < (T —t;,,), it follows that the function A(t) is uniformly bounded on [¢;,,,
as soon as 2C,6 < 1, which is satisfied by our previous assumption on € > 0.

We now notice that the three curves of the triod T, connecting respectively the points P*
and Q' (determined by T; \ Tt) cannot get too close to the point zy = lim;_,7 O(t) along the
flow. Indeed, the parts of these curves in the annulus B, ST, (o) \ B3y, /5 T=5.0) (o)

T)

are graphs for every ¢ € [t;,,,T), while the remaining pieces “outside” at time ¢ = ;,,, by
maximum principle, during their subsequent evolution can never get into the circle of radius
R(t) = \/16M2(T —t;,,) — 2(t — t;,,) and center g, also moving by mean curvature in the
time interval [t;,,, T) and, ast — T, converging to the circle of radius /16 M2(T — t;,,) — 2(T — t;,,) =
/(1602 — 2)(T —t},,), which is clearly positive as M > 2, hence far from the point z.
Consequently, since the closed subset of the set of reachable points obtained as possible limit
points of these three curves as ¢t — T is contained in a closed set far from xy, by Proposi-
tions 3.2 and 3.3, we can cover such a set by a finite number of balls where the curvature of
the evolving triod is uniformly bounded during the flow. Being also the total length of the
evolving triods uniformly bounded and being the L? norm of the curvature of the “subtri-
ods” ’if‘t, given by the square root of the uniformly bounded function A(t), we conclude that
the full L2 norm of the curvature of the evolving triods T; is bounded, in contradiction with
Proposition 2.8. This concludes the proof.

Remark 3.6. We point out that the main result of this paper, namely Theorem 1.1, can be
extended with a similar proof to a triod evolving by curvature with Neumann boundary
conditions. Moreover, whenever the classification given in Proposition 2.19 holds, the same
proof also applies to the evolution of a network with multiple triple junctions. For instance,
this is true for a network without loops and with at most two triple junctions. Indeed, in
this case, Proposition 2.17 still holds and all the subsequent arguments can be adapted with
minor modifications.

Note. In this respect, we take the occasion to underline a mistake in [26, Remark 4.5] (pointed
out to us by T. Ilmanen), where the authors claim that Proposition 2.17 (Theorem 4.6 in [26])
holds for any network (without loops), without any constraint on the number of triple junctions.
Actually, the proof of Proposition 2.17 can be generalized only to networks in the plane with
at most two triple junctions.
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