NONLOCAL MINIMAL CLUSTERS IN THE PLANE

ANNALISA CESARONI AND MATTEO NOVAGA

ABSTRACT. We show existence of nonlocal minimal cluster with Dirichlet boundary data.
In two dimensions we show that, if the fractional parameter s is sufficiently close to 1, the
only singular minimal cone consists of three half-lines meeting at 120 degrees at a common
end-point. In the case of fractional perimeter with weights, we show that there exists a
unique minimal cone with three phases.
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1. INTRODUCTION

A cluster is a family £ = (E;);=1,.. ; of disjoint measurable subsets of R" such that U;E; =
R™, up to a negligible set. We call each set E; a phase of the cluster. Following [8], for an
open set 2 C R™ we define the fractional perimeter of £ relative to {2 as follows:

(1) Pu(E;Q) = ) Pery(Ei; Q).
1<i<k

The nonlocal perimeter relative to Q) for a set £ C R" is the nonlocal interaction between E
and its complement R"™ \ E relative to §2:

(2) Perg(E; Q) == Js(ENQ,R"\ E) + Js(Q\ E,E\ ),
where )
Js(A, B) := ———dxd for A, BCR" |ANnB|=0.

an) = [ ety o 40 B)
Energies as (1) and more generally weighted fractional perimeters such as
(3) Ps.c(E;:9) := Z ciPerg(E;; Q)

1<i<k

with ¢ = (¢;); with ¢; > 0, arise naturally in the analysis of equilibria configurations of a

mixture of immiscible fluids in a container €2, where the fluids tend to occupy disjoint regions
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in such a way to minimize the total surface tension which is measured through nonlocal
interaction energies, rather then through surface area as in the classical case.

In [8] the authors proved existence of isoperimetric clusters for fractional perimeters. In
particular, they showed that there exists a minimizer of the energy (1) with 2 = R”, among
all clusters with multiple volume constraints. They also established the regularity of minimal
clusters, showing that the singular set has Hausdorff dimension less than n — 2 (discrete in
the planar case n = 2), that outside from the singular set the boundary of the isoperimetric
cluster is a hypersurface of class C1® for some a > 0, and finally that the blow-up of the
cluster at a singular point is a cone.

In this short note we consider minimizers of (1) in a bounded open set  C R?, with
Dirichlet data. More precisely, we fix the phases F; outside €2, so we fix an exterior datum

(4) (El,Eg,,Ek) E@ QRH\Q,VZ U; EZ:RTL\Q,
and we provide existence of a solution to the following Dirichlet problem
5 inf Pso(E; 0
©) {€, B\Q=E;} ( )

for ¢ = (¢;)i, with ¢; > 0.

We are also interested in the analysis of singularities in dimension n = 2, in order to
characterize fractional isoperimetric clusters in some basic cases. For instance, in Theorem
3.6 w consider the energy (1) (so with all weights equal to 1), and we show that for s sufficiently
near to 1, the only singular minimal cone consists of three half-lines meeting at 120 degrees
at a common end-point. In particular, this implies that the unique local minimizers for the
fractional perimeter on clusters, for s sufficiently near to 1, are halph-spaces and such singular
cone (up to translations and rotations). We recall that in the case of a single phase, halph-
spaces are the unique local minimizers of the fractional perimeter, as it has been proved in
[3, 6] (see also [5, 13] for the extension to more general energies).

To obtain our result, we first provide the I'-convergence of the fractional perimeter of
clusters to the classical perimeter as s — 1, which is a generalization of the analogous result
for a single phase given in [3, 7], and the Hausdorff convergence of minimizers which is obtained
by exploiting the density estimates proved in [8].

Finally, we consider the analogous problem for weighted fractional perimeters, restricted
to 3-clusters. In Proposition 4.3 we show that there exists a unique minimal 3-cone, whose
opening angles are uniquely determined in terms of the weights ¢;.

Aknowledgement. The authors wish to thank Valerio Pagliari and Alessandra Pluda for
useful discussions on the topic of this paper. The authors are members and were supported
by the INDAM/GNAMPA.

2. THE DIRICHLET PROBLEM
We start proving existence of minimizers for (5).

Theorem 2.1. Let Q2 C R"™ be an open bounded set of finite perimeter and fix an exterior
datum as in (4). Then, there exists a solution to the Dirichlet problem (5).

Proof. First of all note that if we consider € defined as follows: E; = QU E;, E; = E
for j # 1, then we get Ps(&;Q) < kmax ¢;Perg(2) < 400 for all j, since €2 is bounded of
finite perimeter (see [7]). The existence result is then obtained by the direct method of the
calculus of variations, using the fact that Pers(F) is a Gagliardo norm of x g, recalling that a
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uniform bound on the Gagliardo norm implies compactness in L?, and that the norm is lower
semicontinuous with respect to the L'-convergence (see [14]). O

We recall the density estimates proved in [8], which are uniform with respect to s — 1. We
state them for minimizers of the Dirichlet problem (5).

Theorem 2.2 (Density estimates). Let sog € (0,1), and let £ be a minimizer of (5) for
some s € [sg,1). Then there exist oy = oo(n,so,c),01 = o1(n,se,c) € (0,1) such that, if
x € OFE; N Q) for some i, then

oownr”" < |E; N B(z,r)| < o1w,r” Vr < d(x,00).

Proof. The proof can be obtained as a straightforward adaptation of the proof of Lemma 3.4
in [8]. We note that if we fix z € Q, then £ is a (A, d(z, 92)) minimizer for every A > 0 and
observing in the proof that the constant r; can be chosen equal to r¢ and that ¢ is uniform
as s — 1. ]

Remark 2.3. Looking at the proof in [8, Lemma 3.4], we get that this estimate degenerates
as s — 0, in fact limg o+ oo(n, s0) = 0.

We recall a result about density of polyhedral clusters with respect to the (weighted) local
perimeter functionals such as (3), which has been obtained in [4]. We consider an adaptation
of this this result in order to apply it to Dirichlet problems.

Definition 2.4 (Polyhedral cluster). A cluster = (K;)i=1,.. is polyhedral in an open set §
if for every phase K; there is a finite number of (n — 1)-dimensional simplexes T1,...,T; C R"”
such that OF; coincides, up to a H" '-null set, with U;T; N Q.

Definition 2.5. Let Q be an open set of class C'. For § > 0 we define
Q0 ={zeR" : dz,Q) <6} Qs:={zxeQ : dz,R"\Q) >d}.
We say that a measurable set F' is transversal to 02 if

lim Per(F;Q°\ Q) = 0.
Jim, Per( \ Q)

We say that F is transversal to 0Q7T if

lim Per(F;Q0\ Q) =0.

6—0t

A cluster is transversal to 99 (resp. to 9QT) if every phase is transversal.

Theorem 2.6. Let Q be a bounded open set with C' boundary, and let F be a cluster in €
such that every phase F; has finite perimeter in 2. For every € > 0 there exists a cluster IC.
which is polyhedral in 0, such that Ke — F in L*(Q) and Pe(Ke; Q) — Pe(F; Q).
Assume moreover that F is polyhedral in R™ \ Q and transversal to OQ*. Then for every
€ > 0 there exists a polyhedral cluster K. with the following properties:
i) Ke — F in LY(),
i) Kc=F in R"\ Q,
iii) K. is transversal to OS2,
) Pe(Ke; Q) — Po(F;) as e — 0.

v
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Proof. The first part of the result is proved in [4, Theorem 2.1 and Corollary 2.4]. By
inspecting the proof in [4] one can check that if the initial cluster is polyhedral outside €2,
then the approximating sequence of polyhedral clusters K. can be chosen in such a way that
Ke =F in R™\ Q°.

We fix now § > 0 sufficiently small and we substitute F in Q\ Qs with the reflection of
F from Q9 \ Q. The reflection is constructed as follows: We identify points in ©°\ Q and
points in Q \ Qs by putting x + t(z) = = — ti(z) for t € (0,6), where o(z) is a C' function
which coincides on 0f2 with the outer normal at x. In this way we obtain a new cluster Fs
which coincides with F in (R™ \ Q) U Qg, and which is the reflection of F in Q\ Q5. Note
that, by construction, Fj is transversal to 0€). By using the previous result in the set 25, we
construct a family of approximating polyhedral clusters K. s for ¢ — 0, which coincide with
Fs in R™\ (Qs)5. We choose now £ = (6) < 6, so that (Q5)5® C Q: Therefore Ke(s),6 1s a
polyhedral cluster which coincides with Fz in R\ (€5)5(%) and so in particular coincides with
F in R"\ Q, and is transversal to 9§2. Moreover K55 — F in LY(Q) as § — 0, and for every
n > 0 sufficiently small, there holds P.(K.s)s; €2) — Pe(F;€2y) as § — 0. This implies the
conclusion. 0

We introduce the definition of Hausdorff convergence.

Definition 2.7. Let E,,, E C €2, where () is a open set. We say that E,, — F locally uniformly
in Q, if for any € > 0 and any Q' CC , there exists 7 such that for all n > 7, we have that

sup d(z,E)<e and sup  d(z,Q\E)<e.
x€E,NY z€(Q\En)NQY

We provide a I'-convergence result, which is based on the analogous result obtained for the
single phase in [3, 7] and by the density of polyhedral clusters given in Theorem 2.6. From this
result, by using the density estimates recalled in Theorem 2.2, we get uniform convergence of
minimizers of the Dirichlet problem.

Theorem 2.8. Let 2 be a C' bounded open set and let € a cluster which is polyhedral in
R"™\ Q and is transversal to ONT.
For every sequence of positive numbers ¢ = (¢;);, as s — 1 there holds

(1= 8)Pec(€:Q) = w1 Pe(E39Q) = wn1 Y ciPer(E;; )

1

with respect to the L'(Q)-convergence, where the functionals Ps (E;Q) and Pe(E;Q) are de-
fined only on clusters £ such that € =& in R"\ Q, and extended as +o0o elsewhere.
Let & = (EY, ..., E}) is a sequence of minimizers for

inf Ps.o(F;82)

{F, F\Q=E;}
then up to a subsequence E.™ — E; locally uniformly in Q, where €& = (E1,...,Ey) is a
minimizer of
inf Po(F; Q).
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Proof. Let s — 1, £%,& clusters which coincide with € outside 2 and such that £ — £ in
L' (). Then using the I'—liminf inequality for the single phase proved in [3, 7] we get

k
liminf(1 — 5)Psc(€5Q) > Y ¢ liminf(1 — s)Pery(Ef; Q)
s—1 i1 s—1
k
(6) Z Wn—1 ZCZPCI‘(EZ’Q) = anlpc(ng)

=1

Fix now a cluster £ which coincides with £ outside Q. By the I'-liminf inequality we can
restrict to consider clusters whose phases have finite perimeter in €). By Theorem 2.6, for
every ¢, there exist polyhedral K. which are transversal to 9, coincide with £ in R™\ €, and
satisfy K. — & in LY(Q) and P.(K;Q) — Pe(E;Q) as € — 0. By [3, Lemma 8], there holds
for all €

k
limsup(1 — s5,)Ps,, (K5 2) < Zci lim sup(1 — sn)Persn(Ké; Q)

Sp—1 i—1 sn—1
k .
< w1 Y GPer(K5 Q) = wy 1Pe(Ke; Q) < wp1Pe(€59Q) + 0c(1)
=1

where 0.(1) — 0 as ¢ — 0. We conclude recalling that K. — £ in L'(Q) as ¢ — 0, and
choosing ¢, = £(sp,) — 0 as s, — 1.

We show now that, by the density estimates in Theorem 2.2, we get that the convergence
is locally uniform in Q. Assume by contradiction that it is not true. Then, for some Q' CC
and for some € > 0, either there exists z, € E;* N Q' such that d(zy, E;) > € for all k
or there exists z, € (Q\ E;*) N Q' such that d(zy,Q\ E;) > . Let us consider the first
case (the second is completely analogous). By the density estimates in Theorem 2.2, letting
20 = min(d(9SY,00),e) we get that |E’* N B(xg,d)| > oownd™ for all k. Note that Ay :=
E’ N B(xy,0) CC Q, |Ag| > ¢ > 0 uniformly in k£ and Ay N E; = 0, in contradiction with the
LY(Q)-convergence of xg, to Y. 0

3. MINIMAL CONES
In this section we restrict to the 2-dimensional case.

Definition 3.1. A partition C is called a k-cone with vertex if it is invariant by dilatation,
that is A\C = C for every A > 0, and it has k-phases C1, ..., Ck.

Note that a 2-cone is a half-space, more precisely is given by two phases which are both
half-spaces.
We recall the definition of local minimizer (or minimizer up to compact perturbations) for

(1).

Definition 3.2. We say that the cluster & is a local minimizer for (1) if for every R > 0 and
every ball Bg of radius R, there holds

Ps(&; Br) < Ps(F; Br)
for all clusters F, such that F; \ Bgr = E; \ Bpg for all 1.
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Let us fix a partition £ and a point z € €. The blow-up of £ at x is the cluster &,
defined by

(2

1
EPT = *(Ez - l’)
r
We recall the result in [8, Theorem 3.7], adapted to our problem.

Theorem 3.3. Let £ be a k-cluster which is a solution to the Dirichlet problem (5), with a
given boundary datum as in (4), and let x € 0ENQY. Then there exists a h-cone C, with h < k
such that, up to reordering eventually the phases, as v — 0 there hold

E{" — Cj in L}, and locally uniformly ¥i=1,...,h.

The set of regular points of £ coincide with the set of points such that there exists a 2-cone
with phases H;, Hj such that E"" — H;, E;.C’T — Hj, and E;"" — 0 for k #4,j,in L], .
We now observe that there exists a unique 3-cone which is a stationary point for (1).

Lemma 3.4. Among all 3-cones in R2, there exists a unique cone which is stationary for the
functional in (1), and the opening angles are equals, and coincide with 2/3.

Proof. We consider a cone C = (C1, Co,C3) with 3 half-lines and vertex zp which is stationary
for the functional (1) (so, the first variation of (1) at every boundary point is 0). We denote
with «; the angle associated to the sector E;, so a1 + as + az = 2w. Up to a translation we
assume that the vertex of the cone is 0.

The stationarity condition reads

(7) Hs(l‘,ci) = Hs(a:, CJ) Yz € 0C; N 8C’j, x 75 0

where Hg(z,C;) is the fractional curvature at x € 9C;.
It is easy to check that of x € 9C; N JC;, we have that

(8) Hy(z,C;) <0 if and only if a; > .

Using this observation, (7), and the fact that a; + @ + a3 = 27, we have that a; < .

We exploit now condition (7) for i = 1,7 = 2 (all the other cases will be analogous). We
assume without loss of generality that a; > as and we write C; = C’g U B, where C’g is the
symmetric of Cy with respect to the half-line separating C1,Cs and B is a sector of the cone
with opening angle a; — ap. Let B C C3 be the symmetric of B with respect to the half-line
separating C1, Co. By symmetry properties of the kernel it is easy to check that

1 1 1
(9) Hy(z,Cy) = / dy—/ T —dy 2/ s dY,
oy |T —ylFrs B |z —y["ts (Ca\B)—a |Y[*T*

1 1 1
Hy(z,C :/d+/d:/ N
«(e, C2) o, |z —yl>*e S |z — y[?+s Y (CsUB)—z |YI*TS Y

Note that C5 \ B is a sector of the cone with opening angle a3 — a3 + as = 27 — 2a; > 0,
whereas C5 U B is a sector of the cone with opening angle as + a1 — as = 27 — 2a9 > 0, and
both are symmetric with respect to the half-line separating C7,Cy. Therefore condition (7)
implies that 27 — 2a; = 27 — 2a3. Repeating the argument we get that a; = as = as. O

Proposition 3.5. Let Q C R? be a bounded open set containing the origin, let k = 3 and let
E; be the exterior datum defined as

_ 1 2 2
E; = {:c eR?: z-n; > 2} , n; = <cos (3772') ,sin (3772')) )
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Then there exists so € (0,1) such that every minimizer of the Dirichlet problem (1) for s > sg
has a nonempty singular set in €.

Proof. Let & = (Ej, E5, ES) be a solution to the Dirichlet problem (1). By Theorem 2.8, up
to a subsequence we get that Ef — E; locally uniformly in Q as s — 1, for i € {1,2,3}. Let
R > 0 be such that B(0, R) C .

Assume by contradiction that there is a sequence s,, — 1 such that dE;" N is of class C!
for all n’s. There exists r € (0, R) such that, for i # j, the set v := 0E;"NOE;"NB(0,r) is a
finite number of C! curves with endpoints on dB(0, ), converging to the segment dF; NIE; N
B(0,r) as n — 400 in the Hausdorff distance. In particular, given € > 0, for n large enough
the set ~;; divides the circle B (0,7) into a finite number of small connected components and
one large connected component of area greater than |B(0,7)| —e. As a consequence either the
set £;"NB(0,7) or E"NB(0,7) is contained in the union of such small connected components,
so that either |[E;" N B(0,7)| < e or [EI" N B(0,r)| < e for n large enough, contradicting the
convergence of E;" N B(0,r) to E, N B(0,r), for all k € {1,2,3}. O

Theorem 3.6. There exists so € (0,1) such that the following holds: Among all cones, the
unique local minimizers for Ps, for s > sg, are 2-cones (half-spaces) and 3-cones. In the case
of 3-cones, the opening angles of all phases are equal, and coincide with 2/3m.

Proof. Let s, — 1 and let C,, be a sequence of minimal cones for Ps;. By Theorem 2.8 there
exists a minimal cone C for the classical perimeter such that C, — C locally uniformly as
n — co. Since the only minimal cones in R? are half-planes or 3-cones with angles of 2/3m
[1],it follows by the uniform convergence that also the C,’s are a half-spaces or 3-cones for n
large enough. By Lemma 3.4, if C,, is a minimal 3-cone then necessarily it has equal angles

of 2/3m.
By Proposition 3.5 we know that there exist minimal cones which are not half-planes, and
this concludes the proof. ]

Remark 3.7. An interesting issue which is left open is whether Theorem 3.6 is true for
all s € (0,1). We conjecture this is the case, but in order to prove this result it would be
necessary to develop some new technical argument. A related problem is about the possibility
of extending the nonlocal calibrations recently introduced in [5, 13] to clusters, in the same
spirit of the paired calibrations used in [11].

4. WEIGHTED PERIMETERS

Let us fix a sequence ¢; with ¢ € N, such that ¢; > 0 for all ¢ and consider the energy
associated to a k-cluster £ and to the sequence ¢; as

(10) Psc(€E;Q) = Z ciPerg(E; Q).
1<i<k

First of all we consider the generalization of Lemma 3.4.

Lemma 4.1. Among all 3-cones in R? there exists a unique cone which is stationary for the
functional in (10), and the opening angles are uniquely determined as functions of ¢;.

Proof. The proof is analogous to that of Lemma 3.4. The stationarity condition reads
(11) c¢iHs(x, CZ) = chs(a:, C]) Yo € 0C; N 80]', x #0,

and since ¢; > 0 for all 7, we get o; < 7.
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Proceeding as in (9) in the proof of Lemma 3.4 and using the same notation, we note that
for all A > 0, A\((C3\ B) —z) = (C3\ B) — Az and A\((C3UB) — ) = (C3U B) — Az. Therefore
Hy(z,C;) = NMHg(A\x,C;). This implies that it is sufficient to verify condition (11) just for
one = # 0. We fix from now on z, with |z| = 1.

We introduce the function F': [0,7) — R as

« +oo
p
12 F =2 dpdb.
(12) (@) /0 /0 (1+ p2 +2pcosf)i+s/2 P

Note that if K is a sector of the cone with opening angle 2a and which is symmetric with
respect to the half-line separating Cy,Cy, then F(a) =[5 Wdy. Note that F(0) = 0
and

Flla) = 2/+Oo P dp > 0.
o (1+p2+2pcosa)tts/2

Therefore F' is invertible.
Recalling the definition of F' and (9), we may restate (11) as

(13) coF(m—ag) =1 F(m — aq).
With the same argument we conclude that the cone C is stationary iff
(14) oF(m—ag) = F(m—a1) = csF(m— as).
Let £ > 0 be the solution to the equation
FYk/e)) + FYk/co) + F~Yk/c3) =,

which exists and is unique due to the fact that F~! : [0, +00) — R is monotone increasing.
Then the angles «; are uniquely determined as

o =m—F Yk/c).
([l

Remark 4.2. In the case of standard perimeter, it has been proved in [10] that the unique
3-cone which is a local minimizer for the functional ), 5 ¢;Per(E;) has opening angles «;
which satisfies the following relation

sinay  sinag  sinag

Ccy + c3 a c1+c3 N c1+cy

For general k-clusters, with £ > 3, in general there could be singular cones with more than
3 phases which are local minimizers. However, in [9] it is proved that if the weights ¢; are
sufficiently close to 1, it is possible to recover the triple-point property: Only 3-cones are local
minimizers.

We get in this case the following analogous of Theorem 3.6 for the case of 3 cones. We
state it in this form since for the functional ), ¢;Per(E;) it is not known if the unique local
minimizers among cones are just 2-cones (half-spaces) and 3-cones, see [11].

Proposition 4.3. There exists so € (0,1) depending on (c;); such that the following holds:
Among all 2-cones and 3-cones, the unique local minimizers for Ps., for s > sg, are 2-cones
(half-spaces) and the 3-cone obtained in Lemma 4.1.
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Proof. Arguing as in the proof of Theorem 3.6, we consider s, — 1 and C,, to be a sequence
of minimal cones for Z?:l c¢iPers (). By Theorem 2.8 there exists a minimal cone C for
2?21 ¢;Per(+) such that C, — C locally uniformly as n — oco. Since the only minimal cones
in R? are half-planes or 3-cones with angles given in Remark 4.2, it follows by the uniform
convergence that also the C,’s are a half-spaces or 3-cones for n large enough. By Lemma
4.1, if C, is a minimal 3-cone then necessarily it coincides with the 3-cone computed in the
Lemma. Arguing as in Proposition 3.5, and recalling Remark 4.2, we get that there exist
minimal cones which are not half-planes, and this concludes the proof. ]
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