NON-HORIZONTAL SUBMANIFOLDS AND COAREA FORMULA

VALENTINO MAGNANI

ABSTRACT. Let k be a positive integer and let m be the dimension of the horizontal
subspace of a stratified group. Under the condition k& < m, we show that all sub-
manifolds of codimension k are generically non-horizontal. For these submanifolds
we prove an area-type formula that allows us to compute their ) — k dimensional
spherical Hausdorff measure. Finally, we observe that a.e. level set of a sufficiently
regular vector-valued mapping on a stratified group is a non-horizontal submani-
fold. This allows us to establish a sub-Riemannian coarea formula for vector-valued
Riemannian Lipschitz mappings on stratified groups.
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2 VALENTINO MAGNANI

1. INTRODUCTION

In the last decade, Geometric Measure Theory with respect to sub-Riemannian metrics has
been the object of many contributions spread into different research streams. We limit
ourselves to mention just a few recent works for a sketchy overview of this subject and
further references, [1], [3], [4], [7], [9], [16], [17], [27], [31], [32], [33].

Scope of our investigations is constituted by stratified groups, that are simply connected
graded nilpotent Lie groups equipped with a homogeneous norm, [13], that is equivalent to
the so-called Carnot-Carathéodory distance, [18]. In fact, these groups are best known as
“Carnot groups”. All notions of this introduction will be precisely introduced in Section 2.
Aim of this paper is to show an area-type formula for a class of submanifolds in stratified
groups, emphasizing its connection with the corresponding sub-Riemannian coarea formula
for vector valued mappings.

We consider a C! smooth submanifold X of the stratified group G and denote by H,G the
horizontal subspace at x, that has dimension m at every point x € G. We say that z € 3
is a mon-horizontal point when the subspaces T,>. and H,G are transversal, namely, they
span all of T,,G. If these subspaces are not transversal, then we say that x is horizontal.
Notice that this definition is equivalent to Definition 2.10 of [27], where horizontal points
are required to satisfy the condition

(1) dim H,G — dim(T, N H,G) < k

and k is the codimension of . In fact, due to Grassmann formula, the left hand side of
(1) is equal to dim(7,%X + H;G) — dim 7, ¥ and this number is less than & if and only if
dim(7,> + H,G) is less than dim 7, G.

A submanifold is called non-horizontal if it has at least one non-horizontal point and it is
called horizontal otherwise. Notice that a non-horizontal submanifold may have horizontal
points. These two classes of submanifolds have been recently introduced in the work [31],
whose results can be applied especially to horizontal submanifolds.

Our main motivation for the study of k-codimensional non-horizontal submanifolds is
that they naturally appear as “intrinsically regular” level sets of vector-valued mapping
f:Q — RF where Q is an open set of a stratified group. There are in turn two primary
reasons to investigate this connection. The first one is related to the validity of nontrivial
coarea formulae for vector-valued mapping on stratified groups that involve the horizontal
Jacobian, as we explain below and in Section 7. The second one is that non-horizontal
submanifolds fit into the larger class of (G, R¥)-regular sets, that are locally defined as level
sets of a P-differentiable vector-valued mapping with surjective P-differential, [27]. These
class of sets naturally appeared in the study of intrinsic rectifiability of the reduced boundary
of finite perimeter sets in the Heisenberg group, [12], and have been independently studied
in codimension one for general stratified groups, [15]. Notice that one can find nontrivial
examples of these sets that are highly irregular from the Eulidean viewpoint, [21].

In the present paper, we focus our attention on arbitrary (G, R¥)-regular sets that are in
addition C! smooth as submanifolds of G and that precisely coincide with non-horizontal
submanifolds. This follows from Lemma 2.11 of [27], taking into account that the horizontal
differential used in the lemma coincides with the P-differential.

By Lie bracket generating condition, that is satisfied in stratified groups, all smooth
hypersurfaces are always non-horizontal. On the other hand, in higher codimension it is not
true that all k-codimensional submanifolds are non-horizontal. First of all, non-horizontal
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submanifolds exist if and only if m > k, where dim(V}) = m, see Section 4. Even if this
condition is satisfied, as for curves in the Heisenberg group H', where m = 2, then horizontal
curves provides examples of horizontal submanifolds. On the other hand, in general we have
that all k-codimensional submanifolds are “generically” non-horizontal. Precisely, under
the condition m > k, Theorem 4.3 shows that k-codimensional non-horizontal C' L smooth
submanifolds are dense with respect to the topology introduced in Definition 4.2.

Our main result is an intrinsic blow-up at non-horizontal points of C'!' submanifolds,
proved in Theorem 5.4. Let () denote the Hausdorff dimension of a stratified group G
with respect to a homogeneous distance p and let ¢ be the topological dimension of G.
Due to Theorem 2.10.17(2) and Theorem 2.10.18(1) of [11], our blow-up (29) joined with
(Q—Fk)-negligibility of horizontal points, [27], yields the following

Theorem 1.1. Let ¥ C G be a p-dimensional non-horizontal submanifold of class C' and
define the codimension k = q — p. Then the following formula holds

2) /Z 09 (1 (x)) 4SO () = e(g,§) /Z iy, 12 (2)] dfip(2),

where g is an arbitrary Riemannian metric generating the Haar measure volg of the group,
g is the fized left invariant metric on G, c(g,§) satisfies the formula c(g,g) volz = volg,
fip is the p-dimensional Riemannian measure on X with respect to g and | - | denotes the
Riemannian norm with respect to g.

The metric factor 09(-) takes into account the fixed left invariant metric g and the homoge-
neous distance p, see Definition 5.3. The spherical Hausdorff measure S®=* defined in (7)
only depends on p and the horizontal k-normal ng(x) to X at x depends on g, according to
Definition 3.2. This shows that the left hand side of (2) is surprisingly independent from the
metric g and the homogeneous distance p. In fact, the metric g need not be left invariant
and essentially plays an auxiliary role. The independence of p is discussed in Section 6.

Let us consider the first consequences of the area-type formula (2). As a first remark,
usually it is convenient to work with homogeneous distances with constant metric factor.
Section 6 will discuss existence of these distances in arbitrary graded groups. Under this
condition, we immediately achieve the following

Corollary 1.1. Under hypotheses of Theorem 1.1, if in addition the homogeneous distance
p has constant metric factor 05(-) = «, then

(3) S87H(2) = e(g,9) /2 iy, 11 (2)] dfip()

where we have set Sgik = 89k,

This formula provides the “natural” intrinsic measure of non-horizontal submanifolds, ac-
cording to [31] and then provides an integral formula for the (Q—Fk)-dimensional spherical
Hausdorff measure of these C'! smooth k-codimensional submanifolds. As a byproduct, for-
mula (3) also shows in particular that the Hausdorff dimension of smooth non-horizontal
submanifolds is equal to Q—k. This fits into the general formula for the Hausdorff dimension
of smooth submanifolds stated in Section 0.6B of [18]. Finding all possible Hausdorff di-
mensions of submanifolds in a stratified group corresponds to solve the so-called “Gromov’s
dimension comparison problem”, that has been recently raised in Problem 1.1 of [2].
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If we restrict our attention to one codimensional submanifolds, then we first point out
that a non-horizontal point x of a hypersurface 3 exactly coincides with the so-called non-
characteristic point, since H,G ¢ T,%, see [27] for more information on characteristic points
and related references. The intrinsic blow-up at non-characteristic points of hypersurfaces
along with formula (3) have been obtained in [15]. Notice that this area-type formula
coincides with ours assuming that the auxiliary metric § equals the Euclidean metric. The
corresponding formulae in [20], [24] and [27] refer to the case where § equals the fixed
left invariant metric g. In all previous cases, (3) can be interpreted as the natural surface
measure with respect to the sub-Riemannian geometry of G, since it naturally appears in
isoperimetric inequalities in stratified groups and more general Carnot-Carathéodory spaces.
In fact, by our formula (9), the surface measure in (3.1.b) of [14] and the perimeter measure
n (3.2) of [8] fit into (3) where g equals the Euclidean metric, under the condition that the
corresponding vector fields define a stratified group.

This suggests that our area-type formula could be also studied in connection with pos-
sible extensions of the isoperimetric inequality to higher codimensional submanifolds. If it
happens that either the boundary conditions or the algebraic structure of the group in an
area minimization problem force the submanifold to be non-horizontal, then one could find
the corresponding Euler-Lagrange equations of the area functional (3). In this perspective,
our area-type formula could be also studied to investigate an “intrinsic” notion of mass for
the associated non-horizontal integral current of codimension k. Incidentally, this was one
of our initial motivations for this type of studies, that started in codimension one in [24].

Previous results for higher codimensional submanifolds have been recently obtained in
[17], where an area-type formula for intrinsically regular submanifolds in Heisenberg groups
have been achieved. In addition, Theorem 4.6 of [17] provides this formula for C'! smooth
submanifolds of low codimension. This area-type formula in Heisenberg groups fits into
formula (3) with p = d. In fact, formula (9) with § equal to the Euclidean metric proves
that the density |0, g(x)| coincides with the density of formula (61) in [17].

By virtue of Proposition 3.2, according to which the length of the vertical tangent vector
Ty, y is proportional to the length of the horizontal normal, also Theorem 1.2 of [28] follows
from (3) with § = g, see Remark 3.3. As we show in Section 3, we also have another

Corollary 1.2. Let U be an open subset of R? and let ® : U — G be a C' embedding.
Then

(4 SEH@W) = [ |@e(@ A n e ), de.

If v is a p-vector, then we denote by (v)g_j its component of degree equal to @—k. In
Definition 3.3, we recall this notion, that have been introduced in [31] to study the intrinsic
measure of higher codimensional submanifolds. In rough terms, the projection (v)g—g
represents the component of v having weight equal to (Q—k with respect to intrinsic dilations
of the group. Taking into account (10) and Proposition 3.3, one easily notices that horizontal
points coincide with those points of degree less than Q—k.

It is rather clear how (4) resembles an area-type formula, where the “weighted” Jacobian
of the parametrization ® takes into account only terms of degree Q—k. In addition, by
Proposition 3.3, the previous corollary allows us to characterize all k-codimensional non-
horizontal submanifolds ¥ of class C'! as those submanifolds where the restriction Sg Ly
does not vanish. In Section 6 we add an example of non-horizontal C'! submanifold for which
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we explicitly compute its Sg ~*_measure. Other computations for more regular submanifolds
can be found in [28] and [31].

In fact, if we assume C'! regularity and S%negligibility for points of degree less than
d, then (4) can be extended to arbitrary submanifolds of degree d, [31]. We also point out
that results of [29] show that S%-negligibility holds in two step groups for C'*! submanifolds
of arbitrary degree. There is a sort of compensation between the regularity of ¥ and the
degree of the point where we perform the blow-up. In fact, in broad terms, C'! regularity
suffices for (4), since the Taylor expansion of the submanifold at a non-horizontal point
has a non-vanishing first order term. This fact introduces us to the sub-Riemannian coarea
formula, that is the main application of (3) in this paper.

We first notice that a.e. level set of a C'! smooth vector-valued mapping on a stratified
group has an S@ F-negligible set of horizontal points. This follows by a weak Sard-type
theorem, [23]. To achieve the sub-Riemannian coarea formula (5), we apply Corollary 1.1 to
these level sets. Through the Whitney extension theorem, Riemannian Lipschitz mappings
differ from C!' mappings outside a set of small measure. This extends (5) to Lipschitz
continuous mappings. Unfortunately, this C'! approximation prevents us to use the general
area-type formula of [31] that would require slightly more smoothness.

Theorem 1.2. Let f : A — R* be a Riemannian Lipschitz map, where A C G is a
measurable subset and let w: A — [0, +00] be a measurable function. We assume that the
homogeneous distance p has constant metric factor 03(-) = a. Then we have

u(x x)dvol,(x) = U Q—k .
) [ wte) Jya @ dvoly ) = [ (/f_l(t) (4) 4S8 <y>> dr

There are several results concerning sub-Riemannian coarea formulae for real-valued func-
tions, see for instance [25] and [26] for relevant discussions and references. Here we just
point out that (5) extends previous coarea formulae obtained in [20], [24], [26] and [28].
Notice that in this formula the auxiliary metric § does not appear. The horizontal Jacobian
Jg.u f(x) corresponds to the restriction of the Riemannian Jacobian of f to the horizon-
tal subspace, see Section 7. Let us point out that this restriction exactly corresponds to
the Pansu differential of the mapping. As we have already pointed out in previous works
focused on some special cases, the proof of (5) relies on the the key formula

(6) Jof (@) [hg.m(2)|, = Jg.u f(x)

that relates the horizontal k-normal with the horizontal Jacobian. Notice that both sides
of (6) vanish in the case dim(V7) < k, since there do not exists k-codimensional horizontal
submanifolds and the horizontal Jacobian vanishes. For these special cases, it might be
interesting to investigate novel notions of Jacobian that would go beyond the P-differential
of the mapping, since the condition dim(V7) < k implies that this differential of f is never
surjective. We also wish to stress that in all cases where k& > 1, the validity of (5) for a
Lipschitz mapping with respect to the Carnot-Carathéodory distance is presently an open
question.

Let us give a short overview of the paper. Section 2 recalls all notions about stratified
groups that will be used throughout the paper. In Section 3 we introduce the horizontal
k-normal and the vertical tangent vector with respect to the metrics g and g. We recall
the notion of degree of a simple p-vector and present a formula to compute the horizontal
normal and its relationship with the vertical tangent vector. In Proposition 3.3 we show that
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non-horizontal points are characterized as those points where the vertical tangent vector
7s,v does not vanish. These results lead to a short proof of Corollary 1.2. In Section 4 we
show that non-horizontal submanifolds exist if and only if the geometric condition k£ > m
is satisfied and in this case they form a dense family of k-codimensional submanifolds with
respect to a suitable topology. Section 5 is devoted to the proof of the blow-up theorem at
non-horizontal points. We introduce the notion of vertical subalgebra and of metric factor
associated with a k-vector. In the blow-up theorem we also show that the intrinsically
rescaled submanifold converges with respect to the Hausdorff convergence of sets to a normal
subgroup. In Section 6 we introduce a class of homogeneous distances with constant metric
factor and we discuss its role that strikingly makes the measure Sg D> independent of the
homogeneous distance used to construct it. We also present an example where we compute
Sg “FLY for a C! submanifold. In Section 7 we recall the definition of horizontal Jacobian,
we show the validity of formula (6) and prove the coarea formula stated in Theorem 1.2.

2. BASIC NOTIONS

Let us consider a simply connected nilpotent Lie group G, whose Lie algebra G admits the
grading G = V1 @ --- @V}, where [V}, V}] C Viy; and V; = {0} iff i > ¢. Then we say that G
is a graded group. A graded group G where the stronger condition [V;, V;] = Vi4; holds for
every i, 7 is called stratified group, or Carnot group. The subspace Vi of G defines at any
point £ € G the horizontal subspace

HeG = {X() | X € Wi},

Left translations of the group are denoted by l¢ : G — G, l¢(y) = £y. The graded structure
defines a one parameter group of dilations §, : G — G, where r > 0. Precisely, we have

L

5’”(2L:vj> :ervj,

J=1 J=1

where Z§:1 v; = v and v; € Vj for each j = 1,...¢. To any element of V; we associate
the integer j, which is called the degree of the vector. Since G is simply connected and
nilpotent it follows that exp : G — G is a diffeomorphism, hence we have a canonical way
to transpose dilations from G to G. We will use the same symbol to denote dilations of the
group. The following standard properties hold

(1) 0p(x-y) =6px -6y forany z,y € Gand r >0,

(2) 0,(0sx) = 6psx  for any r,s > 0 and z € G.
To provide a metric structure on the group we will fix a graded metric g on G, namely a
left invariant metric such that all the subspaces V; of the Lie algebra G are orthogonal each
other. This metric will be always understood throughout the paper.

A continuous distance p : G x G — R is said homogeneous if it satisfies the following

properties

(1) p(z,y) = p(uz,uy) for every u,z,y € G,

(2) p(dyz,d;y) = rp(z,y) for every r > 0.
The Carnot-Caratheéodory distance provides an important example of homogeneous distance
in stratified groups. In Section 6 we will see an example of homogeneous distance that can be
defined in arbitrary graded groups. Notice that all homogeneous distances are bi-Lipschitz
equivalent and induce the topology of G.
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Definition 2.1 (Graded coordinates). Let us set n; = dimV} for any j =1,...,¢, mg =0
and m; = > %, n; for any i = 1,..... Let (X1,...,Xy) of G be an orthonormal basis with
respect to g and assume that

(ij_1+17 ij_1+2) ct 7Xm]-)
is a basis of V; for any j = 1,...+. We consider the mapping F': R — G, defined by

q
F(y) = exp (Zy’LX’L) :
i=1
We say that (X1,...,X,) is a graded basis and that F' is a system of graded coordinates.

Definition 2.2 (Metric ball). The open ball and the closed one with center at x € G and
radius r > 0 with respect to the homogeneous distance p are denoted by B, , and D, ,,
respectively. We omit the center when it coincides with the unit element of the group.

Recall that the subspace associated with a simple p-vector 7 is defined as {v € G | vAT = 0}.
In this paper, our definition of spherical Hausdorf measure does not consider any dimensional
factor, namely, we set

e—0t

(7) SO*(E) = lim inf { ir?*’“ |E C G Baiyis 76 < g},
7=1 =1

where a fixed homogeneous distance p is understood.

3. HORIZONTAL k-NORMAL, VERTICAL TANGENT VECTOR AND APPLICATIONS

Throughout the paper, g will denote a Riemannian metric whose corresponding Riemannian
volume is the Haar measure of the group. We denote by vol, and vol; the Riemannian
volume measures arising from g and g, respectively. The Riemannian norm of vectors with
respect to the fixed graded metric g will be denoted by | - |.

Definition 3.1 (Horizontal projections). Let g be a Riemannian metric on G. We in-
troduce the horizontal projection with respect to g as the smooth mapping of bundles
g0 : AM(TG) — A(HG) such that for each € G and 1 < k < m it is defined by setting

mg.0(z) 1 Ap(1,G) — Ap(H,G),

that is the orthogonal projection of Ax(T,G) onto Ap(H,G) with respect to the metric
induce on Ag(T,G) by g.

Definition 3.2 (Horizontal k-normal). Let ¥ C G be a k-codimensional submanifold of
class C! and let z € ¥. We denote by n(x) and fi(z) the unit k-normals to ¥ at = with
respect to g and g, respectively. We define the k-vector

(8) fy(z) = (%)~ gk (A(2))

where g7, 35 : A(TG) — A¥(TG) are canonically induced by the Riemannian metrics
g,g° : TG — T*G. The horizontal k-normal with respect to both metrics g and g is
defined by ng g(x) = my g (Ny(z)). The horizontal normal with respect to g is given by
g1 (n(z)) and it is denoted by ny(z).
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Remark 3.1. We notice that ng(x) = A n(z) for some A € R\ {0}. Let n(z) =niA---Anyg
and let n(zx) =7y A--- Ang. We have

fiy(2) = (01) 1 (80)) = () 320)) A+ A ((0) 55 )
All vectors vj = (g§)~'gt(n;) are normal to T,% with respect to g and they are linearly

independent. Then both v; and n; span the orthogonal space to T,,% with respect to g. It
follows that vy A--- Avg = Ang A---ny for some A € R\ {0}.

Proposition 3.1. Let ¥ C G be a k-codimensional submanifold of class C1, let x € ¥ and
let (X1, Xa,...,Xm) be an orthonormal basis of Vi with respect to g. Then we have

9) g, ()| = > (B1(), Xay (@) A -+ A Xay (7))
1<ai<--<ag<m
PROOF. Let us fix the set of multi-indexes
I={(a1,...,o0) eNF |1 <oy <an < <ap<m}.
By definition of horizontal projection, we have
(B, (2)[* =) (g (), Xa(2))?
a€cl
and the definition of ny(x) exactly yields
(ng(z), Xa(z)) = (A(z), Xa(2))s,
leading us to formula (9). O

Definition 3.3 (Degree of p-vectors). Let (X1,...,X,) be a graded basis of G. The degree
d(j) of X; is the unique integer k such that X; € Vj,. Let

KXo = Xay N-- AN Xy,

be a simple p-vector of A,G, where o = (a1, a2,...,0p) and 1 < oy < ag < --- < o < g.
The degree of X, is the integer d(a) defined by the sum d(a1)+---+d(ap). If 7 =3 5c5 Xp
is a p-vector, then we define its component of degree d < @) as

(Ma= Y csXp.
d(B)=d

Notice that the g-vector containing all directions X; has clearly degree @, corresponding to
the Hausdorff dimension of G.

Definition 3.4 (Vertical tangent vector). Let ¥ C G be a p-dimensional submanifold of
class C!, with z € ¥, and let 7s;() be a unit p-tangent vector of ¥ at x with respect to the
metric g. We define the vertical tangent p-vector at x as

(10) TZ,V(w) = (TE(x))Q_k)
where k = ¢ — p is the codimension of ..

Remark 3.2. Notice that ) — k is exactly the highest degree that can have a p-vector,
where k = ¢ — p. We use the adjective “vertical”, according to [28], since the subspace
associated with 7x () contains all directions of the layers V; with j > 2. Notice that this
also fits the terminology of Definition 5.2.
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Definition 3.5 (Hodge operator). Let X be a ¢g-dimensional, oriented Hilbert space with
orientation e € Ay(X), le] = 1 and let 1 < k < ¢q. The Hodge operator is the mapping
% 0 Ap(X) — Ag—i(X) defined on each n € Ap(X) as the unique vector *n € A, (X)
satisfying the relation
(11) ENxn = (&) e
for every & € A (X).
Proposition 3.2. Let ¥ be a C' smooth k-codimensional submanifold of G and let x € 3.
Then
(12) ey (@)| = c(g,9) Dg,m ()],
where ¢(g, g) volg = vol,.

ProoF. We fix the graded basis (X1,...,X,) and consider

Xo=Xoy N ANXy, and T={(a1,...,04) |1 < a1 < <oy <m},

where m = dim Vj. Notice that (X4 )aer defines an arthonormal basis of Ag(V;) with respect
to the metric induced by g. Now, we choose a basis (B, ..., By) of TG that is orthonormal
with respect to ¢ and has the same orientation of (X (z),...,X4(x)). Then the definition
of Hodge operator along with Lemma 5.1 yields

(13)  XaAms(z) = (-1 (Xa,#(rn(2))); B =+ (1) (Xa,0(x)); B,

where * is the Hodge operator with respect to the metric g and the orientation
B=DByN---N\B,.

Recall that p = g — k is the dimension of . We obtserve that p-vectors of degree () — k can
be represented as linear combinations of elements * X, where « varies in I and * denotes
the Hodge operator with respect to g and the orientation X7 A--- A X,. Thus, we can write

(14) @) =Y v *Xal@)+ D cpXa(a),
a€l d(B)<Q—k
observing that the definition of vertical tangent p-vector yields
(15) Tsy(T) = Z’Ya * Xo(2).
acl

The relationship between the metrics g and g is contained in the formula

(16) R, (TS

that holds for any coordinate system with respect to which we consider g;; and g;;. In fact,
let C' = (cz) be the matrix defined by the equations B; = 23:1 ¢! X;j(x). We have

(17) BiA---ABy=det(C) X1 A--- AN X,

where det(C') > 0, since (B;) and (X;) have the same orientation. Let (0/0y;) be local
vector fields around x with respect to a fixed system of coordinates. Then we have the
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relationships 9/0y;(z) = >.1_

=1 @ B As a consequence, we get

(18) Gij(z Zaéangz, 5) = (ATA)!
l,s=1

where A = (af) Similar computations yield

gij(x Z alalcf & g(Xi(x), Xp(x)) = (ATCTCAY]
l,s,k,p=1

that joined with (17) and (18) leads to (16). Left invariance of vol, and vols imply that
det (g;j(z)) and det (g;j(z)) are independent of z, therefore

(19) BiN---NBg=c¢(g,9) Xi N--- N Xy,
Inserting (14) in (13) and using (19), we get
(20) Yo Xo A #Xo = c(g,9) (1) (Xa, 0(2)); X1 A=A X
According to the definition of horizontal k-normal, we have (Xq,0(2)); = (Xa, 0y(z)) and
(21) fig,r(x) = ) (Xa,fig(x)) Xa,
acl

therefore (20) implies

(22) g1 () Z Ya

acl
that along with (15) concludes the proof. O

Proposition 3.3. Let ¥ be a C' smooth k-codimensional submanifold of G. Then x € ¥
is a non-horizontal point if and only if s y(z) # 0.

Proor. We set p = ¢ — k and s = ¢ — m, where m = dimV; and notice that p
is the dimension of 3. The integer s is the dimension Vo & --- @ V,. If kK > m, then
H.G+T.% ; T, G, hence z is horizontal. In addition, we also have p < s, then

(tl/\"'/\tp)Q,kZO

for every basis (t1,...,t,) of T;X. Now we assume that & < m, namely, s < p. If
is non-horizontal, then by definition we have H,G + T,,)> = T, G. Thus, we can find an
orthonormal basis (t1,...,%,) of T,;X such that

ti =Wi(z)+w;, w;€H,G for i=1,...,s
and t; € H,G for each i = s+1,...,p, where (W1,...,W;) is a basis of Vo @ --- @ V,. Then

rev(z) = ((W1 (@) + wi) A A (We(x) + ws) Atgsr A-e A tp)Q_k

=Wi(z) A AWs(x) Atsyr Ao Aty #0.

Conversely, we suppose that 75 y(x) # 0. Any orthonormal basis (t1,...,t,) of 1,3 can
be written in the form t; = W;(z) + w;, where W; € Vo & --- @V, and w; € H,G. By
contradiction, if we had

span{Wy,..., Wy} S Vo @ --- @V,
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then (t1 A--- Atp)g—r = 0, that conflicts with our assumption. As a consequence, the
vectors Wiy, ..., W, must generate all of Vo @ --- @ V,. This implies that

span{Wi(z) + w1,..., Wy(z) + wp} + H,G =T,G,
namely x is a non-horizontal point. O

PROOF OF COROLLARY 1.2. First, in the case ®(U) is a horizontal submanifold, then
Theorem 2.16 of [27] implies that S9~*(®(U)) = 0. In fact, horizontal submanifolds coincide
with their subset of horizontal points. Furthermore, the vertical tangent vector 7y, y vanishes
at horizontal points, due to Proposition 3.3. It follows that

(P, () N+ AN Pegy(§)) gy =0 for every {eU.

This makes the validity of (4) trivial. Now we assume that ®(U) is non horizontal. Then
we can apply formula (3), obtaining

SEH@W) = el0.d) [ [igu(e)] diy(a).
(V)
Due to Proposition 3.2, we get

s&H @) = [} o, PV () = /U 7w (B(E))] [ B, (€) A -+ A B, (€)1, de.

Observing that
(D6 () A A D, (€)) oy

v (P(§)) = (@, () A A Dg, (€)],

we are then lead to our claim. O

Remark 3.3. Notice that in [28], the vertical tangent vector 7x;y(x) has been defined as
the orthogonal projection of 7x;(x) onto the ideal of p-vectors generated by the Heisenberg
vertical direction Z. This orthogonal projection is considered with respect to the metric g.
It is then immediate to check that this notion coincides with ours exactly in the case g = g.

4. DENSITY OF NON-HORIZONTAL SUBMANIFOLDS

By definition of non-horizontal point, it is immediate to check that graded groups where
dim(V1) < k do not have non-horizontal submanifolds ¥ of codimension k. In fact, we have

dim(H,G + T;¥) < dim(7,G) for every =z € X.

Then we consider the existence of non-horizontal k-codimensional submanifolds in graded
groups, where m = dim(H,G) > k. Under this condition, we show that any k-codimensional
submanifold can be modified around a horizontal point by a local perturbation that preserves
the point and makes it non-horizontal.

In fact, up to left translations, we can assume that the unit element e of 3 be horizontal
and that the C' mapping ® : U — ¥ parametrizes ¥, with ®(0) = e. The open set U is
contained in RP and it can be chosen such that

(23) A= inf |96, (€) A+ A g, (€)] > 0,

where we have set p + k = ¢ = dimG and ®(§) = exp ¢(§) for every £ € U. Vectors ¢¢;(§)
are thought of as elements of the Lie algebra G equipped with the norm induced by the
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graded metric g. In other words we identify Ty)G with G. Now we define the canonical
projection 72 : G — Sy, where
Then for every j =1,...,p, we define w; = 7 (®¢,(0)). Our assumption on k implies that
p > s, where dim(S2) = s. By contradiction, if dim (span{wl,...,wp}) = s, then there
exists a # 0 such that

s y(x) = a((w1 +wi) A A (wp + wp))Qik,
with w; € V1. Arguing as in the proof of Proposition 3.3, one gets s, y(e) # 0 that conflicts
with our assumption. Then we must have

so = dim (span{ws, ..., wp}) < s.

We define s; = s — sg and so = p — sg, observing that so > s1. There exist integers
1 <o) < - <ag <psuch that

span{wa,, . - ., Wa,, } = span{wr, ..., wp}.

We consider the integers 1 < 31 < --- < fB5, < p such that
{a1,...;a5} N{B1,...,Bs,} =0
and choose linearly independent vectors z1,...,zs, € S2 such that
Span{Way , - - - s Wagy s 215 - -+ 5 25, } = S
Clearly, it follows that
(24) span{Way , - - -, Way, , Wpy +t21,. .., wg, + 125} = So
for every t # 0. We define L : RP — S5 such that
L(§) = &p21 + -+ -+ €5, 25

and choose x € C?(B!g') such that x(§) = 1 whenever ¢ € B('S'/|2. Here B(‘;" denotes the

Fuclidean ball, where the radius § > 0 is chosen such that Bg' C U. We define the
functions

(&) = x(&) L(§) and @ (&) = exp (¢(&) +ev(€)).
We first observe that

Oe, @c(0) = wo; +w; and  Og, P=(0) = wg, + € 25,

@

for every j=1,...,sp and [ =1,...,s;, where w; € V;. By (24), it follows that
dim (span {71'2 (851 @5(0)), = (8§p<1>5(0)) }) =s.

Then for every € > 0 we have

(D, ®=(0) A+ A 8517@5(0))ka £ 0.

Now, we are left to check that for some ¢ > 0 suitably small the differential d®.(§) is
injective for every £ € U. To see this, we notice that

p
(6 +ewie)) A= A (b, +ev)| = o A Ao | —eC 3 (2)e |V [Vgr
j=1
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where [Vy| = ?:1 |1/}§j|7 Vol = ?:1 |¢§j‘ and
A Al SOl Il

for every 71,...,7p € G, where we have identified G with Tyy(¢) cy(¢)G by left translations.
As a consequence, we can find £g > 0 depending on C' and on A, which is defined in (23),
such that for every e €]0,e0[ we have

(e, +eey) Ao A (e, +ee,)| >0

at every point of U. Taking into account that exp : G — G is a diffeomorphism, this
implies that d®.(§) : R? — Ty )G is injective for every & € U and every € €]0,e0[. Now,
we wish to prove that @, is also injective for € > 0 suitably small. To do this, we can clearly
assume that ® : U — X is an embedding and that

6(6) — ¢(€)| = k1€ = ¢|
for a constant x > 0 and every &, € U. By contradiction, if we had an infinitesimal
sequence (g;) CJ0,eo[ and couples of distinct points £;,7; € U such that @ (&;) = ¢, (n;),
then we would get

19(&5) — o(nj)| = €; [¥(&5) — (n;)]
Koo ) = vn)]

< Lip(¢))
€j €5 =
leading to a contradiction as €; — 0. Then we have shown the existence of some 1 €]0, &¢]
such that ®. : U — G is an immersion for every € €]0,e1]. In addition, we have
®.(¢) = ®(¢) whenever ¢ €U\ Bl and @.(0)=e

namely ®.(U) is a perturbation of ®(U) around e.
Denote by Si(G) be the family of C'' smooth k-codimensional submanifolds of G without
boundary. Then we have shown the following

that implies

Theorem 4.1. Let ¥ € Si(G) and let © € ¥ be a horizontal point. Then for every open

set A C G containing x there exists ¥/ € Sk(G) such that x € ¥ is a non-horizontal point
of ¥ and ¥\ A=X\ A.

Definition 4.2 (Open sets of S;(G)). Let A be an open set of G and denote by O4 the
family of all submanifolds 3 € Si(G) such that XN A # (). We denote by 7;(G) the topology
generated by these sets, namely, the family of submanifolds of Si(G) formed by arbitrary
unions of finite intersections of sets of the form O 4.

Theorem 4.3. The family of non-horizontal submanifolds of G forms a dense subset of
Sk (G) with respect to the topology Ti(G).

PROOF. Let ¥ be a horizontal submanifold of Sx(G) and consider an open subset U of
71(G) containing X. It follows that ¥ € O4, N--- N Oy, for some open sets A; of G. We
choose z; € X N A; for every j = 1,...,n. Let H be an open subset of G containing x
and not containing all z; different from z;. Then z; € ¥\ H whenever x; # z;. The
condition m > k allows us to apply Theorem 4.1, hence there exists ¥/ € Si(G) such
that ¥ \ A; = ¥\ A; and x is a non-horizontal point of ¥’. It follows that X' N A; # 0
whenever x; # x; and clearly X' N A; # 0 in the case z; = x1. We have proved that
¥ e Oy N---NOy, CU and that it is a non-horizontal submanifold. O
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Remark 4.1. The terminology “generically” we have used in the introduction usually
refers to countable intersections of open dense subsets. Then for different scopes, it might
be of interest either checking whether non-horizontal submanifolds have this property with
respect to the topology 75 (G) or finding another topology with this property.

5. BLOW-UP AT NON-HORIZONTAL POINTS

Proposition 5.1. Let (X,d) be a metric space where closed bounded sets are compacts. Let
(A,) be a sequence of compact sets contained in a bounded set of X and let A be a compact
set of X. Let us consider the following statements:
(1) maxyeadist(y, 4,) — 0 as n — oo,
(2) for everyy € A, there exists a sequence () such that x, — y and dist(x,, A,) — 0.
(3) max,eqa, dist(z,A) — 0 as n— o0
(4) for every subsequence (A,) and every converging sequence (x,) such that z, € A,,
we have lim, x,, € A.

Then (1) is equivalent to (2) and (3) is equivalent to (4).

PrOOF. We show that statement 2 implies statement 1. By contradiction, if we have a
subsequence such that

(25) max dist(y, A,) = dist(y,, A,) > e >0
ye

for every u, then we get a further subsequence y, convering to yo belonging to A and a
sequence () such that x,, — yo and dist(z,, A,,) — 0, then

(26) lim sup dist(y,, A,) < limsup [dist(y,, yo) + dist(yo, 4y)]
(27) < lim sup [d(y0> ) + dist(z,, AZ/)] =0,

which conflicts with (25). If statement 1 holds, then for an arbitrary element y € A we
consider the sequence (z,) such that dist(y, A,) = d(y,z,), where z, € A, and observe
that
d(y,z,) < maxdist(z, 4,) — 0.
z€A
This shows the validity of statement 2. Now, we wish to show that statement 3 implies
statement 4. By contradiction, assume that there exists € > 0 such that

(28) e < max dist(z, A) = dist(x,, A)

xC€A,

for some subsequence x,. Then we get a further subsequence x, converging to y. By
hypothesis we have that y € A. This conflicts with (28). If statement 3 holds, then for
every subsequence (A,) and every sequence (x,) such that x, € A, and z, — y, we have

d(y,A) =limd(z,, A) <limmax dist(z, A) =0,
v v z€A,
hence y € A. This shows the validity of statement 4 and concludes the proof. O

Remark 5.1. Under notation of the previous proposition, by definition of Hausdorff dis-
tance bewteen sets, we have

di (A, B) = max < sup dist(y, A), sup dist(z, B)
yeB z€A
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where A, B C X. Thus, conditions (2) and (4) of Proposition 5.1 characterize the Hausdorff
convergence.

Lemma 5.1. Let N and S be orthogonal subspaces of a q-dimensional oriented Hilbert space
and assume that X = N & S. We set dim(IN) = k and consider the simple multivectors
n € Ap(N) and 7 € Aq_1(S). Then there exists A € R such that xn = At.

PROOF. It is clearly not restrictive assuming that that both n € Ax(N) and 7 € Ay_(5)
have unit norm. We define d=¢—k and assume that

n=niAnoA---Anp and T=t; AtaA---Atgy,

where (ni,ns,...,ni) and (t1,t9,...,ty) are orthonormal bases of N and S, respectively.
Taking into account the possible orientations of n and 7 we have

niAng A Ang Aty Atg A--- Atg =+,

where 1 € Ag(X) defines the orientation of X and the Hodge operator according to (11).
Thus, by definition of * we get *n = +7. O

Definition 5.2 (Vertical subalgebra and vertical subgroup). Let G be a graded algebra
equipped with a graded metric g and let v be a simple k-vector of Ag(V7). We define the
vertical subalgebra L(v) with respect to v as the orthogonal complement to the subspace
associated with v. Its image through the exponential mapping is called wvertical subgroup
and it is denoted by N (v).

Remark 5.2. The terminology of Definition 5.2 fits the fact that the orthogonal comple-
ment of any subspace of V; with respect to a graded metric is a subalgebra. Precisely, it is
an ideal of G. Then the vertical subgroup N(v) is clearly a normal subgroup.

Definition 5.3 (Metric factor). Let G be a stratified Lie algebra equipped with a graded
metric g and let v be a simple k-vector of Ag(Vi). The metric factor of a homogeneous
distance p with respect to v is defined by
-1
09(v) =1 (F~ (BInN(v))),
where F' : R? — G is a system of graded coordinates with respect to g. The symbol H‘

denotes the p-dimensional Hausdorff measure with respect to the Euclidean distance of RP
and Bj is the unit ball of G with respect to p.

In the case of subspaces £ of codimension one, the notion of metric factor fits into the
one introduced in [24]. As we have already pointed out in [24] the metric factor does not
depend on the system of coordinates we are using, since F'|~ LoF, : RY — R?is an Euclidean
isometry whenever Fi, F5 : RY — G represent systems of graded coordinates with respect
to the same graded metric.

Theorem 5.4 (Blow-up Theorem). Let ¥ be a p-dimensional submanifold of G and let
x € ¥ be a non-horizontal point. Then the following limit holds

fip(X N By, _ 00 (nn(2)) +
29 _ c(g,9) ——= as r— 0",
2 " 9:9) g )
where the integer k is the codimension of 3. Moreover, for every R > 0 we have
(30) DRﬂ(Sl/,, (l;—1%2) — DRﬂN(nH(JL‘))

with respect to the Hausdorff distance of sets.
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PRrROOF. Due to the fact that x is a non-horizontal point, the Grassmann formula yields
dim(7,X N H,G) =m — k.

As a result, we can find an open neighbourhood Q C G of x and a mapping f : O — R*
of class C! such that ¥ N Q = f~1(0) and df(s)iu.c : HsG — R* is surjective for every

s € Q. We choose an orthonormal basis (vgi1,Vkt2,---,0m) of T,X N H,G and consider
the corresponding left invariant vector fields (Y41, Yit2, ..., Ys) such that Y;(z) = v; for
every j =k+1,...,m. Thus, we get

(31) Yjf(x)=0 whenever E+1<j<m

and we can find (Y1,Ys,...,Y%) such that (Yq,..., Ve, Yii1,...,Ys) is a left invariant or-
thonormal frame such that

span{Yi(s),Ya(s),...,Yn(s)} = HsG
for every s € G. We complete this frame to the following orthonormal basis of G
Y, Yo, .. Y, Yiga, ..., Yy).
Let F: R? — G be a system of graded coordinates defined by

(32) F(y) = exp (Xq: ¥Y;)
j=1

and let us center this system of coordinates at x defining

Fo(y) =1.F(y) and f(y) = f(Fu(y)).

Then we have

(33) Oy, [ = df © 0y, F,.

We consider the canonical vector fields e; in R? and define their images

(34) Zj = (Fy)«(ej), where Zj(x)=Y;(z).

Then in a neighbourhood Q' C Q of x, we get

(35) ZifNZaf N NZpf #0

in a neighbourhood of x. By definition of image of vector field, we get
Z5(2) = (B () = 5 (o F) (7 (2) = 0, (P (),

It follows that y, f A Dy, f A--- Ay, f # 0 on F;1(Q) € RY. From the implicit function
theorem there exist a bounded open neighbourhood U C RP of the origin and a mapping

(36) w(f) = (Spl(g)?"'790k(§)7€17"'7§p)
defined on U such that f(o'(€),...,9"(€),&1,...,&) = 0 for every & € U. We define
() = F(4(6), where fod =0,

We have the formula
fip(X N By ) _ rk_Q/ oP N od
®—1(Bg,r)

8—51(5)/\ '/\a—gd ;

rQ@—Fk
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Dilations with respect to graded coordinates become ST = F~106, o F, then we restrict 57,

to the subspace {{ € RY | & =& = -+ = &, = 0} and perform the change of variable
q . ~
(37) &= > ¢ e, =08
Jj=k+1
Observing that Q — k = Z] i1 d(F), we get
jin(3 N By.y) / 0P - 9P ,
= N3 6.8 de,
rQ=k 51/ ®1(Byr) 351( )N 35;;( ) p
where
N 16,
51/T(I)_1(B$,7’> = {5 eRP ‘ <w» sy ( 5)7517 s 7£p> S F_I(Bl)} :
For every i = 1,...,k, Taylor expansion yields
m—k
(38) rl (6,:6) = Y ek (0)€ + o(1).
7j=1

In view of (31) and (33), we obtain

~ -1 . - -1
26, (0) = = (Vi S))  Jya(0) = = (Voo F0))  Yigf (@) =0
for every j =1,...,m — k. It follows that

sup ©(0,6)

(39) sup (

‘—>0 as r— 07,

where A is a bounded subset of RP. As a result, we have proved that

0P 0P
OV A - A —
g,V

where we have set IT = {(0,0,...,0,&,&2,...,&) € R?}. Now we wish to obtain a geometric
characterization of the limit (40). Let us consider the Hodge operator * with respect to
g and the orientation e = T} A --- A Ty, where the frame of vector fields (T,...,T}) is an
orthonormal frame with respect to ¢ defined on a neighbourhood of z. We define

0P 8(1) }
851 gp ’

observing that they are orthogonal with respect to g. Due to Lemma 5.1 and the identity
% — (_1\kd
*k = (—1)"¢ we get A # 0 such that

i b 0% oo
(41) Vaf Ao AV = <8§1/\ A8§p>,

(40) lim (20 Bry) _

lim = = (N (Bl))‘

N:span{ngl,ng2,...,ngk} and S—span{
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where * denotes the Hodge operator with respect to the metric g. The same identity and
the defining property (11) yield

0P 0P
42 AN Ny | =— A AN —=— TIN---NT,
@ (i (Ggnngy)) T
0P 0P
= (=D ZyN - Zg N — A A ——.
( ) ! F 851 afp
From equality
d
0% _ dF, o 8_1&’
9&; 9
observing that v¢, = e + Z’;zl ¢5.€s and taking into account (34), we achieve
k
d
g—g ZZk+z‘O‘I>+Z<P§i Zso®.
i s=1
The last formula along with (42) implies that
0P 0P
43 AN Ny % m— N N TyN--NT,
) < 1 ¢ (8& 8fp)>g 1 q

= (=D ZyN - Zy Ny A N2,
Applying the relationships
1 0 0 1 0 0
—_— — A A, YiN- ANYy=——=r— A AN
\/det(gw) ayl 8yq

and evaluating (43) at =, we get

TiA-- AT, =

onye # (22 A A 22NN () = Ly, [ det(2)
(44 <Y1/\ M (551/\ A5§p>>g() =" det(gi;(x))
hence (41) yields
(45) Ma) = e(0.9) (<) (Vi A= AV Vol A AV ) (@),

where ¢(g, §) is equal to \/det(g;;(z))/det(g;j(z)) and it is a constant independent from z,
due to the left invariance of both volz and vol,. We precisely have

det(gij(x)) _ volz(B1)

det(gij(z))  volg(B1)

c(g,9) =

From (41) and (45), it follows that
o o (0)‘ [Vaf'(@) A= AV fH()]g

(Yi(z) A - AYi(2), Vg fH(a) A AV fH)),

(46) |55 @ A A 5o

= c(g,9) ‘

We consider the following unit normal k-vector field
ngl JANRIEEIVAN ngk
Vgt A AV [

n=
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In view of Definition 3.2, we notice that
3 o Voft A AV, fE
i, = (g7) ' (A) = :
g k k( ) \ngl/\"'Angk\g
Thus, taking into account also Definition 3.1, we get

3 (Vo f A AV fE Yo, Ao A Y,
IVaft A AV fF

fiy g = Yo, Ave- A Y, .
1<ai<-<ap<m
Applying (31), it follows that
(Vo f' (@) A AV fF (@), Vi) A--- A Yi(2))
[Vaft(z) A~ AV k()5

47) g p(z) = Yi(z) A A Yi(z).

We also observe that

(Vof ' A AV S YIN - AYi) = (Vaf A AVGE YA - A Y,
hence joining (46) with (47), we establish that
0P A 0P _ 1

g O N A g O] =cl09)

Next, we will give a geometric characterization of the number Hf. | (H nFE *1(31)). By virtue

(48)

of (47), the subspace orthogonal to that associated with ng () is exactly
span{Yj;11(z), ..., Yy(x)} C G.
Due to Remark 3.1 we have n, = An for some A # 0, then gy g(z) = Ang(x). Being ng g (x)
a simple k-vector, it follows that ny(x) is simple too. As a consequence, Definition 5.3
implies that
N(IIH(.Z‘)) = exp (Span{YkJrl(x)? ce ,Y;](.Z‘)}) = F(H)v
therefore we get

(49) 0% (np(z)) =1 (LN F~(By)).

Taking into account formulae (40), (48) and (49), the proof of (29) is achieved.

Now, we are left to prove the validity of the Hausdorff convergence (30). Let R > 0 be
fixed. For every r > 0 suitably small, we observe that
(50) DgrnN (51/7, (lx—1 Z) =DgrN 51/T (lx—l @(U)) = DgrnN (51/,,F('¢(U)),

where ® : U — ¥ parametrizes a neighbourhood of z in ¥ and ¢ is defined in (36). In
order to apply Proposition 5.1, we will prove its conditions (2) and (4). Let (r,) be a
positive sequence such that r, — 07 and let (z,,) be a converging sequence such that

Tn € DR N 61y, F(0(U)).

Ty =F <¢§_€n)7gl/rn§n)

n

We have

where the restriction 6, is defined in (37). If we set o Jro&n = T, then the convergence
of (x,) implies the convergence of (n,) to a vector n € RP. Due to (39), it follows that

©(6p,, M)/ — 0, therefore
T, — F(0,...,0,n) € F(II).
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Thus, we have proved that
lim z, € DpNF(II) = DN N (fg g (z)).
n—oo
This shows condition (4) of Proposition 5.1. Now we choose
T =F(0,n) € DrN N (fig,u(z)),
where 17 € RP and define
o O (1
5 = F (@( rnn)m) and () = F (90( a 77))7”])
T'n Tn
where we have arbitrarily fixed 0 < ¢ < 1. For n sufficiently large, depending on ¢, we have
2a(t) € Br 18y, F($(U)),

since z,,(t) — F(0,tn) € Bg. In particular, by (50) we have
(51)  dist (xn(t), DrN 51/%F(¢(U)) = dist (a:n(t), DpN 6y, (zx_lz)) — 0.
We also notice that

JLIréop(mn(t),xn) = p(F(0,tn),F(0,n)) =o(t) — 0 as t—1".
Triangle inequality yields

limsup dist (a:n, Dr N6y, (lx—1 Z)) < o(t) + limsup dist (:L‘n(t), Dr N6y, (lx—1 Z)),

n—oo n—oo

then (51) gives limsup,, ., dist (a:n,DR N 01, (L E)) < o(t). Letting t — 17, we have
shown that
dist(zy, Dg N 01y, (l;—1%)) — 0.

This shows the validity of condition (2) of Proposition 5.1. As pointed out in Remark 5.1,
conditions (2) and (4) of Proposition 5.1 characterize the Hausdorff convergence, hence the
proof is finished. O

6. REMARKS ON THE ROLE OF THE METRIC FACTOR

We wish first to present a class of homogeneous distances such that 7(-) is constant.

Definition 6.1. Let F': R? — G be a system of graded coordinates and let z = (y1,...,y;)
belong to RY, where y; € R™ and n; = dimV} for every j = 1,...,.. We say that a
homogeneous distance p on G is symmetric on all layers if there exists w : RY — R only
depending on the Euclidean norms of y; such that

p(z,e) =w (F'(z)),
where € G and e is the unit element of G.

Proposition 6.1. Let v,pu be in Ap(V1) and let p be a homogeneous distance, which is
symmetric on all layers. Then 63 (V) =09 (u)
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PRrOOF. Assume that v = Uy AUsA---AUg and u = Wi AWoA- - - AWy, where U;, W; € V
for every i = 1,..., k. Both orthogonal spaces £(v) and L£(u) can be written as

Lv)y=ThoV,oVzod---aV, and L) =ThoVaoWhae ---aV,
where the (m—Fk)-dimensional subspaces 77 and T3 are orthogonal to span{Ul, Ua,..., U}
and to span{Wy, Wa, ..., Wy} in V1, respectively. Let us define S; = F~* (exp (T )) C R
and consider an Euclidean isometry [ : R? — RY such that {(S1) = Ss, I[(S{) = S5 and

FoloF~!:exp(Va®---@V,) — exp(Va®---@®V,) equal to the identity mapping. Defining
L=FoloF':G— G we have L (exp (£(v))) = exp (L(n)) and

p(L(z),e) =w (F_I(L(x))) =w (l(F_l(a:))) = w(F_l(a:)) = p(z,e).
This implies both inclusions L(B1) C By and L~Y(B;) C By, then L(B;) = Bj, where
B1={p€G|plpe)=w(FLp) <1} As a consequence, it follows that
F ' (expL(u)NB1) = F 1o L (exp (L(v)) N By)

and we notice that F~! o L o FF = [ is an Euclidean isometry. Then the definition of metric
factor concludes the proof. O

Example 6.1. An interesting example of homogeneous distance which is symmetric on all
layers is given in Theorem 5.1 of [16], where

(52) wiw) = max {e; |( mimt ™|,

yj = (i1t ™) my = S dim V, and ¢; are suitably small constants, depending
only on the group. Then the corresponding distance d(p, s) = w(F‘l(p_ls)) has constant
metric factor with respect to all horizontal k-vectors.

Other examples arise from some classes of H-type groups, including Heisenberg groups,
where the metric factor on horizontal vectors with respect to the Carnot-Carathéodory
distance is constant, [24].

Now we recall that in the introduction we have used the notation Sg *=q SS9k where
it has been assumed that p has constant metric factor and then

a=05(v) forevery ve Ay(V1).

Due to formula (4) it is easy to realize a rather surprising phenomenon. In fact, the measure

S¢ ~FLS does not depend on the homogeneous distance p used to construct it, since in the
right hand side of (4) the distance p does not appear. This means that the metric factor in
a sense really makes the measure

09(np () SOFLY

more intrinsic, compare with [31]. As an easy example to test this fact, we simply consider
two homogeneous distances p and p = A p, where we have fixed A > 0. Then it is easy to
observe that

—k _ _
(53) SITF = \OTRSIH,
We consider the formula

0%(np(z)) = HP (F—1 (BfnN (nH(a:))))
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and notice that Blﬁ = d1/» (Bf ) The key observation is that the restriction b, to the
vertical subgroup N (nH(w)) has Jacobian equal to r9~*. In other words, the simple p-
vector associated with the vertical subalgebra E(nH(:z)) has degree ) — k. Then we have

F (B N N(ng(z))) = by (F—l (B{ N N(nH(x)))>

that implies

1
(54) 03(np(r) = o 05 (np(x)).
Taking into account (53) and (54), we have shown that
02(np(z)) ST = 09(np (2)) SFLY
for every non-horizontal submanifold .

Example 6.2. Let us consider the stratified group G = H' x H! that is the direct prod-
uct of two Heisenberg groups. Let represent G through the system of graded coordinates
(z1,22,y1,Y2,t, 7) with respect to the vector fields

X1 = 0z — w20, X9 = Opy + 1104, T =0,
Y1 = ayl — Y207, Yy = 8@/2 + 910r, Z = 0;.

Notice that here only 1-dimensional submanifolds are always horizontal. We consider a
function h € C*(R?) such that h(0,0) = 1. Then we consider the surface parametrized by

O (u,v) = (u, h(u,v),u,v,u,O) .

We compute the partial derivatives, getting
oty 0) = (Ory + o Dy + By + 0)

|® (u,v)
O, (u,v) = (hyﬁaC2 + 8y2>

|®(u,v)
therefore, using the expressions of the left invariant vector fields, we obtain

{ O, (u,v) = X1+ Y1+ (h—uhy +1)T + hyXo +0vZ

(55) By (1, 0) = hyXo + Vs — uT — uZ

The homogeneous dimension @ of H! x H! is 8 and the codimension k of ®(R?) is 4. Then
we consider

(<I>u/\<I>v)4:u(h+l—uhu—v)Z/\T
Then our assumption on  implies that any neighbourhood in ®(R?) of ®(0) clearly contains

a non-horizontal point. Then the C! submanifold ¥ = ®(R?) is non-horizontal and we have
the formula

St L3 = By (lu (b + 1 = uhy, — v)| £2)

where £2 denotes the Lebesgue measure of R? and we have fixed a precise homogeneous
distance p in H' x H' with constant metric factor.
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7. PROOF OF THE COAREA FORMULA

The proof of coarea formula (5) essentially follows the same steps of [28], where the domain
of the mapping is an Heisenberg group. For the sake of the reader, in this section we wish
to present its proof with the appropriate definitions extended to this more general context,
where the domain is a stratified group and the auxiliary metric g is also taken into account.

Definition 7.1 (Horizontal Jacobian). Let f : © — R* be a mapping of class C'! defined
on an open subset ) C G and let x € 2. The horizontal Jacobian of f at x is defined by

Jonf @) = |mon (V11 @) A A V@) |

Proposition 7.1. Let ¥ be a submanifold of G and let f : U — R* be a C' mapping
defined on a neighbourhood U of x € ¥ such that UNY = UN f~1(0). We have the formula

(56) Jgf (@) g, (x)| = Jguf(x).

PROOF. One of the two possible horizontal k-normals n(x) with respect to § can be
defined as follows

Vafl(@) A AV [H ()

) = @) A AV )L
Then we have
N B =Lk (= g (@) (df () A -+ A dfF ()|
fgr (@) = o (G001 (8| = =250 e i o
_ o (V@A AV @) Jyuf (@)
Vo) A ANGP@,  Jof@)

This concludes the proof. O

PrROOF OF THEOREM 1.2. We first recall the following Riemannian coarea formula from
Section 13.4 of [6]:

(57) /G u(z) J; f(x) dvoly(z) = /R k ( /f o u(y)dﬁp(y)>dt,

where f : G — R¥ is a Riemannian locally Lipschitz mapping, u : G — R is a summable
function and fi,, is the p-dimensional Riemannian surface measure with respect to g restricted
to f~1(t). Notice that for a.e. t € R* the measure fi, is well defined on f~1(t), since the
set of singular points in f~1(¢) is ji,-negligible. We first suppose that f : G — R* is of
class C'. Let Q be a bounded open set of G and consider the summable function

J,
up(z) = LiyeQlJ, uf(y)#0} () {g]i@Hfij(cg(j)'

If the subset f~1(t)N{y € Q| Jyuf(y) # 0} is nonempty, then it is a C'! submanifold.
Thus, taking into account (56) and applying (57) to ug, we get

[ danrte)ivolyto) = | ( / |ﬁg,H<y>rdap<y>)dt.
Q RF Fr)n{yeQ|Jg, u f(y)#0}
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Multiplying the previous equation by ¢(g, g) and taking into account (3), we get

[ Tnns@dvoly(e) = [ SEH(F Oy € | T ) £ 0}t
Q R¥
Notice that we can apply (3), since the set

O Nn{y e Joufly) # 0},

when nonempty, is a non-horizontal submanifold. This follows from formula (56) and taking
into account both Proposition 3.2 and Proposition 3.3. Due to the generallized Sard type
theorem of [23], we get

/Jgﬂf( ) dvoly( / S nQ)dt.
Q

In the previous assertion, we have used the fact that the Pansu differential of f at x
considered in [23] is surjective if and only if Jg g f(z) # 0. The previous formula can be
extended to all measurable sets E of G as follows

(58) /E Jo. 1 f () dvoly(z) = Rksg’k(f_l(t)mE)dt.

In fact, the Eilenberg inequality 2.10.25 of [11] and the outer approximation of bounded
measurable sets by open sets show the validity of (58) for all bounded measurable sets. Its
extension to all measurable sets is then obtained by the Beppo Levi convergence theorem.

Now, we consider the Lipschitz mapping f defined on a measurable set A. Then we
extend it to a Lipschitz mapping f defined on all of G. Let € > 0 be arbitrarily fixed and
apply the classical Whitney’s extension theorem, see for instance 3.1.15 of [11], according
to which there exists a C'! mapping fl : G — RF such that the open set

O={zeG|fi(z)# filz)}

has volume measure vol, less than or equal to . Notice that vol, in a system of graded
coordinates corresponds to the Lebesgue measure up to a factor. In view of definition of
horizontal Jacobian, we have

Jouf(x) <C H |V f7] < C Lip(f)k.

7j=1

for a.e. © € A, where Lip(f) is the Riemannian Lipschitz constant of f. It follows that

(59) /A  Jynf@) dvly(a) < CLip(f)' e

By Eilenberg inequality 2.10.25 of [11], we have
(60) [, s9H 0N 0)dr < CLin()*e
Rk
for some geometric constant C. Applying (58) to the subset E = A\ O

(61) /A o) ol / SH(F 1)\ 0)dr.
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As a consequence, estimates (59), (60) along with equality (61) give

(62)
Arb

(63)

/AJg,Hf(a:) dvoly () — /Rk Sg_k(fl(t))dt‘ < (CLip(f)* + CLip(f)*) e.
itrary choice of € proves the formula

/ Ty f () dvol, (z) = / SO (£ () de
A Rk

It is clearly not restrictive considering v > 0 a.e. Thus, our claim is achieved taking an

incr

easing sequence of step functions a.e. converging to let u, since one can apply the Beppo

Levi convergence theorem. O
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