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ABSTRACT. We prove the Area Formula for Lipschitz maps between strati-
fied nilpotent Lie groups. The main tool is the differentiablity of Lipschitz
maps, proved by P. Pansu in Ann. of Math. ’89. We extend this result to the
case of measurable domains with non trivial technical modifications. A suit-
able notion of jacobian is given for differential maps, called G-linear maps,
finding relations with the classical definition of jacobian. Consider two stra-
tified nilpotent Lie groups G, IP and a Lipschitz map f : A — P, where A isa
measurable set of G. The symbols ’H?, ’H? denote the @-Hausdorff measures
respectively defined on the metric spaces (G, d) and (P, p). The jacobian of
a G-linear map L : G — P is defined as Jo(L) = HS(L(B1))/HS (B1),
where B;j is the unit metric ball of G. Thus, the Area formula is stated as
follows

[ Jatdet) a3 @) = [ N1 A 1S ).
where N(f, A,y) is the multiplicity function of f, relative to the set A.
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1. INTRODUCTION

In the last years a considerable attention has been devoted to Carnot-Carathéo-
dory spaces, characterized by a geometry quite far from the euclidean one, see [5],
[9], [17], [18], [19], [31], [32], [34], and other authors. Since these spaces are not
locally bi-Lipschitz equivalent to euclidean ones, the development of the classical
tools of Geometric Measure Theory in these spaces (area and co-area formulas,
sets of finite perimeter, currents) is still a largely open problem, nevertheless some
important recent contributions have been given [1], [6], [8], [13], [14], [15], [16],
[20], [22], [24], [25], [29], [30], [31], [35], but the list could be enlarged.

In this paper we establish the area formula for Lipschitz maps f : A C G — P,
where G and P are stratified groups (with the terminology of [12]) and A is
a measurable subset of G. As in the euclidean case, the proof of this result
strongly depends on the a.e. differentiability of f (that makes sense in this setting,
due to the homogeneous structure of the domain and of the target space). In a
fundamental work [28] Pansu proved that the Rademacher theorem still holds,
i.e. any Lipschitz map f : A — P is a.e. differentiable in A, provided that A
is an open subset of G. In this paper we extend the Pansu result to a slightly
more general situation, dropping the assumption that A is open and proving
the differentiability property at a.e. density point of A. This generalization
requires some effort, since no Lipschitz extension theorem is presently known in
this general setting. Although we follow essentially the Pansu approach, our proof
involves some nontrivial technical adjustments due to the fact that the interior
of A could be empty (see Section 3). In the case when G = PP (and the area
formula reduces to the change of variables formula), the same problem has been
considered by Vodop’yanov and Ukhlov in [35], but with a different approach,
involving a different definition of jacobian. However, the proof of differentiability
is independent of [35], where, in the author’s opinion, a technical difficulty in the
extension of Pansu’s technique has been overlooked.

The area formula states that

[ oty ang@) = [ N7 ) dng.
A P

The function N(f, A,y) is the standard multiplicity function and Jg(d, f) is the
jacobian of d, f, which is defined on all G-linear maps and can be computed by

JQ(dwf): ,HQ(B)
d 1
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(by translation invariance, any bounded open set in place of By can be considered).
A G-linear map L : G — P is a homogeneous homomorphism with the contact
property of sending horizontal elements of G in horizontal elements of P. Thus,
a more manageable formula for the jacobian of G-linear maps can be obtained,
noticing that L induces, through the exponential map, a linear map L between
the corresponding Lie algebras G, P (see Corollary 3.14). Indeed, we prove that

_ HLPBN LB
HILP(BY) HF (B) ’

where J¢(L) is the classical algebraic jacobian of L, P = L(G) and P = In P (see
Proposition 3.18). The other factor (H$LP(B{) L1(By))/(HILP(B]) 1S (By))
plays the role of a distortion factor which takes into account the different measures
HdQ, H/?' Notice that in the case that P = G this factor is exactly equal to one
(see Remark of subsection 3.2), so our definition of jacobian coincides with the
classical one, according to the results of [35].

Our proof of the area formula follows a classical path, but the definition of
jacobian allows to avoid the decomposition of the differential as a product of a
symmetric linear map and a rotation, following a bit more intrinsic computation.
We get a decomposition of almost all of

A ={reA|3def, Toldef) >0}

Jo(L)

in countably many measurable sets A; on which f is close to a G-linear map
L;. We have adopted a different approach from the classic one in the proof
that H? (f(A\ A")) = 0: indeed, instead of the usual approximation of f(z) by
fe(z) = (f(z),ex) (see [11]) we follow a purely intrinsic approach adopted, in the
euclidean case, in [2].

2. NOTATION AND DEFINITIONS

We consider a stratified simply connected Lie group G and its Lie algebra G,
which is the direct sum of the spaces V;, with the generating conditions [V;, V;] =
Vivr and V; = 0 for ¢ > n, [12]. The least integer n is called the degree of
nilpotency or the step of G. The stratified structure of the algebra allows us to
define a one parameter group of dilations 8, : G — G as §,(v) = Y1 | ruy,
where v = Z?:l u;, u; € V; and 7 is any positive number. So 6,00; = §,5 holds
for r, s > 0 and ¢, is a homomorphism of the algebra G. We can also define
dilations for negative factors as follows: ;v = dj;v~" for ¢ < 0. Thanks to the
generating hypothesis we find a basis of vectors (v;);—1, . for the space V; such
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that the set of all finite linear combinations of v; and all their commutators [v;, v;],
[vi,[vj,v]],..., generate G. An important property of the basis (v;) C G is the
following: there exists a bounded neighbourhood of the unit element E, such that
any z € FE can be represented as a product with a fixed number of factors of the
form exp(ajv;,) - --exp(ayv;, ), i; € {1,...,k} with (a;) belonging to a bounded
set of R?. In all the subsequent we will call a basis (v;) with the above property
a generating basis.

The exponential map exp : G — G is a diffeomorphism because G is simply
connected, so we denote the inverse map of exp as In : G — G. The well known
Baker-Campbell-Hausdorff formula translates the law group of G into the algebra
G, allowing explicit computations, [33]. We can interpret the exponential map
as a unique chart which allows us to think objects of the group as elements of
a vector space with a suitable metric. We define on G a left invariant distance
as follows. The subspace Vi3 C G can be translated over all fibers of the group,
so we obtain a uniform distribution of subspaces of the tangent bundle, the so
called horizontal bundle. Now consider all curves which are absolutely continuous
with derivative a.e. in the horizontal bundle, the so called horizontal curves.
The generating condition on the group implies that the space is connected by
horizontal curves [7], [17]. We fix a scalar product on G, then a Riemannian
metric is defined on all of G such that all translations are isometries of the group
(G is also called sub-Riemannian group). Thus, given any pair of points z, y of G,
we define the infimum among the lengths of all horizontal curves joining the points
as the Carnot-Carathéodory distance or sub-Riemannian distance between them,
denoted by d(z,y), [17]. This definition fits into the more general framework
of Carnot-Carathéodory spaces [23]. The fact that translations are isometries
implies that the distance we have defined is left invariant under translations of
the group, that is, d(x,y) = d(zz, zy) for any z, y, 2 € G. We define a distance on
G by making the exponential map exp : G — G an isomentry, so we essentially
identify G with G throughout the paper and we will not use different symbols to
denote the distance both on G and G. A group of dilations on G is defined as
expodpoln : G — G, for any r > 0 and still denoted with tha same symbol. The
analogous group properties of dilations in G hold. The self-similarities §, have
the important compatibility property with the metric d(d,z,d,y) = rd(z,y),
whenever z,y € G, r > 0. If e is the unit element of G, we will write d(z) =
d(z,e).

The topological dimension of G will be denoted by ¢, throughout the paper. It
turns out that the Lie algebra G is a vector space of dimension ¢ and a Lebesgue
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measure L£? on G is defined in the fixed scalar product. In view of the Baker-
Campbell-Hausdorff formula, the jacobian of any translation is an upper trian-
gular matrix, with 1’s along the diagonal, this implies the left invariance of £?
under translations of G. The metric balls of G have Lebesgue measure which
scales with a power @ = Y ['idimV; of the radius. This comes from algebraic
definition of dilations, because < is just the jacobian of 6, : G — G. So, G as
a metric space has finite -Hausdorff measure ’HdQ, which is left invariant. Thus,
the Lebesgue measure £¢ and ?—[dQ are Haar measure on the group, so L9 is a
constant multiple of ’HdQ. A more general result about the Hausdorff dimension
holds in Carnot-Carathéodory spaces [23]. To simplify notation we will denote
by ’HdQ as the Q-Hausdorff measure both on G and G, being the exponential map
an isometry.

In this paper we consider maps between two not necessarily equal Carnot
groups, so we have to define another stratified simply connected Carnot group P
with an algebra P. The algebra P is the direct sum of subspaces W;, with W; =0
for j > m. We have dilations A, both on P and P, there is a distance p and all
of their properties are stated analogously as for G.

Definition 1 (Lipschitz functions). Let (X, d), (Y, p) be two metric spaces and
f: X — Y. If there exists a constant L > 0 such that

p(f(u), f(v)) < Ld(u,v) for any u,v € X

we say that f is L-Lipschitz and L is a Lipschitz constant of f. We denote with
Lp(f) as the infimum among all Lipschitz constants of f.

Definition 2 (Doubling spaces). Consider a Borel measure p on a metric space
X. The couple (X, u) is called a Doubling space if there is a constant C' such that
for any ball B C X it follows

n(2B) < Cu(B),
where 2B denotes the ball with the same center and double radius.

Definition 3 (Density points). Given a metric measure space (X,d,u) and a
measurable set A C X, we define Z(A) as the set of points z € A such that

w(AN By )
,U(Bw,r)

where B, , denotes the open ball in X with center x and radius .

—1 as r—0,
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We will call density points, the elements of Z(A). If (X,d,u) is a doubling
space it can be proved that A\ Z(A) has p-measure zero, see for example [11];
moreover Z(A) is bi-Lipschitz invariant. The next lemma states an elementary
and well known property of density points in doubling spaces.

Lemma 2.1. Let (X,d,u) be a doubling space. Then for any measurable set A
and x € Z(A) we have d(y, A) = o(d(y,z)) asy — x.

Definition 4. We define B, , = {y € G | d(y,z) < r} and B, = B, ,, where e
is the unit element of G. We distinguish balls of P adding the symbol p as BY .
We will use the same symbol to denote balls respectively of G and P. In fact, the
Lie groups G, P are considered isometric to their Lie algebras G and P.

The Carnot-Carathéodory distance and the Euclidean distance in a stratified
Lie group G are related by the following estimate

(1) |z —yl < d(z,y) < Cle—y|"/" forany 2,y e K CG,

where n is the degree of nilpotency of G, K is a compact subset and C' is a
dimensional constant depending on K. This estimate is true in more general
Carnot-Caratheodory spaces, see paragraph 0.5 of [17] and [26].

Definition 5. A map L : G — P is called homogeneous if A,.(Lz) = L(d,x) for
any 7 > 0. A map L : G — P is homogeneous if the map expolLoln : G — P is.

Definition 6 (G-linear maps). We say that a map L: G — P is G-linear if it is
a homogeneous Lie group homomorphism. A map L : G — P is called G-linear
if expoLoln : G — P is G-linear.

Remark. Notice that our definition of homomorphism between the Lie algebras G,
P here is not the conventional one. In fact, in the Lie group theory Lie homomor-
phism of Lie algebras are assumed to be linear with respect to the linear structure
of the algebra and homomorphism with respect to the Lie product [-,-], [36]. In
our setting the exponential map is a diffeomorphism, so we have an associative
operation on G which cames from that of G, then there is a natural structure of
Lie group on the Lie algebra. Thus, our definition of G-linear map on Lie algebras
is referred to the Lie group structure of the algebra. In the Subsection 3.1 the
conventional properties assumed for Lie algebra homomorphisms will be proved
starting from Definition 6.
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Definition 7. Given a measurable set A C G, z € Z(A) and amap f: A — P,
we say that f is differentiable at x if there exists a G-linear map L : G — P such
that

@ i p(f(x) " f(y), L(z""y))

=0.
yEA, y—u d(I,y)

A map f: ACG — P is differentiable at € Z(A) if expofoln : exp(4) — P
is differentiable at Inx, (which is a density point, in view of Remark 2.1).

Notice that Definition 7 becomes the Pansu definition of differentiability [28]
when A is an open set. The following proposition shows that the differential is
unique and essentially independent of the domain A; the proof is a straightforward
consequence of Lemma 2.1, so we omit it.

Proposition 2.2. Let f: ACG — P, g: BC G — P be Lipschitz maps, with
x€Z(ANB), f =g on AN B and f satisfies (2). Then we have
(1) the map g is differentiable at x and
b PY@ (), Lz1y))
im
yeB, y—a d(z,y)
(2) If g is differentiable at x with differential T, then T = L.

In particular, the differential is unique.

=0.

Motivated by Proposition 2.2 we denote by d,f the differential of f at =z,
wherever it exists.

3. DIFFERENTIABILITY ON MEASURABLE SETS

In this section we prove the a.e. differentiability of a Lipschitz map f : A — P,
where A C G is a measurable set and G, P are stratified groups. Since the target
metric space G is complete and f is a Lipschitz function, if it is not otherwise
stated, we will assume in this section that A is a closed subset of G. In view of
Proposition 2.2 we note that this assumption does not modify the differential map.
We have already seen that the notion of differential is well posed at density points.
But the question of differentiability is also related to the shape of the domain
around the point where we consider the differential approximation. Moreover,
we will see that the definition of differential (G-linear map) requires some further
properties of the domain around the point. This issue is explained in the following
proposition.
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Proposition 3.1. Consider a summable function g: G — R and z € G. Then
[ latwi) — gl @) — 0 ast—0.

PROOF. By an isometric change of variable, the map g can be read on G where it
is £9-measurable. Then we can use the standard density arguments to achieve the
theorem. The density argument works because the Lebesgue measure is preserved
under translations of the group. The isometric change of variable does not change
the value of the integral. O

Corollary 3.2. Let A C G be a compact set and let (1;) be an infinitesimal
sequence. Then there exists a subsequence (t;) such that, limg, 0 14(yds, 2) = 1,
for ’HdQ—a.e. y € A.

Proor. It is enough to apply Proposition 3.1 to g = 14. (]
The following Lemma is a particular case of Theorem 2.10.1 in [33].

Lemma 3.3. Let Zy, Zy be two subspaces whose direct sum gives G and Zy with
dimension 1. Then there are open neighbourhoods of the origin Qy C Z1, Qs C Zs
and an open U € G, U 3 e, such that the map ¢ : Qs x Q1 —> U, defined as
d(w,z) = expwexp z, is a diffeomorphism.

Proposition 3.4 (Linear density). Letv € G and Ty, = {s € R | zexp(sv) € A},
then 0 € Z(Ty ) for HdQ-a.e. z €A

Proor. Consider the map ¢ : Q5 Xy — U of Lemma 3.3, where Z; is the space
spanned by v and Zs is the complement factor. Covering A with a countable
family of translated neighbourhoods {y; U} it is not restrictive to assume that
A C U. Thus, identifying Qs x €y with R?, by 3.1.3(5) of [11] applied to the
measurable set ¢ 1(A) C Oy x Q; we obtain that for L%-a.e. (w,2) € Qz x Q; the
set {7 ] (w,7v) ¢ ¢ 1(A)} has density zero at t. Then the set

T¢(w,tv),v = {8 | ¢(w7 t’U) eXp(SU) ¢ A}
={s|o(w,(t+s)v) ¢ A} ={r | ¢(w,7v) ¢ A} 1
has density zero at s = 0. O

Remark. It is important to observe that only when v € V; (v is a horizontal
vector) we have T, , = {s € R | zexp(sv) € A} = {s € R | zds(expv) € A}.
This fact will be useful in the proof of Theorem 3.9, for the construction of the
approximating path (see discussion before the Theorem).
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Lemma 3.5 (Horizontal extension). Consider v € Vi and a Lipschitz function
f:ACU — P, with U as in the Lemma 3.3. Then there exists a function
fY: U — P eatending f, which is Lp(f)-Lipschitz on any segment {y exp(tv) |
tv e N} CU for any y € exp(2) CU.

PROOF. Let ¢: Qs x Q; — U be as in the Lemma 3.3. For any w € Qs we will
extend the map ¢(w,-) to all of Qq. The set Z,, = {tv € Oy | d(w,tv) € A} is
closed in €y, so Z5 N2 is a countable disjoint union of open intervals. Thus, we
can define f(w,-) on any bounded interval of ZS N joining with a geodesic the
values of f(w,-) on the boundary of the interval (Carnot groups are geodesically
complete metric spaces, [17]) and putting constant values on the unbounded
intervals, if they exist. This extension of f¥(w,-) is Lp(f)-Lipschitz on the segment
d(w, 1), because we are using the Carnot-Carathéodory metric (length metric)
and ¢(w, tv) = expwexp(tv) is a radial geodesic in (G, d), being v € V;. O

Remark. Under the hypotheses of Lemma 3.5 we make the following two obser-
vations: the extension fv is not necessarily continuous on U and if u = §,v, for
some a € R, we have f* = f¥. The map Ino¢ : Qs x ;3 — G, being differen-
tiable, is locally Lipschitz with respect to the Euclidean metric on Q5 x ¢ and
the scalar product on G. This implies a Lusin property for the map exp o ¢, that
is, L%-negligible sets of Qs x 2; are mapped into L?-negligible sets of G. But £
is proportional to ’HdQ on G, so the Lusin property holds for ¢.

Using the extension lemma and the differentiability of rectifiable curves proved
in [28] we get the existence of partial derivatives along horizontal directions.

Proposition 3.6 (Horizontal derivatives). Under the hypotheses of Lemma 3.5,
for ’HdQ—a.e. x € U there exists

lim Ay gy (£ (2) 7' " (z exp(tv))) = Ouf" (exp(v)) € exp(W1).
In particular f has partial derivative along v for Hg-a.e. x € A.

ProoF. Consider f¥: U — P and define the Lipschitz curve
Ju(t) = ¥ (¢(w,tv)) for any tv € Q.

The Proposition 4.2 of [28] gives the differentiability of J,, for £!-a.e. t € R (in
the sense of definition 7) and moreover the derivative is in Wj. So the derivative
is an horizontal direction of P. Now by a Fubini argument we get the partial
differentiability of f for £%-a.e. (w,t) € Qo x Q4 and by Remark 3 the HdQ—a.e.
partial differentiability follows. O
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Proposition 3.7. Define T, = {t € R | zexp(tv) € A}, with v € G. Then for
any 7 € R the map f : G — R U {+oo} defined as f(x) = infscy, , |5 — 7| is
lower semicontinuous (where is assumed inf ) = +00).

Proor. Choose 0 > 0 and = € A such that S(x) > o. Fix oy such that 8(z) >
o1 > 0,0 zexp(tv) ¢ A for any t € [T — 01,7+ 01]. By the closure of A together
with the continuity of the map z exp(tv) with respect to the variables (z,t), there
exists € > 0 such that yexp(tv) ¢ A for any y € B, . and any t € [T — 01,7 + 01].
Then for any y € B, . it follows B(y) > o1 > 0. O

Corollary 3.8. The map f3 is finite for HdQ—a.e. y € A and yexp (B(y)v) € A.
PRroOF. This is a straightforward consequence of Proposition 3.4. O

The following theorem is one of the two main results of this paper. As explained
in the introduction, we have not in general a Lipschitz extension of the map
f: A — P, so when we fix a point z € A and a direction w € G it might
happen that zexp(tw) ¢ A for many ¢ > 0 and so we are not able to consider
the difference quotient of f in that direction. Thus, we start to fix the attention
on the generating basis of horizontal directions (v;), selecting all density points
x whose curves J;(t) = zexp(tv;) intersect A in one dimensional sets which have
density 1 at 0, getting a set of full measure on A. At these points we are able
to approximate any curve c(t) = exp(d;2), z € G, with a path which is basically
a projection of the line on the set A with controlled distance with respect to the
horizontal directions of the generating basis. Then the function f is defined along
this path and it is possible to evaluate the difference quotient of f.

Theorem 3.9 (Differentiability). Let f : A — P be a Lipschitz map, where A
is a measurable subset of G. Then f is differentiable HdQ-a.e.

Proor. Step 1, (Existence and uniform convergence of partial derivatives)

Consider a bounded neighbourhood E C G containing {y € G | d(y) < 1}. Fix
a generating basis {v; | 1 =1,...k} C G, so there exist an integer v and a bounded
neighbourhood M of the origin of R such that E = {[]]_, exp(asv;,) | (as) C M},
where the products of the elements are understood in ordered sense. By the o-
compactness of G, ’HdQ being a Radon measure on G, we can assume that A is

compact. Thus, considering U as in Lemma 3.3 we cover A with a finite open
covering {y;U} and translating f on (y;U) N A, the invariance of differentiability
under translations allows to assume A C U. Applying Proposition 3.6 we have
the partial derivatives 0, f¥ (exp(v;)) € exp(W7) of the extension f": for HdQ—a.e.
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ye ACU,fori=1,...,k. Thus, for any € > 0, Egorov theorem and the partial
differentiability of f give a closed subset 4;. C A such that ’HdQ(A \ A1) <¢€/3
and the limits

lim Ay (f(y) "7 (yexp(tvi,))) = 0, (exp(vi,)) ,

with s € {1,...,v}, y € Ay, are uniform. Defining u;, = exp(asv;,) and s =
1,...,7, we observe that the existence of 0, fs (u;,) is equivalent to that of
Oy f¥+ (exp(v;,)) and

lim Ay (F () 7175 (0, ) = 0, 75 (i) = Ao, 0, (exp(1,))

for any s € {1,...,7}, y € Ay.. The uniformity of the limit holds even when
a € M. In fact, the following equality holds

p(Bus (F) ™ F (ors,)) By £ (ui))

= aop(Austa,n) (F(0) 7 F (Woar01,) 0y f = (exp(v:,)))
For any ( # 0 and any s = 1,...,v we define the map

By, ¢ vi,) =t€1TIy1£is It —dl,
by Proposition 3.7 this map is a measurable function. Proposition 3.4 and
Lemma 2.1 imply that the quotient |( — B(y,(,v;,)|/¢ tends to zero as ( — 0
for HdQ—a.e. y € A. Then, by Egorov theorem we get a uniform convergence, for
s = 1,...,7, in another closed subset As. C A such that ”HdQ(A \ 42.) < g/3.
Define the measurable map

O:(y) = S }(d(u,A)/d(u,y))

for t > 0 and use again Lemma 2.1 to obtain that 6;(y) — 0 ast — 0T for HdQ—a.e.
y € A. Using Egorov theorem we are able to find a closed set A3, C A such that
’H?(A \ 4s.) < ¢/3 and 6;(y) goes to zero uniformly on As. as ¢t — 0. Now
consider A, = A;. N As. N As. and = € Z(A.). Notice that A. does not depend
on the vector a = (as) € M, moreover ’HdQ(A \ A.) < e. We want to prove the
convergence of the following limit

3)
tin A (f (@) S @02) = TL0ef" (i) = [T Aai, (0257 (exp(01)))

8 2€A,t—0
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uniformly with respect to @ € M and z = []]_, exp(asv;,) = [[)_,ui,. By
Lemma 2.1 with A = A, and y = zd;u;,, we can choose u' € A, such that

(4) d(zdpu,, , ut) < d(zdpuiy , ) 004 (2)

¢

where ¢ = sup,¢ s =1, d(exp(ayv;, ) - - -exp(av;,)). Representing u’ = zdyul ,

the left invariance and the homogeneity of the distance give

d (zéu;,, zéul))
t

Then the convergence of uf to wu; is uniform with respect to a € M. Now

by induction suppose that vectors (w! ) are defined for any j < s < 7 such

L]

that zd,ul, ---u'?j € A, and d(ufj,uij) — 0, uniformly with respect to a € M

d (ugy,ul) = <cbu(z) =0 as t—0

2
(for simplicity of notation we have omitted the parenthesis after the symbol of

dilation d;, being understood that all subsequent terms are considered dilated).
Again from Lemma 2.1 with A = A, and y = z6,u} ---u} u,,,,, we find another

family of points in A., which can be represented as zd;uf ---uf u}  for asuitable
s s+1

u§5+1 and with the property

(5) d(xétu’;fl .- -ufsuisH , xétufl .- ufufﬂ) < 3ctbse(x),

for ¢ small enough, depending on s. The estimate (5) is independent of a € M.
From inequality (5), by the left invariance and the homogeneity of the distance,
we deduce

t t t ..t t
d(@dpul, - -uf wg,,,, xdul ---ulb ul ) < 3¢3(2) 0
>~ 3ct —

d(uis+1’u§5+1) = t

as t — 07 and uniformly on a € M. Finally we consider
g
v (F@) ™ f @i, -+-ui,)) = (T] DLBL)G"
s=1

where z = u;, ---u;, = [[,1, exp(ayv;,) and we have defined :

Di = Avye (fladeut, - oul, )7 (@bl o))
BZ = A1/t (fyis ($5tufl ---ufs_luis)’lf(xétuﬁl Uf)) )

Gt = Ay (f(m(stu’;fl ---ufy)flf(m(stuil "'“i«/)) .
We observe that zd,uf ---ul € A.fors=1,...,7,50 D! = 0f" (u;,) ast — 0

1s
and uniformly when a € M. It remains to be seen that B, s = 1,...,v, and Gt go

to the unit element as ¢ — 0, uniformly as a € U. Denote y! = zdul ---ul €
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A, and w;, =lgu;,; in view of Corollary 3.8 we see that y! exp(B8(yL,t, w;, )w;,) €
A, then we can further decompose B = F! N!, where

F; =Aiy (f” (a:&tufl ---ufs_luis)*lf (x((stufl uf_l) exp(b’(yi,t,wis)wis))) ,

N; = A (f (m(étu’;ﬁl -~-u’;fs_1) exp(ﬁ(yﬁ,t,wis)wis)) f(métu’;fl uf)) .

We have seen that f(y,(,v;,)/¢ = 1 as ¢ — 0, uniformly in y € A, then
B(yL, ast,v;,)/ast — 1 when a varies in M. Moreover

aSB(y’tawis):/B(yvastavis)a 86{1757}
so the following estimates hold
p(Fst) < Lp(f) d (6tuis ) eXp(ﬂEyga t, wis)wis))
= Lp(f) d (exp(wi,), exp ((B(ys, t,wi,) /t)wi,))
= Lp(f) ay d(exp(vi,),exp (B(yar, asti; vi,) /(ast) vs,)

© < 2or) (sup ol ) d(explus)exp (B auteve) (aati)vs)).

d (8 ¢ X t i i
p(N;‘,) S Lp(f) ( tuzs7e p(ﬂiysataw s)ws))

= Lp(f) d (uf,, exp ((Bys, t,ws,) /[Hws,))
(7) = Lp(f) d (uf,, exp ((B(yS, ast,vi,)/(ast))wi,)) .

The first of these two estimates follows by Lemma 3.5, whereas the second is due

to the fact that the points x(8;u} ---uf )exp(B(yL,t, w;,)w;,) and zdpul ---ul

i is

are in A, where f is Lipschitz. Both last right terms of equations (6), (7) go to
zero uniformly as a € M. The same reasoning yields

where we have used the uniform convergence of any uﬁs fors=1,...,v. Now we

remember that « € Z(A.) and € is arbitrary, so there exists a null set N C A such
that for any € A\ N the equation (3) holds uniformly with respect to a € U.
Step 2, (G-linearity and construction of differential)

One finds easily that partial derivatives are 1-homogeneous under dilations. We
want to prove the homomorphism property of partial derivatives, that is 9, f (uw) =
Oy f(u)0y f(w). To get this equality we use step 1, but we need at least of an infini-
tesimal sequence (#;) C R\{0}, which connects the three directions in the following
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sense : for HdQ—a.e. y € A we have ydy, (uw), yoy,u, yo,w € A. In fact, equation
(3) is not trivial when we have directions z € E such that zd;,2 € A and t; — 0.
To obtain the sequence (t;) it is enough to consider the three arbitrary directions
uw, u, w € G and iterate Corollary 3.2 for any direction, extracting further sub-
sequnces. In this situation, with u = [[)*, exp(bsv;,) and w = [[)2, exp(c,v;,),
applying twice step 1 it follows

lim Ay (f(2)7 (20 (w)))

8 2EA t—0

= 11 80, (6F (0w ) ) TT e (025 00 )

s=1 s=1

9)  Oufluws)= dim  Ayy(f(0) 7 f(e(ww)) = 0, f()D, ()

21 z€A, t—0

and directly from equation (3) we infer

(10) dim A (F@) T () = @ )
Now we want to define the differential map d, f globally on G for HdQ—a.e. y € A.
Consider the countable dense subset Dy = {[],)_, exp(bsv;,) | (bs) € Q"} C G.
Define the countable set given by D = {w1---w; | j €N, w; € Do, i =1,...,j}
For any w € D, in view of Corollaty 3.2 we get a sequence (depending on w) which
allows to apply step 1, defining the partial derivative of f on direction w for any
y € A\ N, where HdQ (N,) = 0. It follows that equation (3) is not trivial for all
we W and forally € A\ J,.p No. Thus, for HY-ae. ye Aandw € D, it is
well defined the partial derivative
Ly(w) = lim Ay, (f) " fydw)) .

t—0, Adzdiw

By density we extend L, to all of G, setting L,(2) = lim;_,o Ly(w;) whenever
(w)) C W and w; — 2. In view of equations (9) and (10) the sequence L, (wy)
is convergent and the extension is well defined, so choosing another sequence
(z;) C W which converges to z we obtain

p (Ly(w) "Ly(z1)) = p (Ly(w; ") Ly(21)) = p (Ly(wj " 21)) < Lp(f)d(w; " 2) =0

as | = oo, because w;z; € W. The latter inequality also proves that Ly (w;) is a
Cauchy sequence whenever (w;) is convergent. We have defined L, : G — P for
’HdQ—a.e. y € A. By definition of L, and equations (9), (10) the G-linearity of L,
follows.
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Step 3, (Differentiability)
In step 1 we have proved that for ’HdQ—a.e. y € A it follows
(11)

p(Aup () Fw0i2)) HA Dyfe (exp(v,)) ) — 0 as t=0,

uniformly when z = []7*, 6,,v;,, a € M, and yd;z € A.

We want to prove that the uniform limit (11) implies the differentiability.
Assume by contradiction the existence of ¢ > 0 and (z;) C G such that z; — 0
and

p (FW)~ flyz), Ly(z1) > od(z),
define z; = §;,w;, with t; = d(z;), obtaining

(12) p (A (Fy) " flydw)) , Ly(w)) > o

Represent w; = [[7_, exp(blv;,), (d(w;) = 1), and consider rational vectors (b5) €
Q" N M such that wy; = [[/_; exp(b¥v;,) € Dy and wy; — w; as j — oo. The
explicit definition of L, implies L, (w;;) = [])_, Ay (0z f¥= (exp(vy,))). As we
will see in Subsection 3.1, any G-linear map is continuous in the topologies induced
by the metrics, so that

Ly(er) = Jim Ly(w) = lim HA,),J (a & zs(exp (v:.) )) HAbl (a e (v )).

Replacing L, (w;) in equation (12) we have

P (Al/t, (F(») ™" f(ydywr)) ﬁ Ay ((%f”"s (eXp(vis)))> >0,

s=1

so from uniform convergence of equation (11) it follows

p <A1/tl (Fly) ™ Fydywr)) , ﬂ A (‘%fvis (eXp(v"s)))> —0

which is a contradiction. This concludes the proof of differentiability. O

Remark. It should be noted that the differential does not depend on the explicit
construction we have done in Theorem 3.9, where were involved the generating
basis (v;) and the extensions fi. This fact follows from the uniqueness (Proposi-
tion 2.2). The choice of the generating basis can be interpreted as a fixed sistem
of coordinates to represent the differential.
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In the following example we consider the Heisenberg group H?, linearly isomorphic
to R3, with horizontal vector fields X = 8, — £0.,Y = 0, + 50. of R3, see for
instance [17]. Note that the power 3 indicates the topological dimension of the
Heisemberg group, this notation is not frequent in the literature.

Ezample. An application of the differentiability theorem is given in [3], where it
is used to prove that the Heisenberg group (H?,d) is purely H%-unrectifiable for
k =2, 3, 4, that is any countably H%-rectifiable set S C H? is H%-negligible. In
this case the Lipschitz maps which parametrize the set have domains in arbitrary
subsets of R* and codomain in H®. This unrectifiability result is not strange
because the “model space” considered in the definition of rectifiability is euclidean,
S0 it is not bi-Lipschitz equivalent to any stratified non abelian group.

Remark. Notice that the differentiability theorem can be used to get some classical
properties of suitable defined rectifiable sets in stratified groups. In fact, we can
replace the subsets of an euclidean domain with that of a stratified subgroup, in
the classic definition of rectifiability. So, in the special case when the subgroup is
indeed a stratified group, the differentiability theorem gives us tangent spaces ’HdQ—
a.e. on the rectifiable set (if @) is the Hausdorff dimension of the subgroup) and one
could go on as in [3], [20]. Moreover the Area formula gives a way to compute the
intrinsic measure of rectifiable sets (see Example 4). This approach is followed in
[29]. But actually, all of the above considerations are not possible for any stratified
group. It is enough to consider the Heisenberg group H® (which is the smallest
non abelian stratified group), whose subgroups of topological dimension 2 are not
stratified. The problem of differentiability of Lipschitz maps with domain in one
of these proper subgroups is actually open. However this is not the unique way to
define rectifiable sets on non abelian stratified groups, indeed in the theory of sets
of finite perimeter in the Heisenberg group of [15] a different definition is used.

3.1. G-linear maps. This subsection of the work essentially makes it more self
contained. We will show some elementary properties of G-linear maps which will
be useful in the next subsection and in the proof of the Area formula. In fact, a
G-linear map L : G — P is linear when it is read between the corresponding Lie
algebras through the exponential map. This fact follows from well known results
on homomorphism of Lie groups, if one has in principle only the continuity of
the map (see [36]). Moreover, a G-linear map has the contact property of sending
horizontal vectors of the domain in horizontal vectors of the codomain. Other
properties concern standard norm estimates of composition and product of G-
linear maps.
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Proposition 3.10. Any continuous homomorphism L : G — P read between
the Lie algebras InoLoexp : G — P is linear.

ProOF. The map ¢ = expoLloln is clearly continuous. Theorem 3.39 of [36]
implies that ¢ is C*° and applying Theorem 3.32 of [36] we find that dp = L :
G — P, so the proof is complete. |

Definition 8. We define HG(G,P) as the set of all G-linear maps between G
and P. Moreover given T,L € HG(G,P) and ¢t € R we define the new functions
AT, T-L, =T :G — Pas AT(u) = A¢(T(w)), T-L(u) = T(u)L(u), —T(u) =
(T'(u))~* for any u € G. We define HG(G,P) as the set of all maps L: G — P
such that expoLoln € HG(G, P).

Remark. It turns out any map of HG(G,P) induces uniquely a map of HG(G, P)
and viceversa. We will prove that any map 7' € HG(G,P) is linear, preserves
the bracket operation and L(V;) C Wj. Moreover there is a natural group of
dilations, ' — A\T', A > 0, both on HG(G,P) and HG(G,P).

Definition 9. Given T, L € HG(G, P) we define p(T, L) = supg(yy<1 p (T'(u), L(u))
as the distance between T' and L. If L(u) is the unit element of P for any u € G
(the null map), we denote with p(T') the distance between T and L. An analogous
definition holds for maps of HG(G,P).

Proposition 3.11. Any function T € HG(G,P) is continuous and the distance
of Definition 9 is a finite number, making HG(G,P) a complete metric space.
Moreover, for any u € G we have the estimate p(T ( ) < p(T) d(u).
K}

Proor. Fix a generating basis {v; | i =1, .. such that

= {Hexp(asvis) | (as) C U} D{ueG|du) <1},

where U C R”. By triangle inequality of the distance in P we get the estimate

p(T) < (sup lal) Zp (vi,))

The homogeneity of p implies the inequality p (T'(u)) < p(T') d(u) for every u € G.
Considering the map T—1-L € HG(G,P) we have proved that the distance between
T and L is finite. Of course p(T) = 0 implies that 7" is the null map, the triangle
inequality and symmetry property of the distance follow directly from that of the
metric p in P. The homogenteity of p on G gives the homogeneity of the distance
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in HG(G,P). Even the continuity is straightforward from the same inequality.
The completeness of HG(G,P) easily follows by the completeness of P. O

Corollary 3.12. Let L : G — P be an injective G-linear map and L(G) = S.
Then S is a stratified subgroup and L' : S — G is G-linear with

(13) d (L7 (y)) <d(L™Y)ply), dL™)<oco.
Proor. Clearly S is a subgroup of P and the contact property of L implies the
stratification. In fact,
[L(Vi), L(V1)] = L([Vs, VA]) = L(Vig)
so S is a stratified subgroup and L=! : § — G is G-linear. Proposition 3.11

leads us to the conclusion. O

Corollary 3.13. Consider L,T € HG(G,P) and S € HG(P,T), where (G,d),
(P, p), (T,v), are stratified Lie algebras. Then SoL € HG(G,T), L-T € HG(G,P)
and

(14) v(SeL) < US)p(L)  p(L-T) < p(L) + p(T)

PROOF. It is an easy computation, using Proposition 3.11 and the triangle in-
equality. O

Corollary 3.14. Any map L € HG(G,P) is linear.

PRroOF. Proposition 3.11 implies the continuity and Proposition 3.10 gives the
linearity. |

Corollary 3.15. Any map L € HG(G,P) has the contact property L(Vy) C Wj.

ProOF. This property follows straightforward from Theorem 3.9 and Proposi-
tion 3.6, because Proposition 3.11 implies the Lipschitz property for L. But one
could also observe that, given v € Vi, the curve A;(Lv) = L(6;v) is Lipschitz in
the variable t if and only if Lv € Wy, O

Collecting all we have seen we get the following characterization.

Proposition 3.16. Any homomorphism L : G — P is Lipschitz if and only it
is G-linear.

PROOF. Proposition 3.11 implies the Lipschitz property of L if it is G-linear.
Viceversa, consider a Lipschitz homomorphism L : G — P. From the dif-
ferentiability Theorem 3.9 one gets the a.e. differentiability. Then, passing to
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the corresponding Lie algebras, taking a differentiability point z with differential
¢ € HG(G,P) and writing the Definition 7 for y = zd;z it follows

(15) lim 2 (L(‘Stzi’ p02) _ lim p (A1/2(L(3:2)),(2)) = 0.

t—0

For the horizontal direction z = v € V; we have §;v = tv, the continuity of L and
Proposition 3.10 imply the linearity, so if Lv = ), , w;, with w; € W;, the limit
(15) gives

Ay L(tv) = Aqjy (LL(v)) = Ztl_iwi —r p(v) as t—0.
i=1
The latter limit forces w; = 0 for any ¢ > 1, then L(v) = p(v) € Wy. The
homomorphism property gives L(V;) C W;, so if z = Y1 2, with z; € V;, we
have

m
L(6i2) = > t'L(zi) = A¢ (L(2))
i=1
because L(z;) € W;. This proves the homogeneity of L, so L € HG(G,P). O

3.2. Jacobians. In this subsection we give the definition of jacobian and we
study its properties. In particular we emphasize its relation with G-linear maps.
In fact, we get an explicit factorization formula for the jacobian, which involves
the geometry of the G-linear map we consider. Precisely in the factorization there
appears the algebraic jacobian of the map, where by algebraic jacobian we mean
the classical jacobian for linear maps between Hilbert spaces of finite dimension.
As explained in Section 2, we have a left invariant Riemannian metric on G and
any tangent space is endowed with a scalar product. Thus, given a ¢ dimensional
subspace P of G, we will denote with HILP the ¢-Hausdorff measure on the
subspace P with the metric induced by the scalar product.

Inspired by the work [3], we first define the jacobian of a G-linear map in a
tautological way. In other words, our definition of jacobian trivially satisfies the
Area formula in principle for any G-linear map.

Definition 10 (Jacobian). Let L : G — P be a G-linear map. The jacobian
Jg(L) of L is defined by
HO(L(By)
Jo(L) = p@i
Hd (Bl)
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A covering argument together with the homogeneity and the homomorphism
property of L shows that the above definition is independent of the set we consider,
that is we can replace the set By with any measurable set with finite and positive
measure.

The next proposition shows that the jacobian is zero for singular G-linear maps,
and provides a formula for the Hausdorff dimension of their image.

Proposition 3.17. Let L : G — P be a G-linear map, let P = L(G) and let
qo be the topological dimension of P. Then, the Hausdorff dimension of P in the

metric p is Qo = >_;_, j dim (ﬂ(V])) and
(16) HELP =apH®OLP
where ap = HYLP(BY)/HPLP(BY) and P =InP, (In = exp™?).

ProoF. We define L = InoLoexp, observing that P = L(G). The contact prop-
erty L(Vi) € W, implies that L(V;) € W; for any i < n (W; = 0 for i > m).
So the set P = L(G) is a subspace, a graded subalgebra and a subgroup of
P. We denote with g the dimension of P as a vector space. Consider the re-
striction of the dilation A, on P, A, : P — P, and fix an orthonormal basis
(z;) C P. Then define the isometry ¢ : R®® — P, ¢(x) = Zle x;2z;, observ-
ing that D, = *1oATo¢)(m) = Zle rdiz;, where d; is the degree of z; € Wy,
(uniquely defined). It follows that the jacobian of D, is r9°, being Qo = .7, d;.
The homogeneity of dilations gives B N P = A,.(B? N P) and by the invariance
of Hausdorff measure under isometries we have

% (BP N P) = {0 (¢rlo A, (B n 13)) = Lo (¢*1o A(BPN 15)) .
Thus, by the Euclidean change of variable formula it follows

H® (BN P) = L% (D, (qu(Bf N P)))

= Qo [0 (qs—l (BN P)) = rQ30(BP N P).

From the latter inequality we deduce that ?—l?ol_ﬁ is a locally finite measure
on P. Making the same reasoning we find that H,?O LP is left invariant under
translations. In fact, fixed ¢ € P and denoting with T; - P — P the left
translation of the group T¢(n) = &n, the map ¢ 'oT¢o¢ has jacobian one and it
is an isometry. So, both measures "H?"I_I5 and H® P are locally finite and left
invariant, hence they are proportional. Moreover, taking into account that the
exponential map is an isometry, we have H?OLP(B{’) = ’H?OI_P(EIIJ). To get a
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non-ambiguous equality we have overlined the ball contained in G (despite the
convention made in Definition 4). O

Proposition 3.18. Let L : G — P be an injective G-linear map, with P = L(G).
Then the jacobian of the map is given by the formula

(17) Jo(L) = ap Bg JUL),

where ap = ’H?I_P(Bf)/’}-lql_p(Bf), Bo = Eq(Bl)/’HdQ(Bl), L = InoLoexp :
G — P and J*(L) denotes the algebraic jacobian of the linear map L.

PROOF. From Proposition 3.17 and the injectivity of L the space P = L(G) has
topological dimension ¢ and Hausdorff dimension (), moreover we have

M (L(B1)) = H(L(B1)) = ap HI(L(B1)) -
The euclidean Area formula gives
HI(L(B1)) = J*(L) LY(By)
so the proof is complete. a

Remark. The coefficient

HILP(BY) L1(By)
HiLP(BY) HF (B1)

apfBg =

represents a sort of distortion factor, which depends on both the measures HdQ,
’H? and on the subspace P we consider. Notice that when G = P, so d = p and
P =G, we get HILP(BY) = H?(Bl), HILP(BY) = L£(B;) and the distortion
factor reduces to 1.
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4. THE AREA FORMULA
In this section we prove the Area formula in the geometry of stratified groups.

Proposition 4.1 (Linearization). Let f : A C G — P be a measurable function,
A>1, and

E ={x €I(A) | there exists dpf : G — P and is injective} .

Then E has a measurable countable partition F, such that for any T € F there
is an injective G-linear map ¢ : G — P with the properties

(18)  A7'p(p(2)) < p(daf(2)) < Ap(p(2))  for any z € G and any x € T

(19) Lp (firo(pir)™") <A and Lp (piro(fir)™")) < A

PRrOOF. By linearity of G-linear maps when represented between Lie algebras
(see Corollary 3.14) we get a countable dense subset M of all G-linear maps from
G to P. The set M has the isometric correspondent M = {o| p=expopoln:
G — P, $ € M}. Choose € > 0 such that A + & < 1 < A — ¢ and define the
measurable set S(p, k) = {y € E | (x) holds} with ¢ € M and k € N, where

{ A '+e)p(p(2) <pdyf(2)) < A—e)p(p(2)) VzeG
p(f(2), fW)dyf(y~'2)) <eple(y~'z))  Vz€ By

Now we prove that any y € FE is contained in some S(g, k). Define L =
Inod, foexp and choose a positive €1 < minj,|=; |E|, where | - | is the norm
of the fixed scalar product on the Lie algebras. By the density we find ¢ € M
such that ||L — @|| < &1 as linear maps, so ¢ has to be injective on G. The maps
@:G — Pand L: G — P are injective, so by Corollary 3.12 the maps ¢!
and L1 are G-linear, besides inequality (13) will be used in the subsequent esti-
mates. We will make our calculations for ¢ because there is a correspondence of
@ =expoPoln € M with p(¢(Inz)) = p(¢(2)), for any z € G. By inequality (1)
we get

(%)

p(L,p) <CIL—glIm < Cey™,
where m is the degree of nilpotency of P. The estimates (14) imply
plLeg™) = p (7 (=4) - D)op™)) <14 p(p, D) d(@™),
d@™") =p(L™ e Log™") <d(L™")p(Lep™"),

hence, choosing €, small enough, depending on L,C,e and X, we have

p(Lop™) < . <
T 1=p(@, L)L) T 1 - Cey/ (L)

<A—¢g,
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pl@ol ) =p((L-(~L)-@)oL M) <1+ p(L, @) d(L )
<1+4Ce/™dL ) <At +e) L.

The last two equations prove the first equation of (), taking into account the
equality p(L(In 2)) = p(d, f(2)), for any z € G. The definition of differentiability
and the Lipschitz property of =1 leads to the second equation of (%) for k large
depending on ¢ and €. From the o-compactness of G the set S(gp,k) has a
countable partition of measurable sets T' C S(¢, k) with diam(7T") < 1/k, so if we
prove properties (18) and (19) for any T', we have finished the proof. Consider
two points u,y € T C S(p, k), by the definition of S(p, k), the first equation of
(%) leads to (18). The second equation of (x) relative to y gives

(20) p(f (), f(y)) < pldyfly~ u)) +eplely~'u)),
(21) p(f (), f(y)) > pldy fly~ u)) — e ple(y~u)),
adding the first one of (%), with z = y~!u, to both equations (20) and (21) we
get (19). O

An important tool for Proposition 4.3 is the following, see for instance [9].

Lemma 4.2. Let (X,d,pn) be an Ahlfors reqular space of dimension Q). Then,
any ball B of radius R can be covered by at most C (R/r)% balls of radius r, with
C depending only on the regularity constants for X.

The next proposition is an extension of the Sard Theorem in stratified groups
when the dimension of the target is grater than that of the domain.

Proposition 4.3. Let f : A — P be a Lipschitz map and A C G a measu-
rable set. If the differential of f is non-injective at ’HdQ—a.e. point of A, then
HP(f(4)) = 0.

ProOOF. Clearly it is not restrictive to assume that A contains only the points
where f is differentiable and the differential is singular. So, let consider a point
xz € A where d,f is not injective and let P, = d,f(G) be the corrisponding
subgroup of P. From Proposition 3.17 it follows in particular that P, is an Ahlfors
regular space of dimension @),. The singularity of d, f implies ), < () —1. Denote
with C, the constant of Lemma 4.2 applied to X = P, and define the family of
sets

Ej:{$€A|Cx§j}ﬂBj withj € N
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Consider € E; and € > 0; denote with I?(E) the open set of points with distance
from E less than r in the metric p. By differentiablility we obtain

(22) f(Bay) C f(@)IE, (do f(B))

for any r < rgz.. Observe that d,f(B,) C Bf. N P,, where ¢ = 2Lp(f), then
using Lemma 4.2 we find N < C,e~9 balls B, C P, of radius cer which cover
B/, N P,. Defining wg = HS(BY) we see that the inclusion

I’ (B* N P,) UI” Bl

implies

HE o (I5,(BE, N Py)) < je~ P wq(c+1)?(er)? < jewg(c+1)9r? = jeCoHS (B,)
then for any » < r, . and = € E; it follows

(23) HE (f(Bay)) < jeCoHG (B.).

Now we fix j € N and consider the covering {B, , | € E; and (22) holds for
some r < ry /5 < 1}. By a Vitali procedure we can extract a disjoint family of
balls By, ,, contained in I{(E;) and such that E; C |J;2, By, 5 (see [9]). The
estimate (23) proves

HE (f(E))) < jeCoHg (I}(E)))
The free choice and the independence of € and j lead us to the conclusion. |

Definition 11. For any function f : A C G — P and B C A, we define the
multiplicity function relative to B as N(f, B,y) = t({f'(y) N B}) € NU {+o00},
where f indicates the cardinality of the set.

Remark. It is worth to observe that even in the case when the Hausdorff dimension
of G is less than the Hausdorff dimension of the target P, it can happen that there
does not exist a Lipschitz map f : G — P with injective differential at some
differentiability point. In fact, recalling notation of Section 2, G = Vi +Vo+-- -4V,
and P =Wy + Wy + - - + Wiy, if dim(V},) > dim(W,,) for some jo < min{m,n}
and Q = Y7 | idim(V; ) < Z . 1 jdim(W;) the contact property of any G-linear
map L implies L(V},) C Wj,, so L is non-injective. In this case the Area formula
is a straightforward consequence only of Proposition 4.3. This remark points out
the typical rigidity of the stratified geometry. In other words the conditions we
have assumed on the stratification prevent any Lipschitz embedding of G into P.
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Theorem 4.4 (Area formula). Given a measurable set A C G and a Lipschitz
map f: A — P, then the following formula holds

(24) /JQ do f) dHS (x /N £ Ay) dHS(y) .

Proor. We start observing that (24) holds when A is negligible, because Lip-
schitz map have the Lusin property. Thus, in view of Theorem 3.9, we can
exclude from the beginning the null subset of A where the function is not dif-
ferentiable, assuming the differentiability at any point of A. We define the set
A'={z € A|d,f isinjective } and Z = A\ A'. The set additivity of N(f,-,y)
gives

[ NG A @)+ [ Nz and) = [ NG A g w).

so the proof is achieved if we show the following equalities

(25) /N £, A y) dHO(y) /JQ d, f) dH2(x),

(26) / N(f,Z,y) dH(y) =

We start from (25), applying Proposition 4.1 we get a measurable countable par-
tition F of A’ where we have an approximation of f controlled by a paramenter
A > 1. Consider an element T' € F contained in some S(¢p, k); the equation (18)
implies

A CHZ (p(T)) S HE ((dafop o 9)(T)) < AYHP(p(T)) foranyz € T
By definition of jacobian, taking the average on 7" of the above inequality we find
NOHSGT) < [ Toldef) aHP (@) < AHE(o(T))
using (19)
@) AOHSUD) < [ Tolda NS (@) < NOH(F(T).
The map f is injective on 7', so adding (27) on all these sets it follows
322 [ NG i) < [ Toldp an@) <X [ N AL G).

Letting A — 17 we have (25). The equation (26) follows directly from Proposition
4.3. (|
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Corollary 4.5. Given a Lipschitz map f : A C G — P and a summable function
u:ACG-— R we have

[ w@) Jota.s) angia) = [ §j

zEf~

PROOF. We use the standard argument of approximating u with finite linear
combinations of characteristic functions, see for example [10]. O

Ezxample. We consider the Helsenberg group H®, with horizontal vector fields
Xi =0, — % Lo, and Y; = 0, + % 62,f0r2=12 We have [X;,Y;] = Z = 0,
for i =1,2, gettlng a basis of ]R5 Wthh can be identified with the Lie algebra of
H5. Thus, an element of H® can be written as exp (Z (@ X+ YY) + zZ)

where exp : R> —s HP°. Then, we represent an element of H® as (z,y,2) € R?,

with z = (2!, 2?) and y = (y!,y?). The Baker-Campbell-Hausdorff formula gives

the explicit group operation (denoted with ®) in our coordinates

(x,y,2) © (&1,¢) = <az+€,y+n,z+(+ (z'n’ + 2%’ ;ylfl —y2£2)) '

The restriction of the operation to the subset G = {(z,y,2) € H® | 22 = 0} gives

1,1 1¢1
(z'y,2) @ (€.1,0) = <w1+£1,y+n,z+c+ W) ,

so G is a subgroup of H°. Moreover G is a stratified group. In fact, the hor-
izontal space Vi = span(Xi,Y1,0,2) is left invariant under the translations of
the subgroup and [X3,Y;] = Z, so the generating condition is achieved with
Vo = span(Z).

Consider an injective Lipschitz map f : A C G — H® and fix S = f(A).
The set S C H® can be seen as a hypersurface of H® with Hausdorff dimension
5 (H° has Hausdorff dimension 6). In view of Remark 3, there exists a tangent
hyperplane to S in H-a.e. y € S, T,(S) = d, f(G), with y = f(z) and the Area
formula gives

5&=Ak@ﬁ%%»
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