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ABsTrRACT. We show existence of homothetically shrinking solutions of the fractional mean
curvature flow, whose boundary consists in a prescribed numbers of concentric spheres. We
prove that all these solutions, except from the ball, are dynamically unstable.

1. INTRODUCTION

Let us introduce the geometric evolution which we consider in this paper. Given an initial
set £ C R™, we define its evolution E; according to fractional mean curvature flow as follows: the
velocity at a point x € JF} is given by

(1) v =—H(x,E):= - lim (wr (0) = xi(9))
c70Jrm\B.(2)

1

|z —y|"te .

where s € (0,1) is a fixed parameter and v is the outer normal at JF; in x. The fractional mean
curvature of a set has been introduced in [5] as the first variation of the fractional perimeter
functional, and it has been proved in [1] that for sufficiently smooth sets E the rescaled fractional
mean curvature (1 —s)Hg(x, E') converges as s — 1 to the classical mean curvature of E at x. The
evolution law (1.1) can be interpreted as the L?-gradient flow of the fractional perimeter.

Existence and uniqueness of viscosity solutions to a level set formulation of (1.1) has been
provided in [14], and qualitative properties of smooth solutions have been studied in [18]. However,
we point out that the short-time existence of smooth solutions has not yet been proved. We point
out that the In [6] the convergence to the fractional mean curvature flow of a threshold dynamics
scheme is proved; this result was adapted to the anisotropic case, even in presence of a driving force
in [8], where it is also shown that the flow preserves convexity. It has also been observed that the
geometric law (1.1) presents some different behavior with respect to the classical mean curvature
flow: we refer for instance to the paper [9] about the formation of neck-pinch singularities, and to
the paper [7] about fattening and non-fattening phenomena.

In this paper we are interested in the homothetically shrinking solutions for the flow (1.1). A
homothetic solution to (1.1) is a self-similar solution to (1.1): substituting E; = A(¢)E in (1.1),
it is easy to see, using scale invariance of the fractional mean curvature, that this is equivalent
to N(t)x - v = —ﬁHs(w, E) for all x € OF. So homothetically shrinking solutions to (1.1) are

given by the solutions to (1.1) with initial datum every set E C R™ of class C*! which satisfies
(1.2) x-v=cHx,E) for some constant ¢ > 0.

Homothetically shrinking solutions are particularly relevant in the analysis of the classical
mean curvature flow, as they are canonical examples of singularities, in the sense that any solution
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converges to a self-shrinker, if properly rescaled around a singular point. This result follows from
an important monotonicity formula established by G. Huisken in [13| for the mean curvature flow.
The analog of such formula in the fractional setting is still an open problem. We recall moreover
that, at the moment, the existence theorem for local in time regular solutions of (1.1), even if
expected, has not been proved.

It is well-known that the only embedded planar curve which is homothetically shrinking under
curvature flow is the circle [2], whereas in higher dimensions there exist other smooth embedded
surfaces which are self-shrinkers for the mean curvature flow [3,4,15]. However, it is easy to show
that the ball is the only self-shrinker which is also radially symmetric.

In the fractional setting the classification of self-shrinkers is still at a very early stage. As far
as we know, we provide here the first examples of fractional self-shrinkers which are different from
balls and cylinders. More precisely, in Section 2 we show the existence of homothetic solutions to
the flow (1.1) which are radially symmetric, and have a prescribed number of boundary spheres
(see Theorem 2.3). Moreover, in the case of a single annulus, we show uniqueness of the ratio R/r
for which the flow starting from the annulus By \ B, self-similarly shrinks to a point.

A natural question arising about self-similar shrinkers is the issue of their dynamic stability. In
the case of the classical mean curvature flow, the study of the dynamic stability of self-shrinkers
was initiated in [10], and later developed by other authors. From the convergence results in [11,12]
it follows that the balls is dynamically stable under mean curvature flow (see also [16,17,19] for
a discussion of the stability of the Wulff-Shape as homothetic solution of the anisotropic and
crystalline curvature flow). Moreover, in [10] it is shown that balls and cylinders are the only
stable self-shrinkers.

In the fractional case none of such results is currently available, in particular it is not known
whether the ball is dynamically stable, and if convex sets shrink to a round point at the singular
time. We discuss in this paper the stability issue for the class of solutions that we construct in
Theorem 2.3. In particular, in Section 3 we show that the radial self-shrinkers different from the
ball are all dynamically unstable (see Theorem 3.1).

Acknowledgements. The authors are members of INDAM-GNAMPA. The second author was
partially supported by the University of Pisa Project PRA 2017 "Problemi di ottimizzazione e di
evoluzione in ambito variazionale".

2. EXISTENCE OF SYMMETRIC SELF-SHRINKERS

We start with a technical result which will be useful in the sequel. We denote by B, the ball
of center 0 and radius r > 0, and we let B,.(z) = = + B,.

Lemma 2.1. Let z € R™\ {0} and 6 # 0. Then, as § — 0, the following estimate holds:

Jo, s = s o ()
y= o\ s |
o5, s ly— e YT s O\ 5

for a constant ¢ > 0 depending only on n and s.

Proof. By the change of coordinates y' = (y — )/, we get

1 1 1
/ | _ z|n+s dy = |5‘1+s / | /|n+s dy/
0Bjai1s5 1Y OB o5 (—%) 1Y

18]

1 / 1 dr' + ( 1 )
= n—rs :I: 0
|6]1Fs Jpn (1+|x/|2)% |6]1+s
1

— ¢ +0
- |5‘1+s |5|1+s ’

1 “+o0 pn72
C ::/ D ————— dl‘/ = (n - 1) wn—l/ n+s dp
R (14 [a]?) 72 o (I1+p%)=

where
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First of all we look to the simplest example of rotationally symmetric set different from a ball.
We show that there exists a unique value of the ratio % which depends on the dimension n and
on the fractional power s € (0,1) such that the annulus Bg \ B, is a self-shrinker.

Proposition 2.2. Let n > 1. Then, for all R > 0 fized there exists a unique r = r(n,s) € (0, R)
depending only on R, s € (0,1) and n, such that the flow (1.1) with initial datum the annulus

A= BR \ Br
is a homothetically shrinking solution of the flow.

Proof. Up to rescaling the set we fix R = 1. We observe that A is a solution to (1.2) if and only
if for some ¢ > 0,

1=cH;(z1,A) for all z; with |[z1|=1 and r = —cHy(x1,A) for all =, with |z,| =r
and so if and only if
(2.1) Hy(x,,A) = —rH(z1, A).

By rotational invariance, we get that Hg(x,, A), Hs(x1, A) does not depend on the points z,, 21,
but only on 0 < r < 1. Moreover they are both continuous functions with respect to r, due to the
continuity of the fractional mean curvature with respect to C2-convergence of sets (see [1]). We
consider the following function defined for r € (0, 1)

(2.2) f(r) = Hy(xp, A) + rHy (21, A).

Note that the function f is continuous on (0,1). To prove the statement it is sufficient to show
that there exists a unique r = r(n, s) such that f(r(n,s)) =0.

Let r,r" such that 0 < r < v’ < 1. By the inclusions A; ,» := By \ B,» C A C By, we get, by
the monotonicity of the fractional mean curvature (see [1]), that

(2.3) Ho(x1,A1,0) 2 Ho(x1,A) > Hy(z1,B1) =k > 0,

where k = k(n, s) is a dimensional constant depending on n and s. This implies that

(2.4) r € (0,1) — Hy(x1, A) is monotone increasing and positive.
Moreover, again using the definition, we observe that

(2.5) r € (0,1) = Hg(x,, A) is monotone increasing.

Therefore, we notice that, due to (2.4), (2.5), the function f(r) defined in (2.2) is monotone
increasing. Now we claim that lim,_,o f(r) = —oo and that lim,_,; f(r) = +o00. If the claim is
true, then the proof is concluded.

First of all we observe that

1 1 1
H,(z,, A :/ . dy+lim / %dyf/ - ay).
e )= Joup, Tar =y Ho< N o Al S o i

This implies that lim, o Hs(x,, A) = —o0, and so also lim,_,¢ f(r) = —oc.
Moreover, recalling Lemma 2.1 we get that

1 1
H.(2,, A) = Hy(z,, B,) + lim 2/ 7@72/ S
( ) ( ) e—0 ( B, . |Tr —y["ts Bi\B,.. |Tr —y["T®

k(n) 1 1
So, lim, 1 Hg(x,, A) = 400, which permits to conclude that lim,_; f(r) = +oo. O

We now look for more general symmetric self-shrinkers, given by the union of a finite number
of annuli.
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Theorem 2.3. For all N > 1 there exists an increasing sequence 0 < ry < ... < ron, depending
only onn, s and N, such that such that the flow (1.1) with initial datum
N
E = U (Brmc \Brqu)
k=1

is a homothetically shrinking solution of (1.1).
Similarly, for all N > 1 there exists an increasing sequence 0 < 7o < 71 < ... < Ton, depending
only on n, s and N, such that such that the flow (1.1) with initial datum

N
E:= B, U U (Bro, \ By, )
k=1

is a homothetically shrinking solution of (1.1).

Proof. The argument is similar to that in the proof of Proposition 2.2. As before, up to rescaling

the sets F/, E, we can assume 7oy = 1. Then, we want to find radii r; in such a way that, letting
Zy, € 0B,,, there hold

(2.6)  fi(ri,...,ron—1) = 1iHo(xpyy, B) + (=1) " 'H(z,,,E) =0 Vie{l,...,2N -1}
and
(2.7)  filre,... ran—1) i= riHy(2py, E) + (=1)" ' Hy(z,,,E) =0  Vie{0,...,2N —1}.

Notice that the functions f; are all continuous in their domain of definition.

We divide the proof into 4 steps. In the first step we deal with the case N =1 , and in step 2, 3
and 4 we consider the case N > 1. For N > 1 we provide the proof just of (2.6) for the existence
of the set E, since the analogous assertion (2.7) for E follows similarly.

Step 1. The case N =1 for E has been proved in Propositions 2.2. So, we consider the set E.

First of all we fix 11 € (0,1) and we prove that there exists rqg = ro(r1) € (0,r1) such that
fo(ro(r1),r1) = 0 for all 7y € (0,1). Due to the monotonicity properties of the fractional mean
curvature, fixed r; € (0,1) we get

lim Hy(z1, E) = Hg(x1, A1) >0 lim Hs(z1,E) = Hs(z1, By) = k(n) > 0.
ro—0 To—T1
Moreover, by definition we get that, as rog — 71,
1 k(n)

~ 1
Hx,E:—Q/ — = dy+ Hy(x,,,B :—2/ dy + ——~,
S( 70 ) Bi\B,, |xr0 _y|n+s Y 5( 7o To) Bi\B,, |xr0 _y|n+s Y TS

from which we conclude that

lim Hs(xTO,E) = 400 lim HS(xTO,E) = —o0.

ro—0 TO—T1

Therefore, we obtain that

lim fo(r,r1) = —oc0 lim fo(r,r1) = +oo.
r—0 =71

By continuity of the function fy, we deduce that for all r; € (0,1) there exists at least one
r =r(r1) € (0,7r1) such that

(2.8) Jo(r(r1),r1) =0.

We choose as 7¢(r1) to be the smallest among all possible r(r1) € (0,71) which solve (2.8). Observe
that due to this choice the function r — fi(rg(r),r) is continuous. To conclude it is sufficient to
prove that that there exists r1 € (0,1) such that fi(ro(r1),71) = 0. Indeed, this would imply that
(B1\ Br,) U By (r,) is a solution to (1.2).

Observe that lim,_,o 79(r) = 0, and therefore we get

(2.9) 711_1}(1) fi(ro(r),r) = —o0.
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We now claim that
(2.10) }E fi(ro(r),r) = +oo.

Recalling Lemma 2.1, we observe that as r — 1,

BT\BTO(T) |.131 - y| ’ ro(r) J OBy |l‘1 - y| ’
1 1
2.11 = 2(c+o(1 — + k(n
@11 (e+o) ({2~ )+

where the constant ¢ = ¢(n,s) > 0 is given by Lemma 2.1. Similarly, we have that
~ . 1 1
HS(QCT,E) = lim | 2 7n+sdy_2 77L+de +HS(xT;B’r‘)
e—0 Br—c\Byry(r) |1'7" - y| Bi\Bric |337" - y|

rT—¢& 1 1 1 k
= lim 2/ / 7+dy—2/ / - dy | + (n)
€0 ro(r) J OB |z — y|n ° r+e JOB, |xT - y‘n ® re
1 1 k(n

(2.12) = 2(cto(1)) (‘ )y r)5> " TS)
and
S 1 k(n)
Hy(zpo), E) = 2/”’ /(,)Bt o (r) — Y[ d + (ro(r))®
= —2(c+o ! - : Hn)
(2.13) = —2(c+o(1)) ((T Ty (- TO(T))S) T o)

Therefore as r — 1 by (2.11) and (2.12)

(2.14) fi(ro(r),r) =2(c +o(1)) ((11+7T)s C(r— Tlo(r))s (11— :0(7‘))3> +0(1).

We claim that

(2.15) lim r—ro(r) =1.
r—=11—7ro(r)
Note that the claim is equivalent to
1- 1-—
lim ——— =0 = lim ———
r—=11—1ro(r) r—=1 71 —1ro(r)

and this implies immediately, recalling (2.14), that lim, 1 f1(ro(r),r) = +oo.
To prove (2.15) we recall that fo(ro(r),r) = 0 and using (2.11) and (2.13) we get

ro(r ro(r)+1 1 k(n
2e+ o) (205 ~ T + o) O G =0
from which we deduce that
ro(r 1 14+ ro(r

(2.16) . (7»))5 T = TO((T)))S +0(1).
Recalling that

1 S 1 and 1 S 1

(1=r)* 7 (1 —mro(r))® (r—=ro(r))* = (L —ro(r))®

from (2.16) we get that
1 < 1 < 1
(L =ro(r)* = (r=ro(r))* = (1—ro(r))*
which gives the claim (2.15).

By continuity of fi, from (2.9) and (2.10) it follows that there exists r; € (0,1) such that
fi(ro(r1),r1) = 0, which gives the thesis.

+0(1),
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Step 2. We pass now to consider the case N > 1. We provide a proof of the existence of a sequence
of radii ; which solves (2.6). We shall determine r; by induction on i.
For i = 1 we observe that, given a choice of 0 < 1o < ... <rTon_1 < 1, we have
lim Hy(z,,,E)=—00 and lim H(z,,F)=+oo.

r1—0 T1—T2

By continuity of the function f; it follows that there exists 7y = 71(ra,...7any—1) € (0,72) such
that f1(71,...,7an—1) = 0. As before, in case of multiple solutions we choose the smallest one.
Notice that 7 is continuous as a function of 7, ..., ron_1. Notice also that, if we fix r3,...,ron_1
and let ro — rs, letting F' := Bz, U A,, ,, and proceeding as in Step 1, we get

1 1
|rg — F1["Fs Jrg — 7|t

Hy(z7,,E) = —Hy(zs,F)+0(1) =2(c+o(1)) < > +0(1)

Since f1(71,...,r2n—1) = 0, we also have Hs(zr,, E) = —71 H(27,, E) = O(1), whence

(2.17) i 2T

— =1.

T2 T3 ‘T3 - 7“1‘
Step 3. Let now 2 < i < 2N — 1. By induction assumption, for all j < ¢ there exist continuous
functions 7;(r,...,man—1)) such that f;(71,...,7i—1,7i,...,72n) = 0. In view of (2.17), we shall
also assume that

lim ri=rial Fi__1| =1,
Ti P Tit1 |7"z'+1 - Ti71|
which is equivalent to
(2.18) im el

i1 |’I“Z‘ — 'Fi71| o

Given a choice of r; for j > i, we want to find 7; such that

(219) fi(r_lv"'77:i7ri+17"'7r2N):0
and
(2.20) R (5 Sl 1

Tit1Ti42 |’I“i+2 - ’Fi|
We first notice that

lim fi(Fla . ,771',1,7'2', N ,7’21\[,1) = lim (—1)i71HS(£Ei, E) = —0OQ.
r;—0 r; —0

We now consider the limit r; — r;5.1. Reasoning as in Step 1, we get

i—1
- 1 (71)17’6
~1)"H(z,,,E) = 2(c+o(1 -+ — | +0(1),
()T (e, B) = 2(et o) | j_Zm_rklé (1)
and therefore, recalling (2.18),
lim fi(’F17"'7Fi—17ri7"'7r2N—1) = lim (_l)lile(xr”E)"'O(l)
Ti—Tit+1 Ti—=Tit+1
i—1 i
-1 i—k
R T (LN o G0 R
o\ rign = ml® o e = Tl

By continuity of f; it follows that there exists 7; such that f;(71,...,7;,711,...,72n5) = 0. As
before, in case of multiple solutions we choose the smallest one.
We now show (2.20). If we fix 7j40,...,70nv—1 and let 7,41 — 742, from (2.19) we get
Hy(z7, F) = O(1), which implies
i—1 .
1 1 (—1)"=F
ot E +y = =0(1).

Tit1 — T — |1, — Tk B
| 2 i = el

i — 7
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Multiplying by |r;+1 — 7;|® and recalling (2.18) we then get

_ i—1 P _ _
lim |rivs — 74l° Zz (1) F|rig —7* lim [7ip1 — 74 _q
Tit1—Ti42 ‘7"1+2 - ’I"2|S

= |fi — ’fk|s Tig1—Ti42 |7"z+2 — Tzl

which gives (2.20).
Step 4. Finally, for ¢ = 2N — 1 we still have

lim  fon—1(F1,...,Tan—2,T2N—1) = —00.
roN—1—0

We now consider the limit 791 — 1. Recalling (2.20) with ¢ = 2N — 2, as in Step 1 we get

1 1
Hy(zr,y 1 E) = 2(c+o0(1)) (( — - ) >+O(1)

1—ron—1)® (reny—1—Tan—2)°

Hy(z1, B) = 2(c+o(1)) ((1 - T;N71>S (- TiNz)s) Fou
= 2(c+o(1)) m +0(1),
— 2(c+o0(1)) . +0(D).

(I —ran—1)®

Therefore, we have

0 = lim  fon—1(F1,...,Fan—2,T2N—1)

roN—1—1

= hm (TQN_lHS(I'l,E)+HS(I’T2N_1,E))
roN—1—1

. 1+7ran_1

= lim 2(c+o0(1)), ————————— = 4o0.

roN—1—1 ( ( )) |1 —TQN_1|S
As before, it follows that there exists Ton—1 such that fon_1(F1,...,Tany—1) = 0. O

Remark 2.4. An interesting question which is left open by the previous result is the issue of
uniqueness for self-shrinkers with a prescribed number of boundary spheres In the simplest case,
that is the annulus, in Proposition 2.2 we prove uniqueness of the ratio £ - for which the annulus
Bpg \ B, is a self-similar shrinker.

From Theorem 2.3 we readily obtain the existence of cylindrical self-shrinkers.

Corollary 2.5. Let k < n. For all N > 1 there exists an increasing sequence 0 < r1 < ... < Tan,
depending only on k, s and N, such that such that the flow (1.1) with initial datum

=R"" k U( 72] sz 1)

Z

is a homothetically shrinking solution of (1.1), where B¥ denotes the ball of radius r in R¥.
Similarly, for all N > 1 there exists an increasing sequence 0 < 7o < 71 < ... < Ton, depending
only on k, s and N, such that such that the flow (1.1) with initial datum

N

C:=R"" ka U( TQJ 1)

is a homothetically shrinking solution of (1.1).
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3. STABILITY

We now discuss the dynamic stability of the symmetric self-shrinkers constructed in the previous
section. By definition self-shrinkers are stationary solutions to the flow

(3.1) Opx-v=—Hs(x,E)+x- v

If the initial datum is rotationally symmetric as in Theorem 2.3 then (3.1) becomes a system
of ODE’s in the radii r;, and Theorem 2.3 guarantees the existence of a stationary point for
every number of radii. We are interested in the stability of such critical points, with respect to
perturbations which are orthogonal to the vector (r1,...ron) (or resp. (rg,...r2n)) given by the
radii. Indeed this vector corresponds to a rescaling of the initial datum, and therefore gives a
direction of instability for the system which is not geometrically significant.

In the symmetric situation, we can rewrite (3.1) as the system of ODE’s

(3.2) i = (=1 'Hy(x;, E) +1; i <2N.

Theorem 3.1. Fiz N > 1, and let E (resp. E) be the symmetric shrinker given by Theorem (2.3),
corresponding to the stationary point (7i,...Tan) (resp. (Fo,...Tan)) for the system (3.2). Then,
the Morse index of such point is at least 2, in particular the corresponding homothetic solution is
dynamically unstable.

Proof. We shall prove the assertion for the shrinker E, since the proof for E is analogous.
For the reader convenience, we first present in detail the case N = 1, corresponding to an
annulus A = By, \ Br,. The system (3.2) then becomes

(3.3)
. k(n . 1 1
vy = Hy(xp,, A) +711 = % + 2lim. 9 (IBTPS Wdy - fBT»Q\B,ﬁE Wdy) + 71
o = —Hy(xr,, A) + 12 = *kﬁg) - 2]31’1 mdy+r2.

We define the function g(r1,r2) = (g1(r1,72), g2(r1,72)) as follows:
k(n .
gi(rira) o= 20 4 2time o ([, e dy = [ s, e dy)

k
g2(r1,re) 1= — 5:) - 2fBT1 de]—&—m.

We now compute the Jacobian matrix Dg at the point (71, 72) which is a stationary point for
(3.3), that is g(71,72) = 0.
We observe the following fact: for 6 # 0, € > 0, R > r > |d|, there hold

ot = ) L e
— Ay = .y
Brys . [Tres —y["Fe r+d/) Jp,_. N |z — y[nte
1 r o\’ 1
/ T W = <5> / T ams Y-
BR\Br+5+E |x7‘+5 - y| r+ B&\BT_*_EL |‘T'f‘ - y|
T+ T+6
So, using these equalities we get that the derivative of g1 at (71,72) are given by
sk(n)  2s 1 1
Org1(F1,72) = — — — lim / 7(13/—/ ——dy
g1 ) ittt Fres0\ g, s —yn e Br\Bry e [Tr —y|"te
2y 1
(3.4) + _7/ ——dy+1
™ Jop,, lvr —y["t*
S 2772 1
= ——g1(r1,r +5+1+,7/ —dy
r 1( 1 2) 1 9B,, ‘-Tfl _y|n+s
27 1
(3.5) - s+1+¥/ ey
™ 9B, |‘TT_1 - y|n s
1
Orpg1(T1,72) = —2/ —dy.
" 0By, |77 —y["+e
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Analogously, we observe that for § # 0, R > r > |J|, there holds

o) L, e
B, |TRts —y["ts Y R+ B py lzR — y|™ts v

R+6

Using this equality, we compute the derivative of go at (71,72):

1
Or,92(T1,72) = —2/ ——dy
' 0Br, |xf2 - y|n+s

2s 1 27 1
By ga (F1, :—+,—/ 7d+,—/ —dy+1
T292( . 2) 77§+1 T2 Br, ‘xﬁ_y|n+s 4 T2 0Br, |x7,_2_y|n+s Y
1

By, ‘mh - y|n+s

s 27
= —ng(fl,f2)+8+1+fl/
2 2 Jo

dy

2F 1
(3.6) = s+1+— / ——dy.
T2 OB, |xf2 - y|

Note that, using (3.5) and (3.6),
Dg(1, 7o) (71, 72)" = (s + 1)(71, 72)"

so that (71,72) is an eigenvector with eigenvalue s + 1 > 0. Moreover, by (3.6), we observe that
Or,g2(T1,72) > s+ 1. This implies that

(3.7) max vDg(71,ro)vt = (0,1)Dg(ry,72)(0,1)" > s+ 1,

v: |v|=1

which gives that Dg(71,r2) has a second eigenvalue bigger than s 4+ 1, and then in particular
positive.

We now consider the general case of a self-shrinker
N
(3.8) E:= U (B'FQk \Bf%fl) :
k=1

We also let 7 = (71,...,7an), g(F) = (g1(F), ..., g2n (7)) € RZN, where

k 1

i, _ () , i
9i(7) = —Hg(zi, E) +7; = ——>+7i+2 —1)"7 dy
") (i, E) DOl T
s 1
-2 E (—1)’_3/ ——dy,
_ _ a|nts
§>i R\ B, w7 — Yl
if the index ¢ is even, and
gi(F) = Hs(l'i,E)+Ti:—Hs(xi,Rn\E)-f—T‘i
k(n) .7./ 1
= —— +r7;+2§ —-1)" ——dy
Tf ]—<-( ) B, |xﬂ‘ - y|n+s
i j
o 1
—2 37 (~1) /  —
__y|nts
=i Re\B;, [Tr —y["+?

if ¢ is odd. Notice that, since 7 is a stationary solutions to (3.2), we have g(7) = 0.
We compute, for j # i,

agi _ »7»/ 1
7)=2(—-1)" —dy,
o, ROV ey
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and
dgi sk(n) s i—j 1
M = S ST [
or; 7"1'+1 T ; : By, jor, =yl
+2= (_1)1—2/ e dy — (—1)“]7’/ T g W
T ; R™\ By, |lzr, —y|*te " ; ’ 0Br; s, =yl
2 2 w 1
= ——gi(F)+s+1—-— (_1)27]%/ s W
7 7 ; ’ OB, |z, —y|ts
1
= s+1+42 ”“/ s W
; OBy, |z — y|mts
Notice that
0
)t = Z 3? (s + 7
b

so that 7 is an eigenvector with eigenvalue s +1 > 0.
Now we claim that

O0gan

(3.9) .

(7F) > s+ 1.

If the claim is true, then reasoning as in (3.7), we conclude that there exists an eigenvalue of Dg(F)
which is strictly greater than s 4+ 1 (and then positive), so that the Morse index of (71, ...7an) is
at least 2.

Since
N-1
892]\7 2 2 i1 1
sH1+— > (~1)° fQN_‘/ —
37’2N( ) TaN =1 ( ) / BT2N ‘ ’I”QN - y‘n+s Y

to get the claim (3.9) it is sufficient to prove that for all 1 < i < j < 2N there holds

1 1
(3.10) Fi/ ———dy < 77-/ ——dy.
BB |$T2N - y|n+s ! BB,;]. |J"F2N - y|n+s
We shall prove a slightly stronger statement, namely that
1 . . . . _
(3.11) = h(r) = / T35 @y s strictly increasing on (0,72n).
OB |m7"2N - |

Indeed, we compute

) 1 / 1
= _— . = A B ————
h <r) ~/GBT v ('xTQN - y‘nJrs V<y) dy B, |x?2N - x|n+s e

1
which shows (3.11), and so proves (3.10).
O

Remark 3.2. It would be interesting to determine exactly the Morse index of the stationary
points (71,7, ...,Tan) (resp. (Fo,71,...,72n)) of the flow (3.2). In the simplest case N = 1, we
proved in Theorem 3.1 that the index of (71, 72) is equal to 2.

It would also be interesting to understand if the balls is dynamically stable for any perturbation
(not necessarily radial), as it happens for the standard mean curvature flow [10,12].
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