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ABSTRACT. We consider the evolution of sets by nonlocal mean curvature and we discuss
the preservation along the flow of two geometric properties, which are the mean convexity
and the outward minimality. The main tools in our analysis are the level set formulation
and the minimizing movement scheme for the nonlocal flow. When the initial set is outward
minimizing, we also show the convergence of the (time integrated) nonlocal perimeters of the
discrete evolutions to the nonlocal perimeter of the limit flow.
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1. INTRODUCTION

Given an initial set F C R", we consider its evolution E} for t > 0 according to the nonlocal
curvature flow

(1.1) O - v = —Hﬁ{(x)

where v is the outer normal at x € 0F;. The quantity H ﬁf (x) is the K-curvature of E at z,
which is defined in (1.3) below. More precisely, we take a kernel K : R”\ {0} — [0, +-00) such
that

(1.2) min{1, |z|} K (z) € L'(R™) and K(z) = K(—x)
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and we define the K-curvature of a set E of class CV!, at « € OF, as

1.3 HE (z) = 1i n — K(z —y)dy,
(1.3) oyt | (xens() — xe) Ko - y)dy

where as usual
1 ifyeF,
Xe(y) = {0 ify ¢ E.
For more general sets the K-curvature will be understood in the viscosity sense (see Definition
2.1 below) and may be also infinite.
We point out that (1.2) is a very mild integrability assumption, which fits the requirements
in [9,25] in order to have existence and uniqueness for the level set flow associated to (1.1).

Furthermore, when K(z) = ‘wlﬁ for some s € (0,1), we will denote the K-curvature of a

set F at a point x as Hj,(z), and we indicate it as the fractional mean curvature of E at . We
also observe that the K-curvature is the the first variation of the following nonlocal perimeter
functional, see [9],

(1.4) Perg(E) := / K(z —y)dz dy,
E JRM\E

and the geometric evolution law (1.1) can be interpreted as the L? gradient flow of this
perimeter functional, as shown in [9].

The K-curvature flow has been recently studied from different perspectives, mainly in
the case of the fractional mean curvature, taking into account several geometric features. In
particular we recall the results about small time existence of a classical solutions [26], existence
and uniqueness of level set solutions [9, 25], preservation of convexity [11,14], formation of
singularities [13], classification of symmetric self-shrinkers [5], fattening phenomena [6] and
stability results for nonlocal curvature flows [7,8].

In this paper we are interested in the analysis of the flows starting from K-mean convex
sets, that is, sets with positive K-curvature, and from sets which are one-side minimizers
of the nonlocal perimeter functional, the so called K-outward minimizing set. This second
property can be interpreted as the variational analogue of the K-mean convexity, as we will
see in Theorem 2.10. In the case of the fractional curvature, the preservation of the K-mean
convexity for smooth sets has been studied in [29]. Here we consider more general flows, and
also nonsmooth initial data. We show that K-mean convexity is a too weak condition to
be conserved during the evolution, as a consequence we introduce the notions of regular K-
mean convexity and strong K-mean convexity (see Definition 2.2). We introduce the notion
of K-outward minimality and strong K-outward minimality (see Definition 2.7). The main
results are contained in Theorem 4.5, about the preservation of regular K-mean convexity
and strong K-mean convexity, and Theorem 6.3 about preservation of K-outward minimality.
Our main tools are the level set approach for geometric nonlocal curvature flows, developed in
[9,25], that we review in Section 3, and the variational scheme, called minimizing movements
or Almgren-Taylor-Wang scheme, introduced in [1,27] for the classical mean curvature flow,
and extended to the nonlocal setting in [9].

We conclude by recalling that, in the local case, there is a vast literature on the analysis of
the mean curvature flow starting from convex sets (see [2,18-20,30]) and more generally from
mean-convex sets (see [10, 16,31, 32] and reference therein). In particular, these geometric
properties are preserved by the flow, both in the isotropic and in the anisotropic case, and
the singularity formation is well understood (see for instance [21-24]).
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The paper is organized as follows: Section 2 contains the definition of K-mean convexity
and K-outward minimality, some examples, and the analysis of the relation between the two
notions. Section 3 is essentially a review of the level set formulation of nonlocal curvature
flows, and contains the comparison results between level set flows and classical strict subflows
and superflows. Section 4 is devoted to the analysis of the flows starting from K-mean convex
sets. Section 5 provides a review of the minimizing movement scheme in the nonlocal setting.
Finally, Section 6 contains the analysis of the flows starting from K-outward minimizing sets.
Acknowledgments: The authors are members of the Gruppo Nazionale per I’Analisi Matem-
atica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INAAM). M.N. acknowledges partial support by the PRIN 2017 Project Varia-
tional methods for stationary and evolution problems with singularities and interfaces.

2. MAIN DEFINITIONS AND PROPERTIES

In this section we introduce the notions of K-mean convexity and K-outward minimality,
we give some examples and characterizations of these properties, and we analyze their relation.

We now recall the definition of constant K-mean curvature in the viscosity sense, for more
details we refer to [9,25] and to [3, Section 5].

Definition 2.1. Let £ C R"” and z € OF. Then

(1) HE(x) < cif for all sets F with compact boundary of class C1! such that E C F and
x € OF, there holds HE (z) < ¢;

(2) HE(x) > cif for all sets I with compact boundary of class C! such that £ O F and
x € OF, there holds HE (z) > ¢;

(3) HE () = c if both HE (z) > c and HE (z) < e.

From (1.3) it follows that the K-mean curvature satisfies the following monotonicity prop-
erty: if £ C F and # € E N OF is a point where both HE (z) and HE (x) are defined, then
HE(x) > HE(x). As a consequence, the inequalities in Definition 2.1 are consistent with the
definition of HE in (1.3).

We observe that the viscosity inequality H g (z) < ¢ can be checked only at points x € OF
where E satisfies an exterior ball condition, that is, there exists yg, 79 such that B(yo,79) C
R"\ E, x € dB(z0,70). Analogously the viscosity inequality HE (z) > ¢ can be checked only
at points ¢ € OF where E satisfies an interior ball condition, that is, there exists yg, 79 such
that B(yo,r0) € E, x € 0B(xg,70). In particular, if E is a closed set with empty interior,
then the viscosity inequality H g (x) > k is always verified for every k € R.

We will denote as usual the distance between a point  and a set E as d(z, E) = inf cp |y —
x|, and we define the signed distance from E as follows

dp(z) =d(z,R"\ E) —d(z, E).
We define for A > 0,
(2.1) E* = {z eR"st. dp(z) > -} = {z ¢ R" s.t. d(z, E) < \}.

Observe that if F is a closed set then E = NysqE?*.
Finally, we define the distance between two sets A, B C R", as follows

d(A,B)= inf |a—1|.
acdA,bcOB

Definition 2.2 (K-mean convexity, regular K-mean convexity, strong K-mean convexity).
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(1) A closed set E C R" is K-mean convex if HE (z) > 0 for all z € OF.
(2) A closed set E C R™ is regularly K-mean convex if there exists ng > 0 and cg > 0
such that for all A € [0, ]

Hgk () = —cgA for any z € OE*.

where EY = E.
(3) A closed set E C R"™ is strongly K-mean convex if there exists § > 0 and {g > 0
such that

ng () =9 for any z € OF*

for every \ € [0,&g].
To keep track of the constant § we will say in the following that £ C R" is strongly
K-mean convex set with associated constant ¢.

Remark 2.3. Note that if F is strongly K-mean convex, then FE is also regularly K-mean
convex.

Remark 2.4 (Sets with Cb! boundary). Let E be a compact set with C*! boundary.
If HE () > 6 Vo € OF, then for all §' < §, there exists £g(8') such that

HE (z) > ¢ for all n € [0,¢p(0")] and z € OE"

due to the continuity of HX with respect to C'! convergence of sets, see [9], and therefore
E is strongly K-mean convex with constant §’.
If HE(z) > 0Vx € OF, and K(x) = M%Jrs, then
FE is regularly K-mean convex,
due to the result about the variation of fractional curvature with respect to C1! diffeomor-
phisms of sets proved in [15].

Remark 2.5 (Convex sets). Let C' be a convex closed set. Then
C is strongly K-mean convex with associated constant 0

since it is easy to show that Hg (z) = 0 for every x € C' in the viscosity sense, and moreover
C* are convex sets. Moreover, if C' is compact and supp K is not compact, then there exists
dc > 0 depending on K and C such that

C is strongly K-mean convex with associated constant dc.

Indeed, it is easy to check that if C' C R™ is a convex set of diameter R, then
HE (z) > / K(y)dy := o¢ for every x € 0C.
R™\B(0,R)

Remark 2.6 (Set with positive curvature which is not regularly K-mean convex). We point
out that if F is a set such that HE (z) > 6 > 0 for z € OF, but OF ¢ Ch!, then in general it
is not true that F is regularly K-mean convex.

We recall the following example studied in [6]. We consider the fractional kernel in dimen-
sion 2, that is K(x) = M% We define the set E as follows

E:=G,UG_ CR?

where G is the convex hull of B((—1, 1), 1) with the origin, and §_ the convex hull of B((1, —1),1)
with the origin.



K MEAN-CONVEX AND K-OUTWARD MINIMIZING SETS 5

Note that 9\ (0,0) is C1! and in (0,0) the viscosity supersolution condition HE (0,0) > §
is true for every ¢ since there is no interior ball in F containing (0, 0), that is, there are no
regular sets F' such that ' C FE and (0,0) € OF. It is an easy computation to check, using
the radial symmetry of K, that for all x # 0, x € OF there holds

1 2m
Hy(x) > / dy = .
g R2\B(0,14v2) |Y[*T (1++2)s
Let Q. = {(z1,22) € R? s.t. 29 € [-1,7], —|z2| < 21 < |22]}. It has been proven in

[6, Lemma 7.1] that there exists a constant ¢ > 0 depending on s such that for all r < ¢ there
holds

c
H]S;UQT(t,r), H%UQT(t, —r) < s for all t € (—r,r).

Note that for every point (¢,—7), (¢,r) with ¢ € (—r,r) there exists a neighborhood where
I(E U Q,) is C11, therefore the previous inequality holds in classical sense. Consider now
E" ={z € R" s.t. d(z,E) < r} and note that (0,7) € OE". Let F be a set with boundary C'+!
such that FF C E", (0,r) € OF and such that there exists § << r for which 0F N B((0,r),d) =
J(EUq)NB((0,r),6). Then H%(0,r) < —%.

If E were regularly K-mean convex, there would exist cg > 0 such that H3(0,7) > —cgr
for every r € [0,7g]. Therefore we would get —-% > —ngr for every r € [0,7g], which is not

possible. We conclude that E is not regularly K-mean convex.

Given a measurable set £ C R™ and an open set 2 C R” we let

Perk(E, Q) ::/ K(x—y)dmdy—f—/ / K(x —y)dxdy.
EJO\E ENQ JR™\(QUE)

Notice that, if £ C Q then Perg(E, Q) = Perg(E), in particular Perg (E,R") = Perg (E) for
all sets E.

Definition 2.7 (K-outward minimizing set and strongly K-outward minimizing set).
Let Q@ C R”™ be an open set. F C R" is a K-outward minimizing set in () if for every
F C R™ such that £ C F and F'\ E CC 2 there holds
Perg (E,Q) < Perg (F, Q).

E CR" is strongly K-outward minimizing set in (2 if there exists § > 0 for which for

every F' C R" such that £ C F and F'\ E CC 2 there holds
Perg (E,Q) < Perg (F,Q) — 0|F \ E|.
To keep track of the constant § we will say in the following that £ C R"™ is strongly

K-outward minimizing set with associated constant 9.

We now provide some equivalent characterizations of K-outward minimality and strong
K-outward minimality, which imply in particular the stability under L' convergence of K-
outward minimizing sets.

Proposition 2.8. Let 2 CR"” be a domain. The following assertions are equivalent:

(1) E is a K-outward minimizing set in ) (resp. strongly K -outward minimizing set with
associated constant § > 0).
(2) For every G C R™ such that G\ E CC Q there holds that

(2.2) Perg(ENG,Q) < Perg(G,Q), (resp. Perg(ENG,Q) < Perg(G,Q) —6|G \ E)).
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(3) For all ACQ\ E, ACCQ there holds that

(2.3) /A /E K(z — y)dzdy < /A /IR o K(z — y)dzdy

<resp. / / K(x — y)dzdy < / / K(x — y)dzdy — 5]14) .
AJE A JR™\(AUE)

In particular, if E, is a sequence of K—outward minimizing sets (resp. strongly K-outward
minimizing sets with associated constant &) in 0 such that E, — E in L'(Q), then E is a
K -outward minimizing set in 0 (resp. a strongly K-outward minimizing set with associated
constant 6 ).

Proof. We proof the characterization just for K-outward minimizers, since the case of strongly
K-outward minimizers is completely analogous. We recall that for all A, B C R", the following
submodularity property holds

(2.4) Perg (A, Q) 4+ Perg (B,Q) > Perg (AN B,Q2) + Perg (AU B, ),

see e.g. [4].

If (2.2) holds, then it is immediate to check Definition 2.7: we fix F' D F, with F'\ E CC Q
and we apply (2.2) to G = F. On the other hand, if E is a K-outward minimizing set in {2
and G is such that G\ E CC , letting F' = G U E and using the submodularity for the first
inequality and Definition 2.7 for the second one, we get

PerK(E, Q) + PerK(G, Q) = PerK(F, Q) + PerK(G NE, Q) > PerK(E, Q) + PerK(E NG, Q)

We now assume that E is a K-outward minimizing set in Q and we fix A C Q\ E, with
AcCcQ. Let F:=FUA,sothat EC F and F'\ E CC Q. By Definition 2.7 we know that

O<PerK(F,Q)—PerK(E,Q):/ K(x—y)dxdy—//K(:v—y)dmdy,
AJrRM\F AJE

which gives (2.3). On the other hand, if we assume that (2.3) holds and fix F' such that
ECF and A:=F\ E CC {, then (2.3) gives

Perg (F,Q) — Perg (E,Q) = / K(z —y)dzdy — / / K(x —y)dzdy > 0,
AJRNF AJE

which implies that F is K-outward minimizing.

Finally, the stability under L' convergence is a direct consequence of (2.2) and of the lower
semicontinuity of Perg. Indeed fix F' such that £ C F and F\ F CC . Since E, — E
in L'(Q), we get that for n sufficiently large F\ E, CC Q. Then by the fact that E,
are K-outward minimizers in Q, Perg (E, N F,Q) < Perg(F,Q), and we conclude by lower
semicontinuity of Perg (-, 2) that Pergx(E N F,Q) < Perg (F, ). O

Remark 2.9 (Hyperplanes and convex sets). Let v € R™ with || = 1 and define the hyper-
plane H = {x € R" s.t. - v > 0}. Then H is a K-outward minimizer in every ball B(0, R)
for R > 0, since H is a local minimizer of Perg in every ball B(0, R), see [28].

Moreover, every convex set C' is a K-outward minimizer in every ball B(0, R) for R > 0.
Indeed C' = NjcsH; with H; hyperplanes. Let E such that E\ C cC B(0,R). Then
E\ H; cC B(0,R) for every i € J and by minimality of H; we get

Perx(CNE,B(0,R)) = PerK(ﬁjHj NE,BO,R)) < PerK(ﬂj#Hj NE,B(0,R)).
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By repeating the same argument for every j € J, we conclude Pergx(C N E,B(0,R)) <
Pery (B, B(0, R)).

We now analyze the relation between K-outward minimality and K-mean convexity for
compact sets. In some sense, (strong) K-outward minimality is the variational analogue of
(strong) K-mean convexity.

Theorem 2.10.

(1)

(2)

Proof.
(1)

Let E CC Q be a K-outward minimizing set in Q. Then HE (z) > 0 for all z € OE.
If moreover E is a strongly K-outward minimizing set with associated constant 6 > 0
then HE (z) > § > 0, for all z € OF.

Let E C R™ be a bounded set, with boundary of class C™', strongly K-mean convex
with associated constant & > 0. Then there exists an open set ), such that E CC § and
E is a K-outward minimizer in Q if 6 = 0, or it is a strongly K-outward minimizer,
with associated constant §, if 6 > 0.

For the case of fractional perimeters, this result has been proved proved in [3, Propo-
sition 5.1]. Let § > 0. If E is a K-outward minimizer, we choose § = 0, if F is a
strongly K-outward minimizer, we choose § > 0 to be the constant associated to F
according to Definition 2.7. We proceed by contradiction and we assume there exists
zg € OE, F C E with OF € CY', 2y € OE N OF, and Hg(ajo) <0 —2p < 9 for
some p > 0. Then by continuity of HX there exists r > 0 such that HX (z) < 6 —p
for every z € OE N B(zo,r). We construct a 1-parameter family ®. of C*! diffeo-
morphisms, such that F' = ®q(F) C & (F) C Q2 and ®.(F) \ F CC B(zg,r) CC Q
for every ¢ € (0,g9). Again by continuity there holds Hgg(F) () < 6 — p/2 for all
x € 0®.(F)\ F. Using the fact that H is the first variation of Peryx with respect to
C1! diffeomorphisms, we get, see [9, Proposition 5.2],

D (F)\F
where e(x) := sup{\ € (0,e) z € ®»(F)} and

Perg (E N ®.(F) > Perg(F) +/ Hy  (py(x)da.
(Ene.(m)\F

From (2.5), (2.6), recalling that Hq{i(F)(ar) <d—p/2in P (F)\EC P (F)\ F, we
conclude that

Per(EN0(F) > Perc@i) — [ HE e
> Perc(®:(F)) + (=045 ) [0:(F) \ Bl
> Perg(P(F)) — 6|P(F) \ E|.

in contradiction with the fact that E is a K-outward minimizing set in Q if § =0 or
a strong K-outward minimizing set if § > 0.
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(2) Welet 2 := E#, so E CC Q and by [9, Proposition 5.2], for every F with Perg (F) <
+00 such that E C F C E there holds

Perg(F) > Perg(E) + . HE ot dp(y)sdp (@) (@)dz = Perg (E) +6|F \ B,

where the last inequality comes from the fact that for x € F\ E, there holds that
—€&p < dg(x) < 0 and by recalling that HSA (x) = ¢ for all A € [0,7]. This implies
that F is K-outward minimizing in €2 with associated constant 4.

O

Remark 2.11. We point out that K-mean convexity does not imply K-outward minimality.
In particular if £ is a set such that Hg(x) > § >0 for all z € OF, but OF ¢ CY1, then
it is not always true that there exists 0 O F such that F is a K-outward minimizing set
in Q. We consider the example described in Remark 2.6 of a set £ € R? which satisfies

Hi(x) > (14_27”\/5)2 for all x € OF and which is not K-outward minimizing.
We recall, see Remark 2.6, that
c(n)
Hpo, (t,7), Hug, (t, —1) < s for all t € (—r,r),
where Q, = {(z1,72) € R? s.t. 29 € [-r,7], —|z2| < 21 < |22|}. Then, arguing exactly as in

[6, Proposition 1.8] it is possible to show that Pers(F U Q,) < Pers(E), which implies that E
is not a K-outward minimizing set.

3. LEVEL SET FORMULATION

In this section we recall the level set formulation of the geometric flow (1.1) in the setting
of viscosity solutions for nonlocal equations, and we collect some results that will be useful
in the sequel.

The viscosity theory for the classical mean curvature flow is contained in [12,17], see
also [19] for a comprehensive presentation of the level set approach for classical geometric
flows. The existence and uniqueness of solutions for the fractional curvature flow in (1.1) in
the viscosity sense have been investigated in [25] by introducing the level set formulation of
the geometric evolution problem (1.1) and a proper notion of viscosity solution. The paper [9]
is the main reference where it is introduced a general framework for the analysis via the level
set formulation of a wide class of local and nonlocal translation-invariant geometric flows.

The level set flow associated to (1.1) can be defined as follows. Given a closed set E C R"
we choose a Lipschitz continuous function ug : R™ — R such that

OF = {z e R" s.t. ug(z) =0} = 0{z € R" s.t. ug(z) >0}
(3.1) and E ={z e R" s.t. ug(z) > 0},

e.g. ug(x) = dg(z). Let also ug(z,t) be the viscosity solution of the following nonlocal
parabolic problem

K —
(3.2) {atu(x,t) + [Du(@, OIHE, iy suan (@) =0,

u(z,0) = up(x).
For the definition of viscosity solution we refer to [9], see also [25]. We observe that the inequal-
ity HE (z) < ¢ (vesp. > ¢) for z € OF can be shown to be equivalent to Hf () <c

y s.toug(y)=0}
(resp. > c¢) for z with ug(x) = 0, in the viscosity sense.
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Due to the comparison principle proved in full generality in [9] the system (3.2) admits a
unique viscosity solution for every initial datum ug which is uniformly continuous. Moreover
if up is Lipschitz continuous, the solution is still Lipschitz continuous in x with the same
Lipschitz constant.

Remark 3.1 (Outer and Inner flow). We define the outer and inner flows defined as follows:
(3.3) ET(t):={z € R" s.t. ug(x,t) >0} and E™(t) .= {z € R" s.t. ug(z,t) > 0}

where ug(z,t) is the unique viscosity solution to (3.2) with initial data ug as defined in (3.1).
The level set flow of OF is given by

(3.4) Sp(t) == {z € R" s.t. up(z,t) = 0}.

We observe that since the equation in (3.2) is geometric, if we replace the initial condition ug
with any function ug with the same level sets {uy > 0} and {ug > 0}, the evolutions X p(t),
E*(t) and E~(t) remain the same. For more details, we refer to [9,25].

Finally we observe that, if int F = (), then ug(x) < 0 for every x € R™, by (3.1). Therefore,
by the comparison principle proved in [9] we get that ug(x,t) < 0 for every ¢t > 0. In particular
this implies that

(3.5) if E has empty interior then E~(t) = () for all ¢ > 0.

Finally we recall some results about comparison between the level set flow and geometric
regular subsolutions and supersolutions to (1.1), which have been proven in [6, Appendix|
(see also [9]).

We start with a geometric comparison principle proven in [6, Corollary AS].

Proposition 3.2.

i) Let F C E two closed sets in R™ such that d(F,E) =6 > 0. Then F*(t) C E~(t) for
all t > 0, and the map t — d(F*(t), E~(t)) is nondecreasing.

ii) Let v:R" x [0,T) — R be a bounded uniformly continuous viscosity supersolution to
(3.2), and assume that FF C {x € R" s.t. v(z,0) > 0}. Then

FT(t) C{z € R" s.t. v(z,t) =0}, for allt € (0,T).
Moreover, if d(F, {x € R" s.t. v(x,0) > 0}) =6 > 0, then
FT(t) C{x € R" s.t. v(z,t) > 0}, for allt € (0,T),

and

d<F+(t),{m e R" s.t. v(z,t) > 0}) > 0.

iii) Let w : R™ x [0,T) — R be a bounded uniformly continuous viscosity subsolution to
(3.2), and assume that E O {x € R" s.t. w(x,0) > 0}). Then

ET(t) D {z € R" s.t. w(x,t) >0}, for all t € (0,T).
Moreover, if d(E,{x € R" s.t. w(z,0) >0}) =209 >0, then
E~(t) 2 {z e R" s.t. w(z,t) > 0}, for allt € (0,7),

and
d(E_(t), {z €R" s.t. w(z,t) > 0}) > 4.

We now state a comparison result between the level set flow and geometric subsolutions or
supersolutions to (1.1). We omit its proof since it follows exactly as in [6, Proposition A.10].
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Proposition 3.3. Let C(t) C R™ fort € [0,T], be a continuous family of closed sets with
compact boundaries, and let E C R"™ be a closed set.

i) Assume that C(t) satisfies a uniform interior ball condition at every point of its bound-
ary, and that there exists 6 > 0 such that at every x € OC(t) there holds

(3.6) O - v(x) + Hg(t)(x) > 0.

If E C C(0), with d(E,C(0)) = k > 0, then E*(t) C C(t) for all t € [0,T)], with
d(E*(t),C(t)) > k.

ii) Assume that C(t) satisfies a uniform exterior ball condition at every point of its bound-
ary, and that there exists 6 > 0 such that at every x € OC(t) there holds

(3.7) O - v(x) + Hé((t) (x) < —0.

If E 2 C(0), then E*(t) 2 C(t) for all t € [0,T].
If d(C(0),{z € R™ s.t. ug(z) > 0}) =k > 0, then E~(t) 2 C(t) for all t € [0,T],
with d(E~(t),C(t)) > k.

4. K-FLOW OF K-MEAN-CONVEX SETS

In this section we discuss some properties of the K-flow (1.1) starting from a regularly or
strongly K-mean convex set. We first show that the flow is monotone in the following sense.

Proposition 4.1.

(1) Let E CR™ be a strongly K-mean convex with associated constant § > 0.
If int E =10 then E=(t) =0 and int ET(t) = 0 for every t > 0, whereas if int E # 0,
there holds

(4.1) ET(t+s) CE (t) withd(ET(t+s),E~(t)) > s for every t > 0,s € [0,£g/9)

where E—(0) = int E. In particular E*(t) \ E~(t) has empty interior for all t > 0.
(2) Let E CR™ be a regularly K-mean convex. Then there holds

(4.2) ET(t)CE and ET(t+s) C ET(t) for every t,s > 0.
Proof.

(1) Let 6 > 0 and &g be the constants associated to E, according to Definition 2.2. Let
£ <&g. For 0 < h <min(4,€) and s € [0,1]

C(s) := E7"s,
We observe that C(s) is a supersolution to (1.1), in the sense that it satisfies
Osx - v+ Hg(s)(a:) =—h+ Hg(s)(x) > 0.
Since E C E¢ = C(0), by Proposition 3.3, we get that for all s € (0,1] there hold, for
every § < &g,
E*(s)CC(s) = B C B¢  and d (E+(s), EHS) > d(E, ES) = ¢.
This implies that for all s € [0, 1]
E*(s) C No<gcep B = E.

Therefore, if int(E) = @, we conclude that int E*(t) = 0 and we recall that E~(t) = ()
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for all ¢ > 0 by (3.5).
Assume now that F has nonempty interior. Arguing as above we define C(s) = E¢£95
and we get that C(s) is a supersolution to (1.1) for every s € [0,£g/d). Therefore as
above, by Proposition 3.3, we get that ET(s) C E¢27% for every s € [0,£5/0) and
d(E*(s), ES#79) > d(E, E%?) = ¢g.

Let € OEY(s). Then d(x,0E#7%) > d(E*(s), E¢#7%) > ¢g. Therefore, for
every y € OF we get

tp < d(z,0ESF7%) = min |z —z|<|r—y[+ min |y— 2|
2EOESE %S 2EQEE—0s

= |CC*?/|+§E*($S’
which in turn gives that for all z € E™(s) with s € [0,€g/d) and all y € JF there

holds
|z —y| = ds.
This implies that for all s € [0,£g/9)
(4.3) d(E*(s),E) = ds > 0.

In particular it follows that ET(s) C int(E).
By the Comparison Principle in Corollary 3.2, we get that

Ef(t+s)CE(t) forallt>0, s€ (0,£g/5), withd(ET(t+s),E~(t)) > §s.

Finally we recall the following lower semicontinuity result for the outer evolution
proved in [6, Proposition A.12]: liminf, o [E*(t +n)| > |int E1(t)|.
Then, since E*(t +s) C E~(t) for s € (0,£r/4), we get
lint (E*(¢)\ E~(t))] < limsup |int ET(¢)] — |[ET(t+5)| <0
s—07t
which gives the conclusion.
(2) Now we consider the case of a regularly K-mean convex set E. Let fix A < ng and
T < é and define the flow C(t) = E°** for t € [0,T]. Note that since cpMt < g,

there holds that Hg(t) (z) = =AMt > —c2\T > —cp for all t € [0, 7], which implies
that C(¢) is a strict supersolution to (1.1). Therefore by Proposition 3.3, we get that

1
E+(t) - EEM  forall 0 <t <T < — and every A € (0,ng].
cE
This implies that for ¢ € [O, é), E*(t) C ﬂ)\e(()mE]EcE)‘t = F, since E is closed.

Then by the Comparison Principle in Corollary 3.2, we get that

1
Ef(t+s)CET(t) forallt>0, s€ [O,) .
CE

0

Remark 4.2. Observe that if E is K-mean convex and HE5 () > 6 > 0 for all z € OF in
viscosity sense, but E is not regularly or strongly K-mean convex, then in general it is not
true that ET(t) C E for ¢t > 0 and moreover it is not true that the flow does not develop
fattening. Fattening phenomenon is related to non-uniqueness of the geometric flow; for an
analysis of this phenomenon, mainly in dimension 2, for geometric equations as (1.1), we refer
to [6].
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As an example we consider the set E described in Remark 2.6. In [6, Thm 1.10] it is proved
that there exists ¢ > 0 and ¢ > 0 such that E~(¢) C B(0,7(7)) C E*(r) for all 7 € [0,1),
where 7(7) = ¢(n)7/(19) | so implying that (4.2) cannot hold.

Moreover, we show that monotonicity of the flow implies K-mean convexity.
Proposition 4.3. Let E be a closed set. Assume that there exists h > 0 such that
(4.4) E+(t) CFE for every 0 < t < h,

then HE () > 0 in viscosity sense for every x € OF.
If moreover there exists 6 > 0 such that

ET(t) C E with d(E,E*(t)) > 6t for every 0 <t < h,
then HE (x) > § in viscosity sense for every x € OE.

Proof. We prove directly the second statement, since the first can be proved in a similar way,
just putting § = 0. Assume that it is not true that HE (z) > ¢ in viscosity sense for every
r € OF. Therefore there exists © € OF and a set F with C"! boundary such that F C E,
r € OFNOE and HE () < § — 4p < 6. By continuity of the curvature on regular sets (see
[9]), there exists 7 > 0 such that for all y € OF N B(z,4r), there holds HE (y) < 6 — 3p.

Now we construct a strict subsolution C(t) to (1.1) with C(0) = F as follows. Let ¢ =
max,cor HE (y) > 0 and let ¢y, ¢, : R™ — [0, 1] be two smooth functions such that ¢, (y) = 1
for y € B(x,r) and ¥,.(y) = 0 for y € R™ \ B(x,2r), and on the other hand ¢,(y) = 0 for
y € B(x,3r) and ¢,(y) = 1 for y € R™\ B(x,4r). We construct a family of regular sets as
follows: C'(0) = F and C(t) is the set whose boundary is

oC(t) = {y + (=6 + p)tr(Y)var (y) — (c + 2p)tor(y)vor(y) for all y € OF}

where vp(y) is the outer normal of F' at € OF. For ¢ > 0 sufficiently small, C(t) is of class
CY! and moreover, by continuity of the curvature on regular sets,

4.5 HE <6—2p fi dC(t) N B(x, 4 d > HE . (y).
(4.5) cwW) p foryedC(t)nB(xz,4r) and c+p e cw W)

Finally, observe that at every y € 9C(t) there holds

Oy - v(y) = (=0 + p)vr(y) — (c+2p)ér(y) < —HEy(y) — p

where the last inequality is obtained by recalling the definition of ¢,,v, and (4.5). We
conclude by Proposition 3.3 that, since C(0) = F C F, then C(t) C E*(t) for all t > 0
sufficiently small.
Note that d(x + (=6 + p)tvp(x),x) = (6 — p)t and then d(C(t),E) < (0 — p)t < dt, in
contradiction with the fact that d(E™(t), F) >t and C(¢t) C ET(t) C E.
([l

Remark 4.4. Note that, arguing exactly as in the proof of Proposition 4.3, we may prove
the following result: if E is a closed set such that there exist § > 0 and h > 0 for which

sup d(z,E) < dt vVt < h,
cEE+(t)

then
HE () > -6 in viscosity sense for all x € OF.
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Indeed we argue by contradiction and we choose F' as in the proof of Proposition 4.3, with
CY! boundary such that F C E, z € 9F NOF and HE (y) < —6 —2p for all y € F N B(x, 7).
We construct now a strict subsolution to (1.1) as

9C(t) = {y + (0 + p)tibr(y)var (y) — (¢ + 2p)t¢r(y)vor(y) for all y € OF}
where ¢ = maxyegr HE (y) > 0 (since F is compact). Therefore by comparison C(t) C ET(t)
and sup,ec ) d(z, E) = (6 + p)t, which gives a contradiction.

We collect the previous results about flows of regularly and strongly K-mean convex sets.

Theorem 4.5.

(1) Let E be a strongly K-mean convez set with associated constant 6 > 0. Then for all
n € [0,&g) the outer flow (E")T(t) is monotone according to (4.1) if § > 0, or to (4.2)
if 6 = 0 and moreover there holds

H(Ifgn)ﬂt) () =06 forallt > 0.

(2) Let E be a regularly K-mean convex set. Then the outer flow ET(t) is monotone
according to (4.2) and there holds

Proof.
(1) Note that by definition if K is strongly K-mean convex with associated constant
d > 0, then also E", for any n € (0,£g), is strongly K-mean convex with associated
constant § > 0, and {gn = &g — 1. Therefore, we may apply Proposition 4.1 to every
E" and deduce that if § = then (4.2) holds for (E")*(¢) for every t > 0 and if § > 0
then (4.1) holds for s € [0, fE{”} and for every ¢ > 0. Now, by Proposition 4.3, we

get that

H{gnys () > 6 for all t > 0.
(2) The fact that H§+(t) (x) > 0 is a consequence of (4.1) and Proposition 4.3.

5. MINIMIZING MOVEMENTS

We now recall the variational scheme, sometimes called minimizing movements, introduced
in [1] for the classical mean curvature flow, and later extended to the nonlocal setting in [9].

Given a nonempty set £ C R™ with compact boundary and a time step h > 0, if E is
bounded we define the set T} (FE) as a solution of the minimization problem

. 1
(5.1) fin Perg (F) — h/FdE(:U)da:.

If E is unbounded then we define Ty, (F) := R"™ \ T(R™ \ E). We also let T}, (0) := 0.

We iterate the scheme to obtain T}Ek) (E) = Th(T,Ek_l)(E)), where we put T,El)(E) =Tw(E),
and we define the following piecewise constant flows as follows
(5.2) Ey(t) =TH(E)  fort € [kh, (k+ 1)h).

In the sequel we will identify a minimizer T} (E), and a time discrete flow Fj(t), with the
representative given by the set of Lebesgue points of the characteristic function.
We recall from [9] some results about this scheme.
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Theorem 5.1.

(1) For any set E, the minimization problem (5.1) admits a mazimal T, (E) and a min-
imal solution T, (E) (with respect to inclusion). We will denote the flow obtained in
(5.2) by interpolating respectively the minimal and the mazimal solution as respectively
E; (t) and E;f (t). Every flow constructed as in (5.2) satisfies E, (t) C Ep(t) C ET(t).

(2) If ECF, then T;¥(E) C T;*(F). Moreover if d(E,F) > r, then d(Th(E), Th(F)) > r.

(3) There exists a constant C > 1 depending only on the dimension, such that for every
fixed R > 0 and every h > 0 such that

R—h i HE >0,
xeagl(lor,lczz) B(0,CR) (7))

there holds
TiBO,R CB(0O,R—h min HE x) | .
n (B(O,R)) € < meaB(l(],CR) B(o,0R)( ))

(4) For every Ry > 0, o > 1 there exists hg > 0 depending on Ry, o, C such that if h < hg,
then there holds for any R > Ry, and h < hg,

B K c 7t .
B(0R—h e (@) CTHBO.R)

(5) Let E C F be a nonempty bounded set with r = d(E,F) > 0. Then there exists
ho > 0 depending on r and the dimension such that for all h < hg, there holds that
Thi(E) C F and moreover

+ K
d(T, (E),F) >r— hxea%l%i/z) HB(O,r/2)(95) > 0.

Proof. For the proof of items (1)-(4) we refer to Proposition 7.1, Lemma 7.2, Lemma 7.4,
Lemma 7.5, Lemma 7.6, Lemma 7.10 in [9)].

We now show item (5). We fix 2z € OF and observe that by assumption, for every r’ < r,
E C R"\ B(z,r") and then by monotonicity
(5.3) T*(E) C T*(R"\ B(z,r")) =R\ TF(B(z,r')).

Now, we apply item (4), choosing Ry = r/2 and o = 2: there exists hy depending on r such
that for all 7' > r/2, and h < ho,

Blxz " —h HE | C T (B(z,1")).
Gﬂj ywﬁgw>3“”ﬁw>_ w (Bler)
Substituting in (5.3) we get for all z € OF
+ n / K /
T.-(E) CR"\ B (x,r — hyeagl(%,}i’ﬂ) HB(OJ,/Q)(y)) for all v € (r/2,r), h < hg.
This implies for all A < hg, that either T,f (E)C For T,?:(E) C R™\ F, and in both cases

5.4 A(F,TEE))>r—h HE > 0.
(5.4 (PTEE) 27— _max  HE, (0

Finally, we observe that necessarily Tf (E) C F. Assume by contradiction that T,f (E) C
R™\ F. Then, recalling that £ C F with d(E, F) = r, from (5.4) we would get that dg(z) <
—2r + hmax,csp(0,r/2) Hg(o r/2) (y) < 0 for every x € T;(E) So, it would be possible, just
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by translating T;r (E) to construct a competitor with strictly less energy, and so to prove that
T;" (E) couldn’t be a solution to the minimization problem (5.1). O

Finally we recall the convergence of the scheme to K-mean curvature flow, as proved in
[9, Proposition 7.12 and Theorem 7.16].

Theorem 5.2. Let ug be a Lipschitz continuous function. We define
Thuo(z) :=sup{A s.t. © € T, {x s.t. up(x) > A})},

and iteratively for k € N,
(5.5) T ug(x) 1= Ty (T Vg ().
Let

up(z,t) = T}Et/h]u()(x)
then there holds

T, ({x s.t. up(z,(k—1)h) > A}) = {z s.t. up(x,kh) > A}
T,F ({z s.t. up(z, (k—1)h) = A}) = {z s.t. up(z,kh) > A}

where the second equality holds up to a negligible set, and moreover
up(z,t) = u(x,t) as h — 0, locally uniformly in R™ x [0, +00),

where u(z,t) is the unique solution to (3.2) with initial datum ug.

6. K-FLOW OF K-OUTWARD MINIMIZING SETS

In this section we show that the level set flow preserves the K-outward minimality. In the
case of the classical mean curvature flow, we refer to [16] for an analysis of outward minimizing
sets. In particular in that paper it is shown that these sets provide a class of initial data for
which the minimizing movement scheme converges to the level set flow. For the generalization
of this result to the anisotropic case and cristalline case, we refer to [10].

First of all we show that the the minimizing movement scheme (5.2) starting from a K-
outward minimizer is monotone (see [16, Lemma 2.7] for the case of the classical perimeter,
and [10, Lemma 2.3] for the anisotropic perimeter).

Proposition 6.1. Let €2 be an open set and let E be a nonempty bounded set with E CC Q.
If E is a K-outward minimizing set in 0, then there exists hy depending on r = d(E,Q) > 0
such that for all h < hg, every piecewise constant flow Ep(t) = T}Ek)(E), fort € [kh,(k+1)h)
defined in (5.2) satisfies

En(t) C En(s) and Perg(En(t)) < Pergx(En(s)) Vi>s2>0

where E(0) = E. Moreover Ey(t) is a K-outward minimizing set in ), so that Hﬁfh(t) () =0
in the viscosity sense at every x € OER(t).

Proof. First of all we observe that by Theorem 5.1, since £ CC €2, then there exists hg such
that 7,7 (E) cC Q for all h < hg. Now we proceed by induction on k& > 0 and to avoid
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long notation we will denote Ej := T,(Lk) (E). Since Ty(Ey) is a minimizer of (5.1), choosing
E; NTy(Ey) as a competitor we get

1 1
PeI‘K(Th(Ek)) — PerK(Ek N Th(Ek)) < h/ dEk. (a;)dx — h/ dEk(l‘)dl’
Th(Ek) Ekah(Ek)

= 1/ dg, (x)dz <0
h T, (BB

since dg, < 0 on R"\ Ej. Since Ej is a K-outward minimizer, we get that
1
PerK(Ek N Th(Ek)) < PeI‘K(Th(Ek)) and / dEk (I’)dl’ =0,
Ty (Ex)\Ej

which implies that T}, (E) C Ej, up to a negligible set, recalling that dg, < 0 on Hﬁ\ Ej.
Now, using Ej, as a competitor, we observe that, since Tj,(Ey) C Ej and dg, > 0 in Ej,

1

1
PeI‘K(Th(Ek>) < PerK(Ek) — h/ dEk (w)dm + h/ dEk (l’)dl‘ < PerK(Ek).
Ey, Th(Eg)

Let G D Tp(FE)) such that G \ T(E;) CC Q. Our aim is to prove that Perg (T, (Ey)) <
Perk(G). Using the minimality of T}, (Fx) and G N Ej as competitor we get, recalling that
Th(Ex) € Ex NG and that dg, =0 on Ej \ Eg,

Perse (Th(Ex)) < Pergc (G N Ey) — ;/

1
dg, (x)dx + / dg, (xz)dr < Perg (G N Ey).
GNEy

T (Ex)

We conclude recalling that Ey, is a K-outward minimizer so that Perx (GNEy) < Perg(G). O

Proposition 6.2. Under the same assumptions of Proposition 6.1, if E is also strongly K-
outward minimizing set in Q with constant 6 > 0, for all h < min <hg, @) we have

e if E has empty interior, then Ty(E) = 0;
e if E has nonempty interior, then the discrete flow Ey(t) satisfies

d(Ep(t), Ep(t +h)) =2 0h  and th(t)(x) >0 forallt>0 and x € OEL(t).

Proof. Observe that, by the definition of the piecewise constant flow Ej(t), it is sufficient to
prove the second statement for Ej, := T }sk) (E) for every k > 1. We start considering the case
k = 1. In this case Ey; = T(F). By Proposition 6.1, we know that £; C E. We fix z € R”
with |z| < hd and observe that By +2 C E + z C Q since hd < d(E,Q). Now Ej + 2 is a
solution to the minimization problem

min <PerK(F) _ % /F dp(o — z)da:) .

We choose E N (E; + z) as a competitor and we get
1 1
Perx(E1 + 2) — / dp(x — z)dx < Perg (EN(E) +2)) — / dg(x — z)dx.
h JE 42 EN(E1+2)
Since E is a strongly K-outward minimizer we get

Perg (EN(Ey +2)) < Perg(E1 + 2) = 6|(E1+ 2) \ E|.
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Substituting in the previous inequality we get
1
5](E1+Z)\E]</ dg(z — 2z)dx.
h JiEi+20\E

Finally for x ¢ E, by definition
dp(x —z)=d(z — 2,R"\ F) —d(z — 2, F) <d(x — 2,R"\ FE) < d(x — z,2) = |2|.
Therefore in the previous inequality we get
S1(Br +2)\ E| < 11:lI(Br +2)\ E| < 3](Ey +2) \ Bl
which implies that |(Ey + z) \ E| = 0 for every z with |z| < dh, that is
By + B(0,5h) C E.

Note that if int £ = (), then by the previous inclusion we get that necessarily E; = ().
If int E # (), we have that

E.CFE and d(E1,E) > hé.
By Theorem 5.1, we then get
Ey =Ty(Ey) CTH(E) = Ey and d(FE2, E1) > hé.
So by iteration we obtain
E,CE;_ and d(Ey, Ex—1) > ho.
Finally we fix £ > 1 and we claim that for any A € (0, 1), there holds
H,{;i (x) = 6(1 — X) in viscosity sense, for all z € JFj.

So, sending A — 0 we get the statement.
The minimality of Ey = T (Ek_1) and the submodularity of the perimeter (2.4) give that
for all G

Perx(GNEL) < Perg(G) + Perg(Ey) — Perg(Er UG)

1
(6.1) < Perg(G) — / dg,_,(z)dx.
h Jo\g,

We proceed as in the proof of Theorem 2.10, item (1). We fix A € (0,1) and we assume
by contradiction that there exists FF C Ej with 0F € Cbl, zq € 0FE; N OF, such that
HE(29) < 6(1—X\) —2p for some p > 0 small. Then by continuity of HX there exists 79 > 0
such that HE (z) < 6(1 — \) — p for every o € OF N B(zg,7)). We fix

(6.2) r < min (ro, th) ,

so that B(xg,r) CC Ex_1 (since d(Ey, Fx—1) = 0h) and we construct a 1-parameter family
®. of CH! diffeomorphisms, such that F = ®y(F) C ®.(F) C E, |®(F) \ Ex| > 0 and
O.(F)\ Ep C O (F)\ F CC B(wzo,r) CC Ey_1 for every € € (0,e9). Again by continuity
there holds Hé,i(F) () < 5(1—N) —p/2 for all x € 9P (F)\ F. Using the fact that HX is the

first variation of Perg with respect to C'1! diffeomorphisms, as in the proof of Theorem 2.10
(see (2.5), (2.6)), we get

Perc(Ep 1 @.(F)) > Perge(D.(F)) + (=5(1 = ) + 2) [2.(F) \ Byl
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By the previous inequality and (6.1) applied to G = ®.(F) we get
1

Peryc(2-(F)) - 5 A . dp, . (x)dz > Perg (®.(F)) + (—5(1 A+ g) . (F) \ Ej|

from which we deduce

! P
7 AE(F)\E,C dg,_, (z)dz < (5(1 —A) — 5) | (F) \ Ey|.

Observe that ®.(F)\ By C B(wo,r) and then, recalling (6.2), dg, ,(x) > hé—1r > h (6 — %)‘)
for all z € ®.(F) \ Ej. Therefore we get

P
(6= 5 ) 1B\ Bal < (500 §) lou(F) \ B
which implies ®.(F') C Ej, in contradiction with our construction. O

We now prove the main result of this section, about the flow of K-outward minimizing sets.

Theorem 6.3. Let ) be an open set, E a bounded set with E CC Q. Assume that E is a
strongly K -outward minimizing set in Q with constant 6 > 0. Then for every t > 0 up to a
countable set, we have

En(t) — E(t) in LY(Q), as h — 0.
Moreover, E~(t) is a K-outward minimizing set in §) for every t > 0, and
E~(t+s) CE(t) with d(E~(t+s),E (t)) > ds for every t,s > 0.
Moreover Ns<tE~(s) \ E~(t) has empty interior for allt > 0, | Nget E~(s) \ E~(t)] = 0 for
every t > 0 up to a countable set, and
Hg,(t)(x) >0 for all x € OE™ (t).

Finally if E has boundary of class C1t, the same result holds also for the outer flow E*(t)
and ET(t)\ E~(t) has empty interior for all t > 0.

Proof. Note that by Proposition 6.2 and Remark 3.1 we may assume int F # (), otherwise
the statement is trivial.

We divide the proof in several steps.
Step 1: definition of a continuous minimal time function u.

We recall that Ej(t) = T}Ek)(E), for t € [kh, (k+ 1)h). We define the discrete arrival time
function as follows

h = [Fe dt E
©:3) W):{ Yoo Xm (1) = ™ xmo @ €

0 xeR"\ E.
Note that by Proposition 6.2, uy is well defined and
{z s.t. up(z) >t} = Ep(t).
By its very definition, we get that

k
(6.4) 7"

up(x) = up(z) — hk

where T}(Lk)uh(:v) is defined as in (5.5).
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Moreover by Proposition 6.2we get that d(T}Ek)(E),T}Ek/)(E)) > 6h(|k — K| —1). Let z €
T (E) and y € T (B),

A1 (E), T (E))

x —
lun () — un(y)l = h|k' — k| < : th< | . yl “h
This implies that up to a subsequence wj, — w uniformly as h — 0, where v : R — R is a
Lipschitz continuous function such that u = 0 in R™ \ E and |u(z) — u(y| < kpf;y\.

Step 2: for all t > 0 E~(t) = {x s.t. u(x) > t}.

Note that since uj, — u uniformly then it is also true that || Tpun — Thul|co — 0 as b — 400
and then also ||T}§k)u - T,Ek)uhHoo — 0 as h — 0 for all k£ > 1, where Tju, T,Ek)u are defined as
in (5.5). Therefore by Theorem 5.2 we conclude that

Tiﬁ]uh () = u(x,t)

locally uniformly in R™ x [0,400) as h — 0 where u(x,t) is the unique viscosity solution to
(3.2) with initial datum wu.
On the other side, by (6.4) we get that

T}E%]uh(x) —u(z) —t

locally uniformly. This implies that u(x) — ¢ is the unique viscosity solution to (3.2) with
initial datum u and in particular, since the operator is geometric and the level set {u(x) > 0}
coincide with the level set {dg(z) > 0} we conclude that

E~(t) ={z s.t. u(x) >t} vt > 0.
Note that by this equality we deduce also that

m E™(s) = {z s.t. u(z) > t},

s<t
and that the limit u of wp is unique, so the whole family uj; converges to u uniformly as
h — 0. By its characterization, we get also that E~(t + s) C {z s.t. u(z) > t+ s} C E~(t)
for all s > 0.

Step 3: L' convergence and K-outward minimality property of E~(t).
By uniform convergence of uy — u, we get for all t > 0 we have

E~(t) ={z s.t. u(x) >t} C ]1112% En(t) C{z s.t. u(z) >t} = QE_(S)

where the limit is taken in the L' sense. Since u is Lipschitz continuous, we know that
[{x s.t. u(x) = t}| = 0 for almost every ¢ > 0, which implies that Ej(t) — E~(¢) in L*(R")
for almost every ¢ > 0. Moreover by stability with respect to L' convergence of K-outward
minimizing sets see Proposition 2.8, since Fj(t) are K-outward minimizers in §2 by Proposition
6.1 we conclude that also E~(t), and [, £~ (s) are K-outward minimizer sets in € for almost
every t > 0.

Now we observe that E~(t) is a K-outward minimizer set in Q for every ¢ > 0 again by
stability under L! convergence, since E~(t) = UgsoE ™ (t + s) = lim,_,g+ (E~(t + 5)). Then
also N,y £7(s) = lim,_,;~ E~(s) is a K-outward minimizer set in § for every ¢ > 0.

Step 4: K-curvature of E~(t).
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Since FE is strongly K-outward minimizer with § > 0 then by Proposition 6.2 we get that

d(En(t), Bt + ) > 6 <h [t Z S} By m - h> > 56 — 2h8.

Then
Eh(t + 8) + B(O, s — 2h5) - Eh(t).
Passing to the limit as h — 0 we get that for almost every t,s > 0

(6.5) d({u(@) > t+ s}, {u(z) > t}) > bs
Arguing as before, we get that this inequality holds for all s,¢ > 0.

We apply now Theorem 4.3, choosing as initial set {u(z) > t} and observing that the outer
flow at time s > 0 of {u(x) >t} is given by {u(x) >t + s}. So we get that

(6.6) Hfi(y»t} () =0 in viscosity sense for all x € 9{u(y) > t} and for all ¢ > 0.

Step 5: the set {z s.t. u(x) =t}.
We show that for all £ > 0

int ({z s.t. u(z) >t} \ {z st. u(z) >t}) = int {z s.t. u(z) =t} =0.
We assume by contradiction that there exists z and r > 0 such that B(z,r) CC {z s.t. u(x) =
t} C{x s.t. u(x) >t}. Let

= H
@ k&%ﬂyg%%k) B(Ok)(y)

Note that by definition of curvature, then a = maxyesp(0,r/2) Hg(o,r/2) (y) > 0. Let sp > 0
such that r — asg > r/2, and define the flow B(s) = B(z,r — as) for s € [0,sp]. Then
we get that B(s) is a strict subsolution to (1.1) since Hg(s) (y) < 2« for every s € [0, sq].
Recalling that u(x) — t is a viscosity solution to (3.2), we conclude by Proposition 3.3, that
B(z,r — as) = B(s) C {x s.t. u(x) > t + s}. This implies that t = u(z) > ¢t + s for all
s € [0, so] which is not possible.

Moreover, observe that by (6.5), the set of ¢ > 0 where |{z s.t. u(z) = t}| > 0 coincides
with the set of jumps of the strictly decreasing function ¢ — |E~(t)|. Therefore, this set is
countable.

Step 6: case of E with C! boundary.

Note that if F is strongly K-outward minimizing, then by Theorem 2.10, Hg(m) > 0 for
all z € OF. Since F has boundary of class C'"!, then it is also a strongly K-mean convex set,
see Remark 2.3. Therefore by Proposition 4.1, item (1) we get that E*(¢t) C E~ (¢t — s) for
every t > s > ( and so

EfM)C () B (t—s) = () {zstu(@)>t—s}={wstulx)>t} CE"{).

0<s<t 0<s<t
This implies that for all ¢ > 0, {z s.t. u(z) >t} = ET(t). O

Remark 6.4. If the outer flow satisfies E*(t) CC F, for t > 0, then the same results as in
Theorem 6.3 hold also for the outer flow E*(¢), since we may prove that {z s.t. u(z) >t} =
E*(t), arguing exactly as in Step 5 of the proof. In particular we would get that E*(¢)\ E~ (t)
has empty interior for all ¢.

We expect this monotonicity property to hold true for the flow starting by a strongly
K-outward minimizer.
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Remark 6.5. In Theorem 6.3 we show that the volume function
t— [E7(1)]
is strictly decreasing. We expect that this function is also continuous, as it happens in the

local case.

We conclude with a corollary about the convergence of the K-perimeter of the discrete flow
to the K-perimeter of the limit level set flow (we refer to [10,16] for analogous results in the
local case).

Corollary 6.6. Let 2 be a domain and E CC Q be a strongly K-outward minimizing set in
Q with constant § > 0. Then for every T > 0

T T
/ Persc (B (1)) dt — / Peric(E-(1))dt  ash — 0
0 0

where Ey(t) is any piecewise constant flow defined as in (5.2) and E~(t) is the viscosity inner
flow as defined in (3.3).

Proof. By Theorem 6.3, Ej(t) — E~(t) in LY(Q) for almost every ¢, therefore by lower
semicontinuity of Perx with respect to L' convergence and Fatou lemma, we get that for
every T > 0,

T T
(6.7) li}ln_j(I)lf/O PerK(Eh(t))dtQ/O Perg (E~(t))dt.

We now introduce the functional
1
(6.9) Tetw)yi=y [ [ lole) ~ vl - pdzdy v e L (2.

Note that Jx(xg) = Perg (FE) for all measurable E C R™. The coarea formula [4, Proposition
2.3] states that

+oo
(6.9) Jie(w) = / Persc({v > 5})ds

for all v € L} (R™).
Let up, as defined in (6.3) and we claim that
(6.10) Jr(up) < Jk(v) for all v € L}, (R™), v > uj, and supp v CC Q.

The proof of this claim is a direct consequence of the coarea formula and the fact that Ej(t)
is K-outward minimizer for every ¢, by Proposition 6.1. Indeed, since u, < v, there holds for
every s > 0 that

En(s) = {z s.t. up(z) > s} C{xs.t. v(z) >s} CCQ
which implies, since Fj(t) is a K-outward minimizing set, that
Perg (En(s)) = Perg({z s.t. up > s}) < Perg({z s.t. v > s}).

Integrating for s € (0, 4+00), and recalling (6.9), we get the conclusion.

Now, we use the same argument as in [16, Proposition 5.1]. We recall that by Theorem 6.3,
up, — w uniformly as h — 0, where w is Lipschitz continuous and v = 0 in R™\ E. By uniform
convergence we get that for any € > 0 there exists hg such that up < u+¢ for all h < hqg. Let
v(z) = (u(z) + ) xgi(z), so v(x) > up(x) by construction and moreover supp v = E CC €.
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Therefore by (6.10) there holds that

Jr(un) < Jx(v) = Jx((u+e)xp)
< Jr(u) + Jx(exe) = Jr(u) + ePerg (E).

Sending ¢ — 0 we conclude that
(6.11) Jr (up) < Ji(u)

Recalling that Ep(t) = {z s.t. up(x) > t} and E~(t) = {z s.t. u(z) > t}, (6.11), by the
coarea formula, coincides with

+o0 +o00
/ Perg (Ex(t))dt < / Perg (E~(t))dt for all h < hy.
0 0

This inequality, together with (6.7), gives the thesis. O
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