TOWARDS A THEORY OF AREA IN HOMOGENEOUS GROUPS

VALENTINO MAGNANI

ABSTRACT. A general approach to compute the spherical measure of submanifolds
in homogeneous groups is provided. We focus our attention on the homogeneous
tangent space, that is a suitable weighted algebraic expansion of the submanifold.
This space plays a central role for the existence of blow-ups. Main applications
are area-type formulae for new classes of C! smooth submanifolds and the equality
between spherical measure and Hausdorff measure on all horizontal submanifolds.
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1. INTRODUCTION

The notion of surface area is fundamental in several branches of mathematics,
such as geometric analysis, differential geometry and geometric measure theory. Area
formulae for rectifiable sets in Riemannian manifolds and general metric spaces are
well known [32], [2]. When the metric space is not Riemannian, as a noncommutative
homogeneous group (Section , even smooth sets need not be rectifiable in the
standard metric sense [17]. Such unrectifiability occurs when the Hausdorff dimension
is greater than the topological dimension. In Carnot-Carathéodory spaces all smooth
submanifolds “generically” have this dimensional gap [28, Section 0.6.B], so several
well known tools of geometric measure theory do not apply. The basic question of
computing an area formula for the Hausdorff measure remains a difficult task, even
for smooth submanifolds.

Hausdorff measure plays a fundamental role in geometric measure theory, as it is
well witnessed by the following Federer’s words [18]. “It took five decades, beginning
with Carathéodory’s fundamental paper on measure theory in 1914, to develop the
intuitive conception of an m dimensional surface as a mass distribution into an efficient
instrument of mathematical analysis, capable of significant applications in the calculus
of variations. The first three decades were spent learning basic facts on how subsets of
R" behave with respect to m dimensional Hausdorff measure H™. During the next two
decades this knowledge was fused with many techniques from analysis, geometry and
algebraic topology, finally to produce new and sometimes surprising but classically
acceptable solutions to old problems.”

Federer’s comments remain extremely appealing when applied to the Hausdorff
measure in nilpotent groups, that have a more complicated geometric structure.
The wider program of studying analysis and geometry in such groups and general
Carnot-Carathéodory spaces already appeared in the seminal works by Hormander
[29], Folland [19], Stein [53], Gromov [28], Rothschild and Stein [50], Nagel, Stein
and Wainger [48] and many others. An impressive number of papers prove the always
expanding interest on understanding geometric measure theory in such non-Euclidean
frameworks.

Among the many topics that have been studied, we mention projection theorems,
unrectifiability [4], [5], [30], [16], sets of finite h-perimeter, intrinsic regular sets, in-
trinsic differentiability, rectifiability [1], [23] [22], [24], [25], [36], [3], [39], [21], [26],
[41], [14], differentiation of measures and covering theorems, uniform measures, sin-
gular integrals [40], [34], [13], [12], [TT] and minimal surfaces [6], [44], [47], [46], [10],
[49], [8], [9], [15], [31], [27], [45], [52]. These works represent only a small part of a
vaster and always growing literature.

Aim of the present work is to establish area formulas for the spherical measure of
new classes of C'* smooth submanifolds. One of the key tools is the intrinsic blow-up,
performed by translations and dilations that are compatible with the metric structure
of the group (Section . The blow-up is expected to exist on “metric regular points”.
Precisely, these are those points having maximum pointwise degree , that is a
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kind of “pointwise Hausdorff dimension”. The pointwise degree was introduced by
Gromov in [28, Section 0.6.B]. It was subsequently rediscovered in [43], through an
algebraic definition that also provides the density of the spherical measure.

However, pointwise degree does not possess enough information to describe the
local behavior of the submanifold. We show how a more precise local geometric
description is available through the homogeneous tangent space, in short h-tangent
space. It is not difficult to find submanifolds of the same topological dimension,
having the same pointwise degree at a fixed point, but whose corresponding h-tangent
spaces are algebraically different (Remark .

The construction of the h-tangent space is purely algebraic. It arises from a formal
“weighted homogeneous expansion” of the standard tangent space (Definition .
The h-tangent space appeared in [43] to represent the intrinsic blow-up at points of
maximum degree of a C*! smooth submanifold. In the same paper it was proved
that the h-tangent space is a homogeneous subgroup (Definition . Indeed, the
OVt regularity allows to consider a.e. commutators of vector fields tangent to the
submanifold, finally leading to the Lie group structure of the h-tangent space. This
kind of “algebraic regularity” joined with C! smoothness was central to establish
the blow-up.

The present work can be seen as a development of [43] for C'! submanifolds. With
this lower regularity, extracting more information on the structure of the h-tangent
space becomes crucial. We focus our attention on algebraically regular points, i.e. those
points whose h-tangent space is a homogeneous subgroup. Somehow, this algebraic
regularity compensates the lack of C'*! smoothness.

We may consider those submanifolds that at least at points of maximum degree
have the h-tangent space in a specific family of subgroups. In Section 4] and Section
we focus our attention on horizontal submanifolds and transversal submanifolds, that
satisfy this condition. For these submanifolds we can compute their spherical measure.
The same approach also allows us to improve some previous results.

Horizontal submanifolds are defined by having the h-tangent space everywhere iso-
morphic to a horizontal subgroup (Deﬁnition. The crucial relation is the inclusion

(1.1) T,X C H)G,

for the submanifold ¥ at every point p, with horizontal fiber H,G defined in ([2.4)).
This condition is everywhere satisfied by all horizontal submanifolds (Remark |4.5)).
To more easily detect and construct horizontal submanifolds, it is important to verify
whether the everywhere validity of implies that ¥ is a horizontal submanifold.

We notice that when is satisfied at a single point p, this does not necessarily
imply that p is horizontal (Example . If holds on an open subset of a C?
submanifold ¥, then the approach of the classical Frobenius theorem implies that X
is horizontal (Proposition . However, for C' smooth submanifolds the question
becomes more delicate, since commutators of vector fields are not defined. Surpris-
ingly, with C! regularity the classical proof of Frobenius theorem can be replaced by
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a differentiability result. The horizontality condition implies a suitable differen-
tiability of the parametrization of ¥ (Theorem [4.7)), that is the well known as Pansu
differentiability. As a result, the area formula holds for all C* smooth hori-
zontal submanifolds satisfing the condition (1.1]) at every point. These submanifolds
include for instance horizontal curves and Legendrian submanifolds.

Transversal submanifolds are in some sense at the opposite side of horizontal sub-
manifolds. They can be defined through transversal points, which are those points
whose h-tangent space is a vertical subgroup (Deﬁnition. Due to this transversal-
ity, with arguments similar to those of [37), Section 4], one could see that generically
every smooth submanifold is transversal. All C!' smooth hypersurfaces are special
instances of transversal submanifolds. Every transversal submanifold is characterized
by having maximal Hausdorff dimension among all C!' smooth submanifolds with
the same topological dimension [42]. The same condition characterizes vertical sub-
groups with respect to homogeneous subgroups. Theorem also includes the area
formula for these submanifolds . The first step to obtain these area formulas is
the blow-up of the submanifold, that is the main technical tool of this work.

Theorem 1.1 (Blow-up). Let X C G be a C' smooth submanifold of topological
dimension n and degree N. Let p € ¥ be an algebraically regular point of mazimum
degree N and let A% be its homogeneous tangent space. We assume that one of the
following assumptions holds:

(1) p is a horizontal point,

(2) G has step two,

(3) X is a one dimensional submanifold,
(4) p is a transversal point.

For the translated submanifold
¥, =p'%,
we introduce the C' smooth homeomorphism n : R® — R® by
|t,["

(12) o0 = (s s )

where each b; is defined in (3.6). If 1 denotes the mapping of Theorem applied to
the translated submanifold 3,, we define the C* smooth mapping

(1.3) I'=vYon
and we define the subset of indexes I C {1,...,q} such that
(1.4) ApX, =span{e; : 1 € I} =span{ei,..., a1, Emit1,- - Emytass - Cm_1tan ) s

then the following local expansion holds

|t57m gl |d‘S .
(1.5) T, (t) = Lot o0 (Fy g, 4, ) U SET
o([t|*) ifs¢ 1
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This theorem establishes the existence of the blow-up at an algebraically regular
point of a C! smooth submanifold, under different conditions. Its proof, besides
including new cases, also simplifies the previous arguments.

The second step to establish the area formula is to turn the blow-up of ¥ into
a suitable differentiation of its intrinsic measure sy, (Definition [7.3)). This measure,
first introduced in [43], takes into account the degree N of ¥ and the graded structure
of the group. Finding the relationship between uy and the spherical measure of X
corresponds to establish an area formula, due to the explicit form of usy. We use a
suitable differentiation of the intrinsic measure, that works in metric spaces [40]. In
Section [7] we adapt the general differentiation to homogeneous groups. The point is
to find an explicit formula for the Federer density 6™ (s, -) that works in any metric
space and it appears in the measure theoretic area formula . The Federer density
is defined in ([7.6)). The metric differentiation leads us to an “upper blow-up” of the
intrinsic measure, that is our second result.

Theorem 1.2 (Upper blow-up). Let ¥ C G be a C* smooth submanifold of topological
dimension n and degree N. Let p € 3 be an algebraically regular point of mazimum
degree N and let A, be the n-dimensional homogeneous tangent space. We assume
that one of the following assumptions holds:

(1) p is a horizontal point,

(2) G has step two,

(3) X is a one dimensional submanifold,
(4) p is a transversal point.

Then the Federer density satisfies the following formula
(1.6) 0™ (s, p) = Ba(A5).

The degree of ¥ is the maximum integer N among all pointwise degrees of . The
number 54(A,X) is the spherical factor (Definition associated to the h-tangent
space A,Y of ¥ at p. Such a number amounts to the maximal area of the intersection
of A,¥ with any metric unit ball whose center moves in the metric unit ball centered
at the origin. We are then arrived at our third result.

Theorem 1.3 (Area formula). Let ¥ C G be a C' smooth n-dimensional submanifold
of degree N. Suppose that one of the following conditions hold:

(1) X is a horizontal submanifold,

(2) G has step 2, every point of mazimum degree is algebraically reqular and points
of lower degree are SN negligible,

(3) X is a transversal submanifold,

(4) ¥ is one dimensional.

Then for any Borel set B C X we have

(L.7) /B 17 (D)l dos () = /B BalA,5) S (p).
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We refer the reader to Section[7]for the definitions of the projected g-unit tangent n-
vector 73,  and the “nonrenormalized” spherical measure Sf'. Notice that this formula
also includes the case of finite dimensional Banach spaces, where G is commutative
and made by only the first layer. Indeed, taking the Euclidean distance in R", we get
Bay (ApY) = wy, that is the volume of the unit ball in R™.

Theorem [1.3]is the union of different results of Section [8.2] Precisely, the implica-
tion from (1) to corresponds to Theorem , where n = N = deg X. In particu-
lar, the area formula holds for C!' smooth submanifolds everywhere tangent to
the horizontal subbundle, due to Theorem [£.7] In other words, we can compute the
spherical measure of all C* smooth Legendrian submanifold in any Heisenberg group.

The other implications of Theorem all need a negligibility result for the set of
points of lower degree. If ¥ has degree N greater than its topological dimension, we
have to prove that the (generalized) characteristic set

(18) Cy = {p SN dg(p) < N}

is SN negligible. The implication from assumption (2) to follows from Theo-
rem 8.2l Let us point out that by results of [38], when ¥ is C™! smooth in a two
step group, we have SN(Sx) = 0 and every point of maximum degree is algebraically
regular [43]. Thus, assumptions (2) are more general than the conditions required
in [38]. The validity of from hypothesis (3) is a consequence of Theorem [8.1],
where the H™N negligibility of Cs. is a nontrivial fact [42]. The implication from (4) to
comes from Theorem [8.3] slightly extending the results of [33].

Let us point out that cannot be obtained through C*! smooth approxima-
tion of C'! submanifolds, since continuity theorems for the spherical measure require
strong topological constraints. Additional efforts may arise to preserve the degree of
the approximating submanifolds. Furthermore, possible “isolated submanifolds” of
specific degree could also appear. Such difficulties justify why working with
C"' submanifolds is important and meets a number of difficulties.

Formula provides an explicit relationship between the intrinsic measure and
the spherical measure. The latter is constructed by a homogeneous distance, that
may also arise from a sub-Riemannian metric on a Carnot group. This somehow
justifies the terminology “sub-Riemannian measure” for the intrinsic measure on the
left-hand side of .

Our last application provides the first explicit formula relating spherical mea-
sure and Hausdorff measure on the class of horizontal submanifolds in homogeneous
groups. Such a result requires some symmetry conditions on the distance.

Theorem 1.4 (Hausdorff and spherical measures). Let d be a multiradial distance
and let ¥ C G be a horizontal submanifold. Then the following equality holds

(1.9) HiLY =Sy,
where 8§ = w(n,n)SY, HY = w(n,n)H; and w(n,n) is defined in (8.40)).
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Multiradial distances are introduced in Definition [8.5 They include for instance
the Cygan-Koréanyi distance for groups of Heisenberg type and can be found in any
homogeneous group (Remark . Clearly formula also includes the classical
one in Euclidean spaces, whose proof relies on the classical isodiametric inequality.
In general, the constant w(n, n) is the area of the metric unit ball intersected with an
n-dimensional space contained in the first layer of G.

The results of this paper provide a strong evidence that a unified approach to the
area formula in homogeneous groups can be achieved. However, several questions are
still to be understood. Whether or not an “algebraic classification” of submanifolds is
required certainly represents a first question, which may have an independent interest.
Other issues may arise from the study of general negligibility results for points of low
degree. These questions and many others are a matter for future investigations.

2. BASIC NOTIONS

2.1. Graded nilpotent Lie groups and their metric structure. A connected
and simply connected graded nilpotent Lie group can be regarded as a graded linear
space G = H' @ --- @ H* equipped with a polynomial group operation such that
its Lie algebra Lie(G) is graded. The subspaces H’ are called the layers of G. This
grading corresponds to the following conditions

(2.1) Lie(G)=Vi®---dV, Vi, Vil C Vi

for all integers 7, j > 0 and V; = {0} for all j > ¢, with V, # {0}. The integer + > 1
is the step of the group. The graded structure of G allows us to introduce intrinsic
dilations 6, : G — G as linear mappings such that d,(p) = r'p for each p € H*, r > 0
and i =1,...,t. The graded nilpotent Lie group G equipped with intrinsic dilations
is called homogeneous group, [20]. With the stronger assumption that

(2:2) ViVl = Vi

foreach j =1,...,cand V;,V,] = {0}, we say that G is a stratified group. Identifying
further G with the tangent space TG at the origin 0, we have a canonical isomorphism
between H? and V;, that associates to each v € H’ the unique left invariant vector
field X € V; such that X (0) =

We may also assume that G is equipped with a Lie product that induces a Lie
algebra structure, where its group operation is given through the Baker-Campbell-
Hausdorff formula:

(2.3) xy—Zc]xy—x+y+ +Zc]xy
7j=1

with z,y € G. Here ¢; denote homogeneous polynomlals of degree j with respect to
the nonassociative Lie product on G. We will refer to (2.3) in short as BCH. It is
always possible to have these additional conditions, since the exponential mapping

exp : Lie(G) - G
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of any connected and simply connected nilpotent Lie group G is a bianalytic diffeo-
morphism. In addition, the given Lie product and the Lie algebra associated to the
induced group operation are compatible, according to the following standard fact.

Proposition 2.1. Let G be a nilpotent, connected and simply connected Lie group
and consider the new group operation given by (2.3). Then the Lie algebra associated
to this Lie group structure is isomorphic to the Lie algebra of G.

We will denote by q the dimension of G, seen as a linear space.

Definition 2.2. A linear subspace S of G that satisfies §,(S) C S for every r > 0
is a homogeneous subspace of G. If in addition S is a Lie subgroup of G then we say
that S is a homogeneous subgroup of G.

Using dilations it is not difficult to check that S C G is a homogeneous subspace
if and only if we have the direct decomposition

S=5&---®9,

where each S; is a subspace of HY.

A homogeneous distance d on a graded nilpotent Lie group G is a left invariant
distance with d(d,z,d,y) = rd(p,q) for all p,q € G and r > 0. We define the open
and closed balls

B(p,r) = {q € G:d(g,p) < r} and B(p,r) = {q € G:d(qg,p) < r}.
The corresponding homogeneous norm is denoted by ||z| = d(z,0) for all z € G.
When the graded nilpotent Lie group is equipped with the corresponding dilations,
along with a homogeneous norm, is called homogeneous group.
In the special case G is a stratified group, the distribution of subspaces given by
the so-called horizontal fibers

(2.4) H,G={X(p) e T,G: X €V}

with p € G satisfies the Lie bracket generating condition. In view of Chow’s theorem,
a left invariant sub-Riemannian metric, that is restricted to horizontal fibers, leads
to the well known Carnot-Carathéodory distance. This is an important example of
homogeneous distance. With this metric the Lie group G is also called Carnot group.
We denote by HG the horizontal subbundle of G, whose fibers are the ones of .

A graded basis (e, ..., eq) of a homogeneous group G is a basis of vectors such that
(2.5) (€my_1+15€m; 1425 - Cm,)
is a basis of H’ for each j = 1,...,t, where
J
(2.6) m; = Zhi and h; = dim H7,

i=1
we have set mg = 0. We also set m = m; and observe that m, = q. A graded basis
provides the associated graded coordinates v = (x1,...,xq) € RY, then defining the
unique element p = 3% | xje; € G.



TOWARDS A THEORY OF AREA IN HOMOGENEOUS GROUPS 9

Remark 2.3. It is easy to realize that one can always equip a homogeneous subgroup
with graded coordinates.

Throughout this work, a graded left invariant Riemannian metric g is fixed on the
homogeneous group G. This metric automatically induces a scalar product on TyG,
therefore our identification of G with TyG yields a fixed Euclidean structure in G.
The fact that our left invariant Riemannian metric g is “graded” means that the
induced scalar product on G is graded, namely, all subspaces H* with i = 1,...,¢
are orthogonal to each other. With a slight abuse of notation, the Euclidean norm
on G and the norm arising from the Riemannian metric g on tangent spaces will be
denoted by the same symbol | - |.

For the sequel, it is also useful to recall that when a Riemannian metric g is fixed on
G, then a scalar product on Ag(7,G) is automatically induced for every p € G. The
corresponding norm on k-vectors is denoted by || - [|5. A g-unit k-vector v € Ap(T,G)
satisfies ||v]|; = 1.

Remark 2.4. One can easily check that when a graded scalar product is fixed, we
can find a graded basis that is also orthonormal with respect to this scalar product.

2.2. Degrees, multivectors and projections. In this section we present a suitable
notion of degree and of projection on k-vectors. Let us consider a graded basis
(€1,...,€q) of G and the corresponding left invariant vector fields X; € Lie(G) such
that X;(0) = e; for each j = 1,...,q. We have obtained a basis (X3,..., X,) of the
Lie algebra Lie(G). If the graded basis is orthonormal with respect to g, then our
frame automatically becomes orthonormal. In the sequel, we will consider graded
orthonormal frames.

If (x1,...,24) are graded coordinates of graded basis (ey,...,e,), we assign degree
j to each coordinate z; such that e; € H?. We analogously assign degree j to each
left invariant vector field of V;. In different terms, for each i € {1,...,q} we consider
the unique integer d; on {1,...,¢} such that

my, 1 < 1 < mg, .

It is easy to observe that d; is the degree of both the coordinate x; and the left
invariant vector field X;.

We denote by Zj o the family of all multi-index I = (iy,...,4) € {1,... ,q}k such
that 1 <i4; <--- <14 <q. For each I € Zj 4, we define the k-vector
whose degree is defined as follows
Remark 2.5. The set {X;: [ € Z;,} constitutes a basis of Ay(Lie(G)). We also
notice that the degree of X; A --- A X, is precisely

Q=di+ - +dg,
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where this number coincides with the Hausdorff dimension of G with respect to an
arbitrary homogeneous distance.

The space Ag(Lie(G)) can be identified with the space of left invariant k-vector
fields. The sections § of the vector bundle AyG = |, Ax(T,G) are precisely the
k-vector fields of G. The left invariance of £ is expressed by the equality

(Arlp)+(€) = &

for every p € G, where z — [,z = pz denotes the left translation by p. On a simple
k-vector field Z; A - - - A Z;, made by the vector fields 71, ..., Z; of G, we have defined

(Ael)o(Zi A N Z) = (L)sZy A+ A (L) Zo,

where ([,).Z; is the push-forward of Z; by [,. In the sequel, we will automatically
identify the space of k-vectors Ay (LieGG) with the space of left invariant k-vector fields.
Indeed, whenever £ is a left invariant k-vector field, the mapping that associates £ to
€(0) € Ak(TyG) is an isomorphism and A,(75G) is isomorphic to Ag(LieG).

Definition 2.6 (Projections on k-vectors). Let (X7, ..., X ) be a graded orthonormal
frame, let 1 < k < qand 1 < M < Q be integers. For each left invariant k-vector
field § € A (Lie(G)), written as § = > ;. , ¢1 X for a suitable set of real numbers

{cr}, we define the M -projection of £ as follows
(€)= Y X € A(Lie(G)).

IEI}C,q
d(X1)=M

This defines a mapping 7y : Ay (Lie(G)) — A} (Lie(G)), where we have set

A (Lie(G)) =4 > e X;:d(X;)=M, c;€R

IEIkﬁq
For each p € G, we can also introduce the fibers
M(T,6) = {€() € AT,B) : € € A (Lic(G)) }.
along with the following pointwise M-projection
(2.8) mpm(z) = mu(§)(p) € A(T,G),

where z € Ai(T,G) and there exists a unique £ € Ax(Lie(G)) such that &(p) = z. We
clearly have 7,y : A(T,G) — AM(T,G). By our identification of G with T;G, we
introduce the translated projection of k-vectors at a point p to the origin:

For each z € Ax(7,G), we consider the unique element & € Ay (Lie(G)) such that
§(p) =2 and myy(2) = mu(6)(0) € Ax(ToG) =~ Ak(G).
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2.3. The homogeneous tangent space. In this section and in the sequel > denotes
an n-dimensional C! smooth submanifold embedded in a homogeneous group G. A
tangent n-vector of X at p € X is

Tg(p) =t NAN---Nt, € AH(TPE),

where (tq,...,t,) is a basis of T,X. This vector is not uniquely defined, but any other
choice of the basis of T,% yields a proportional n-vector. We define the pointwise
degree dx,(p) of ¥ at p as the integer

(2.10) ds(p) = max{M € N : m, y (=(p)) # 0}
and the degree of 3 is the positive integer
(2.11) d(¥) = max{ds(p) : p € ¥} € N\ {0}.

We say that p € ¥ has mazimum degree if dx(p) = d(X).

Definition 2.7 (Homogeneous tangent space). Let p € ¥ and set dx(p) = N. If (p)
is a tangent n-vector to X at p and &,5 € A,(Lie(G)) is the unique left invariant n-
vector field such that &, x(p) = m=(p), then we define the Lie homogeneous tangent
space of 3 at p, in short the Lie h-tangent space as follows

A, Y = {X € Lie(G) : X Amn(&px) =0}
We say that p € ¥ is algebraically reqular if A,¥ is a subalgebra of Lie(G). In this
case we call the corresponding subgroup
AY =exp A%
the homogeneous tangent space of ¥ at p, or simply the h-tangent space of ¥ at p.

Remark 2.8. It is very important that the h-tangent space can be defined at any
point of a smooth submanifold of a graded group. In many cases, it precisely coincides
with the blow-up of the submanifold, when it is performed by intrinsic dilations and
the group operation.

Any point of a C!' smooth curve of G is algebraically regular, since any one di-
mensional linear subspace of a layer H/ is automatically a homogeneous subalgebra.
Points that are not algebraically regular may appear in submanifolds of dimension
higher than one, according to the next example.

Example 2.9. Let the first Heisenberg group H be identifed with R3 through the
coordinates (z1, 2, x3) such that the group operation reads as follows
(z1, 29, x3) (2, 2y, %) = (21 + 2, 9 + 25, T3 + T4 + 1125 — To7)).

Let ¥ = {(z1,22,73) € H: 23 = 2% + 23} be a 2-dimensional submanifold. Let us
show that the origin p = (0,0,0) € X is not algebraically regular. It is easy to observe
that dx(p) = 2. We have 7,2 = span {ey, ea}, where (e1, €2, e3) is the canonical basis
of R3, therefore 7 (p) = e1 A es. Introducing the left invariant vector fields

Xi(z) = e —x9e3 and Xy = eg + x1€3,
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have may define £ = X; A Xy, of degree two, such that £(0) = e; A e5. This implies
that m,2(e1 A ez) # 0 and 7, j(e; Aeg) = 0 for all j > 3. The Lie h-tangent space is
defined as follows

AY ={X € Lie(G) : X AN X; A Xy =0} =span {X1, Xo},
that is not a Lie subalgebra of Lie(H). The homogeneous tangent space
AY =exp Ay = {(z,y,0) e H: 2,y € R}
is a subspace of H, but it is not a subgroup.

Remark 2.10 (Characteristic points). We observe that in the previous example
the origin p is also a characteristic point of X. The general definition states that a
characteristic point ¢ of a C' smooth hypersurface > C G satisfies H,G C T,%. This
kind of point behaves as a singular point with respect to the metric strucure of G.
The notion of algebraic regularity fits with this picture in that characteristic points
are not algebraically regular, as it can be seen arguing as in Example 2.9 and taking
into account the invariance of the pointwise degree under left translations, as shown
in Proposition . On the other hand, for all C'! smooth hypersurfaces, characteristic
points are negligible with respect to the (@) — 1)-dimensional Hausdorff measure [36].

Example 2.11. Let p be a point of a 2-dimensional Legendrian submanifold X, see
Section , that is embedded in the second Heisenberg group H?. Then dx(p) = 2 and
p is an algebraically regular point whose homogeneous tangent space is a commutative
horizontal subgroup of H2. Here we consider H? as R® equipped with the horizontal
left invariant vector fields

Xl(l’) — €1 — I3€;5, X2 — €9 — X4€5, Xg(l') = e3 + €5, X4 = €4 + Z26€5,
spanning the first layer of the stratified Lie algebra Lie(H?).
Remark 2.12. Examples and show that one can find different submani-

folds of the same dimension with points of the same degree, where only one of these
points is algebraically regular. This shows somehow that algebraic regularity encodes
the “behavior” of the submanifold around the point. The pointwise degree clearly
provides less information.

3. SPECIAL COORDINATES AROUND POINTS OF SUBMANIFOLDS

Throughout this section, the symbol ¥ C G will denote a C!' smooth submanifold
embedded in a homogeneous group G, if not otherwise stated. To perform the blow-
up of X at a fixed point, finding special coordinates is of capital importance. They
are also useful to determine degree and homogeneous tangent space of a fixed point.

From the proof of [43, Lemma 3.1], it is not difficult to see that special coordinates
can be found around any point of a submanifold, that need not have maximum degree.
This is the content of the following theorem.
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Theorem 3.1. Let ¥ C G be a C' smooth submanifold of topological dimension n
and let 0 € X. There exist o,...,a, € N with o < hj forall j =1,...,¢, an
orthonormal graded basis (ey, ..., eq) with respect to the fized graded scalar product
on G, a bounded open neighborhood U C R™ of the origin and a C* smooth embedding
U U — X with the following properties. There holds V(0) =0 € G, for ally € U

U(y) = 3 viwes, v) = ). valy))

and the Jacobian matrixz of ¢ at the origin is

Io, | 0O 0
0| = *
0 |In,| O 0
0] 0 | = *
(3.1) Dy(0) = 010 |Ioy| O 0
01010 * *
00 -1,
ol o l---|---|--- 10
The blocks containing the identity matriz I, have h; rows, for every j = 1,...,¢.

The blocks * are (h; — a;) X oy matrices, forall j=1,...,c—1landi=j+1,...,¢.
The mapping 1 can be assumed to have the special graph form given by the conditions

(32) ¢S<y) = Ys—m _14uj-1

for every s =m;_; +1,... mj_y +a; and j = 1,...,t, where we have defined
J

(3.3) o =0 and ,uj:Zozi forg=1,..., 1
i=1

Remark 3.2. The numbers «; provided by Theorem are uniquely defined and do
not depend on the choice of the special coordinates ;. One may also observe that

L

(3.4) p,=n and dg(0) = Ziai,

i=1
where n is the topological dimension of 3 and dx(0) is the degree of ¥ at the origin.

Proposition 3.3. Under the assumptions of Theorem[3.1], the homogeneous tangent
space of X at the origin can be represented as follows

(3.5) Ao =span{e1, ..., €y, Cmyt1s- - Cmitazs - - s Cmy_i+1s- - -5 Cm,_ it ) -

Proof. From the form of the Jacobian matrix (3.1)) and the definition of homogeneous
tangent space, there holds

7T8,N (O1p(0) A Dop(0) A+ - A Opp(0)) = e Av v Aeay = ANem, 41 A Alm, i ta-
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The unique left invariant n-vector field £ € A,(Lie(G)) such that
€(0) = 019(0) A Oatp(0) A -+ A Ouip(0)
then satisfies
W) =Xa A AXgy A A X, 1 A A X, it
As a result, in view of Definition our claim is established. 0

The special coordinates of Theorem [3.1} allow us to introduce an “induced degree”
on X, as in the next definition.

Definition 3.4. In the notation of Theorem [3.1] we define
(3.6) b, =7 ifandonlyif p;_; <i<p,

for every ¢« = 1,...,n. The integer b; is the induced degree of y;, with respect to
the coordinates y = (y1,...,¥a) of & around the origin, in Theorem [3.1 We define
accordingly the induced dilations o, : R* — R" as follows

(3.7) oty ... ty) = (rbltl, . ,rb“tn) where r > 0.

The coordinates y of Theorem allow us to act on the homogeneous tangent
space A,Y of ¥ through the induced dilations o,. This is an important fact, that will
be used in the sequel.

Corollary 3.5. Under the assumptions of Theorem|3.1|, we consider the frame of left
wvariant vector fields

Xi,...,Xq
adapted to the coordinates of the theorem, namely we impose the condition X;(0) = e,
for each 7 =1,...,q. Then there exist unique continuous coefficients C such that
q
(3.8) Onp =Y _Ci() X, (¥) foralli=1,... n
s=1

If 0 € ¥ has maximum degree, then the q X n matriz-valued function C' of coefficients
C? satisfies the following formula

I, +0(1) o(1) o(1)
0(1) X *

o(1) I, + o(1) o(1) o(1)
0 o(1) *

(3.9) C = o(1) o(1) | Loy +o(1) | o(1) o(1)
0 0 o(1) * *

O ) T % o(1)
0 o(1)
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The symbols o(1) denote a continuous submatriz that vanishes at 0. The constantly
null submatrices in (3.9) are denoted by 0. In the case 0 € X is not of mazximum
degree these submatrices are replaced by other matrices o(1) vanishing at 0.

Proof. The form (3.9)) of C follows from ({3.1)) joined with the assumption that 0 € 3
has maximum degree. The assumption on the maximum degree of the origin is needed
only to obtain the constantly vanishing submatrices of (3.9)). O

Theorem and Corollary provide special coordinates around any point of
a smooth submanifold. The next proposition shows that translations preserve the
“algebraic structure of points”.

Proposition 3.6. If ¥ is a C' smooth submanifold, p € X and we define the translated
submanifold ¥, = p~'%, then

dg(p) = dzp (0), .A,,E = Aozp and APE = Aozp.

Proof. We consider the tangent n-vector

m(p) = Y aXi(p),

IGquq

where X are defined in (2.7) and ¢; € R and the translated one

75,(0) =dlp [ Y aXi(p) | = D erXi(0).

IEIk,q IGZk,q

We have used the left invariance of the basis (X1, ..., X,), that defines the k-vectors
X;. This invariance of the coefficients ¢; joint with the definition of degree and of
homogeneous tangent space immediately lead us to our claim. 0

As we have previously seen, the continuous matrix is related to the algebraic
structure of the homogeneous tangent space Ay> and it plays an important role in
the proof of the blow-up of Theorem This result considers four distinct cases
that correspond to different “shapes” of the submanifold around the blow-up point.
It is then imporant to make the form of the continuous matrix explicit in each
of the four cases.

If G is of step two, the continuous matrix C' of takes the form

I, +o(1) o(1)

_ o(1) *
(3.10) C= o) T o
0 o(1)
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In the case ¥ is curve embedded in G, namely n = 1, ay = 1, we have

(3.11) C = o(1)

where [, in this case denotes the 1 x 1 matrix equal to one. The remaining two
cases, related to the special structure of the homogeneous tangent space, need to be
treated in more detail. They are indeed related to specific classes of submanifolds.

4. HORIZONTAL POINTS AND HORIZONTAL SUBMANIFOLDS

Horizontal points are a specific class of algebraically regular points, associated to
a class of subgroups. The interesting fact is that they have a corresponding class of
submanifolds, where all points are horizontal.

Definition 4.1 (Horizontal subgroup). We say that H C G is a horizontal subgroup
if it is a homogeneous subgroup contained in the first layer H! of G.

Clearly horizontal subgroups are automatically commutative.

Definition 4.2 (Horizontal points and horizontal submanifolds). A horizontal point
p of a C! smooth submanifold ¥ embedded in a homogeneous group G is an alge-
braically regular one whose homogeneous tangent space is a horizontal subgroup. The
submanifold X is horizontal if all of its points are horizontal.

Horizontal points determine a special form of the matrix C' in Corollary [3.5] as
shown in the next proposition.

Proposition 4.3. In the assumptions of Corollary if the origin 0 € ¥ is a
horizontal point, then oy =n, a;j = 0 for each j = 2,...,¢ and the continuous matriz

(3.9) takes the following form

(4.1) C = 0

Proof. From Proposition [3.3] we have ApX = span{es,..., €, }. This immediately
shows the form of C' given in (4.1]). O
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Remark 4.4. Joining the previous proposition with Remark and taking into
account the left invariance pointed out in Proposition [3.6] one immediately observes
that all points of an n-dimensional horizontal submanifold ¥ have degree n. Therefore
the degree of ¥ coincides with its topological dimension.

Remark 4.5. Proposition shows in particular that a horizontal point p of a C*
smooth submanifold ¥ must satisfy the condition

(4.2) T, c H,G.

Then any C' smooth horizontal submanifold is tangent to the horizontal subbundle

HG. In different terms, ¥ is an integral submanifold of the distribution made by the
fibers H,G.

The inclusion (4.2)) alone does not imply that p is horizontal, see Example .

Proposition 4.6. If 3 is a C? smooth submanifold such that T,> C H,G for every
p € X, then X is a horizontal submanifold.

Proof. Fix p € ¥ and consider two arbitrary C! smooth sections X and Y of the
tangent bundle T3, which are defined on a neighborhood U of p. There exist a;, b,
C! smooth coefficients on U such that

X = in:anj and Y = zm:ijj
j=1

=1

where (X1, ..., Xy,) is a frame of horizontal left invariant vector fields, namely a basis
of the first layer Vi C Lie(G). It follows that

m m

X, Y1) = a;(p)bi(p)[X5, Xid(p) + > a; () X;bi(p) Xu(p)

ji=1 jl=1

= bi(p)Xia;(p)X;(p) € H,GNT,X.

Li=1
Due to (4.3), we have proved that

(4.3)

>0 )X Y hXe| (1) = Y @K, X(r) € BG.

The coefficients a;, b; are arbitrarily chosen to get any possible couple of sections of
TY around p. In particular, we can choose any couple of vectors in 7,X C H,G,
consider their associated left invariant vector fields and observe that their Lie bracket
evaluated at the origin is in dl,~1(7,X) C HyG, namely their Lie bracket is in V;. We
have proved that 4,% is a commutative subalgebra of Vi, hence p is a regular point
and its homogeneous tangent space A,% = exp.A,X is a horizontal subgroup. 0

Theorem 4.7. If ¥ is a C' smooth submanifold such that T,Y. C H,G for every
p € X, then X is a horizontal submanifold.
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Proof. Let us consider a C! smooth local chart ¥ :  — U of the C* smooth horizontal
submanifold ¥ C G. Here  C R* is an open set and U is an open subset of ¥. The
fact that X is horizontal precisely means that

d\I/(l‘)(Rk) C Hq/(x)@

for a every x € ). These conditions coincides with the validity of contact equations,
according to [39]. However, they do not ensure a priori that the subspace of V;
associated to the subspace dV¥(x)(R¥) is a commutative subalgebra. To obtain this
information we use [39, Theorem 1.1}, according to which ¥ is also differentiable with
respect to dilations and the group operation. In particular, this gives the existence
of the following limit

(4.4) lim 61 (U(z) " U(z + tv)) = L, (v)

t—0t

where v € R¥ and L, : R¥ — G is a Lie group homomorphism. We fix now a point
p = V(zy) € X, observing that

Hy = L,,(R")
is a horizontal subgroup of G. We fix a graded basis (ey, ..., e,) of G, hence we set

m

T) = Z%‘(ﬂﬁ)@j and Ly, (v) = > (Lay);j(v)e;.

j=1
The Baker-Campbell-Hausdorff formula joined with the limit (4.4]) yields
(4.5) dij(xg)(v) = (Lyy);(v) forall j=1,...,m

The same formula shows that the left invariant vector fields Xy, ..., X, have a special
polynomial form. Indeed assuming that X,;(0) = e;, with the identification of G with
TyG, being G a linear space, we have

x)=e;+ E aji(z)e,

l=m+1

where a;; : G — R a polynomials. We have

&Ck( ) - J; ax’i Z 8$Z ];1 a_l'ljc(a:)ej
= 4 a—?ﬁi(ﬁ Z Z 77D] w)a;(V(r))e + Z a—fi(m)ej
j=1 I=m+1 j=1 et
N ‘
=3 ) X, (w(a)
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where in the last equality we have used the fact that any 0,, V(x) must be horizontal,
namely 0, ¥(z) € Hyy)G for all z € Q. Applying the definition of algebraically
regular point, we consider the left invariant vector fields

8%

Y. =
b 3:10

(xo) X; €Vy fork=1,....m

Setting (E1, ..., Ej) as the canonical basis of R*, by (4.5)) we define

m

Y,
Uk = Lag(Ex) = ) (Lay)j(Er)e; = Z axz (wo)e; € Ho.
j=1 j=1
Being Hj a horizontal subgroup, it is in particular commutative, therefore
a¢j ad)l
[Ug, V] JZZI 3xk mo)[ej, el = 0.

This proves that

3% 3¢z o
Yka Z 833]<; axs )[vaXl} — 07

J,l=1

due to the isomorphism between the Lie product on G and Lie(G), see Proposition .
We have shown that

A, Y =span{Yy,...,Y,}
is commutative, hence W(z() is an algebraically regular point and the homogeneous
tangent space A, = exp.A,Y is a horizontal subgroup. 0

Remark 4.8. As a consequence of the previous theorem, all C! smooth Legendrian
submanifolds in the Heisenberg group are horizontal submanifolds.
5. TRANSVERSAL POINTS AND TRANSVERSAL SUBMANIFOLDS

This section is devoted to a class of submanifolds containing a specific type of
algebraically regular point. We start with the following definition.

Definition 5.1 (Vertical subgroup). We say that a homogeneous subgroup N C G
is a wvertical subgroup if

(5.1) N=NoH"®. . -¢oH
for some £ € {1,...,:} and a linear subspace N, C H*.
One may easily observe that any vertical subgroup is also a normal subgroup of G.

Definition 5.2 (Transversal points and transversal submanifolds). Let ¥ C G be
a C! smooth submanifold. A transversal point p of ¥ is an algebraically regular
point, whose homogeneous tangent space is a vertical subgroup. The submanifold X
is transversal if it contains at least one transversal point.
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Transversal points can be characterized by their degree. To see this, we introduce
the following integer valued functions ¢.,7. : {1,...,q} — N. For every n = 1,...,q,
the inequalities

by =1 if1<n<h,
(5.2) > hj<n< > b ifh<n<q
]an-‘rl jzgn
uniquely define the integer ¢, € {1,...,¢}. Thus, we also define
n if1<n<h,
(5.3) Ty n— Y hy ifh,<n<gq

for every n =1,...,q, where r, > 1. We finally set

(5.4) Qu="ltata+ Y jhy,

j=ln+1

where the sum is understood to be zero only in the case 1 < n < h,, that is ¢, = ¢.
If N C G is an n-dimensional vertical subgroup of the form ({5.1)), it is not difficult
to observe that the degree at every point of N equals @), given in ([5.4]) with

dimN,=r, and {(=24¢,.

From formula (3.4)), taking into account Proposition , it is not difficult to realize
that

. = ).
(5.5) Qo= max d(x)

The set S,(G) denotes the family of n-dimensional submanifolds of class C! that are
contained in G. The integer d(X) is the degree of ¥ introduced in (2.11]).

We are now in the position to prove the following characterization.

Proposition 5.3. A point p of an n-dimensional C* smooth submanifold ¥ C G is
transversal if and only if ds(p) = Qn.

Proof. If p is transversal, using left translations we may assume that it coincides with
the origin. Using the coordinates of Theorem and applying formula (3.5)), the fact
that Ay is a transversal subgroup gives

(56) AOE = Span {emg,1+17 s 7€mg,1+r; emg+17 emg+27 s 76q} .

We have assumed that Ay> has the form of (5.1) and dim N, = r. From (3.4]) we
immediately get

ds(0) =tl+ Y jhy,

j=L+1
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where it must be r = r, and ¢ = /,, from (5.2) and . We have proved that
dsx,(0) = @y It is not restrictive to assume p = 0 also for the converse implication. In
this case we only know that dx(0) = @,. Again, referring to the special coordinates
of Theorem and the corresponding formula , the previous equality implies
that

a; = 0 lf] </t

aj =1, ifj=40, .

;= hj lfj >l

(5.7)

Applying formula (3.5), we have shown that Ag> must be a vertical subgroup. U

Remark 5.4. The previous proposition and formula (5.5)) show that any transveral
point has maximum degree.

We finally observe that with the assumptions of Corollary [3.5, when 0 € X is
transversal, the matrix C' of (3.9) becomes

* | ¥

(5.8)

C:

)
~—~
—_
~—
S
]
—_
~—|

*

Q

A C
—_
~—

o(1)
o(1) | Idy, + o(1)

where 1, and ¢, are defined in (5.2)) and (j5.3)), respectively. Indeed Proposition
shows that dy(0) = @, holds and this implies the validity of the conditions ((5.7)).

6. PROOF OF THE BLOW-UP THEOREM
The general structure of (3.9) is important for the proof of the blow-up theorem.

Proof of Theorem[1.1] Taking into account Proposition [3.6] the translated manifold
¥, has the same degree of X, therefore

dgp(O) = dg(p) = N

Thus, the origin 0 € X, is a point of maximum degree for ¥,. By Theorem [3.1]
following its notation, there exists a special graded basis (ey, ..., e,), along with a C'
smooth embedding ¥ : U — ¥, with ¥(0) =0 € G and

U(y) = Z%(y)eg‘a

that satisfies both conditions (3.1]) and (3.2). For our purposes, it is not restrictive
to assume that ¥ is a C* diffeomorphism. We also introduce the basis (X7, ..., X,)

(6.1)
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of Lie(G) such that X;(0) = e; for all i = 1,...,q and consider graded coordinates
(z;) of a point p, such that p = >  x;e; € G. With respect to these coordinates,
the vector fields

(6.2) X;=> alo,
=1

satisfy the following conditions

ot d; < d;
(6.3) al=3 " , =0
polynomial of homogeneous degree d; — d; d; > d;

The homogeneity here refers to intrinsic dilations of the group, namely
(6.4) al(6,x) = rv~digl(x)

for all 7 > 0 and x € G, see e.g. [54]. We can further assume that there exists ¢; > 0
sufficiently small such that the domain U of the above diffeomorphism W is defined
on (—cp,¢1)". The continuous functions C7 in (3.8)) can be assumed to be defined on
a common interval (—cq,c1), where C#(0) is the (s,i) entry of the matrix (3.1)). For
the sequel, it is convenient to recall formula here

q
(6.5) (O)(y) =Y _CiWW)Xs((y) forall i=1,....n
s=1
for all y € (—cy,¢1)". Thus, from (1.2)) and ((1.3)) we have the partial derivatives

6.6)  AI(1) = [t/ (@) () = |t

bi—1 Z CHI(t)) ai (T'(t)) Og,

l,s=1

for all i =1,... n, where we have used both (6.2) and (6.5)).
The main point is to prove by induction the validity of the following statement.

For each j =1,...,¢, if 0 < o < h; there holds
(6.7) L.(t) =o(]tf) for m; ;+a; <s<m;.
Notice that in the case o; = h; = m; — m;_; there is nothing to prove and the
statement is automatically satisfied.

Let us first establish the case j = 1. If a; = 0, in all of the four assumptions where
this condition applies, we have b; > 2 for each : = 1, ..., n, therefore gives

VI4(0) =0 forevery s=1,...,q.
If 0 < ;g <my and oy < s < my, again in all four assumptions, due to (3.1)), we get
0, 15(0)=0 foralli=1,..., .

In view of , the previous equalities extend to all ¢ = a; 4+ 1,...,n, being b; > 2.
In both cases, the vanishing of I';(0) and VI'4(0) for any s = a; + 1,...,m; and in
all of our four assumptions proves our inductvie assumption (6.7)) for j = 1.
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Now, we assume by induction the validity of (6.7) for all j = 1,...,k — 1, where
2 < k < 1. We wish to prove this formula for j = k, in the nontrivial case 0 < ay < hy,.
Let us write the general formula for partial derivatives

(6.8) 0, Ls(t) = [ti" (CE(F(t)) + > i) af(F(t)))7
l:d;<ds
where s = my_1 + 1,...,mg. We consider the following possibilities:

b; < k’, b, =k and b; > k.

Let us begin with the case b; < k. If a;, > 0 and consider my_; + o < s < my, then
the structure of (3.9)) and the fact that b; < k yield

(6.9) Cs=0.

If ay, = 0 and the fourth assumption holds, then the special structure of C, see (|5.8)),
implies that a; =0 forall j =1,...,k —1. This gives b; > k+1foralli=1,...,n.
Taking into account the form ([1.2)) of  and the composition (|1.3) we clearly have

Ls(t) = O(|t**) = o(|t]*)
for all s = 1,...,q and in particular (6.7) is established. If o = 0 and the first
assumption holds, then the form (4.1) always gives

(6.10) C?=0 for m;<my ;<s<q and i=1,...,n.

If a, = 0 and the second assumption holds, then + = 2 and we only have the case
k = 2, namely as = 0. From the form (3.10]), then

(6.11) C;=0 for my<s<q and i=1,...,n.

If a, = 0 and the third assumption holds, then n = 1 and the condition b; < k gives
(6.12) bh=N<k=d, foralls=my_;+1,...,my,

so that the form yields

(6.13) Ci=0 for my_1 <s<my.

We are interested in the case s =my_1+1,...,mpand ¢ =1,..., up_1, therefore the

vanishing of C? joined with gives

0, Ta(t) = [t ) CIT(t) aj (T(t))

(6.14) =Ll D CHT®) e (T@) + 6" Y CHT(1) a)(T())
l:d;<bi<k l:dj=b;<k
+t"7 Y CHI() af (D(1) = Th + Ty + T

I:b;<di<k
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We have denoted by 77,7, and Tj the first, second and third addend, respectively.
To study T3, we use the graph form of ¢ given by (3.2). In fact, whenever a;; > 0 we
have the identity

(615) bs—mj_1+uj_1 - .]
form; 1 <s<mj; ;+a;and j=1,...,¢ hence (1.2)) and (1.3)) yield
’ts—mj—1+,uj—1 |j |t8—mj_1+uj_1|dS
(6.16) T's(t) = ] Sgi (tsfmjfﬁujﬂ) = d Sgi (tS*mj71+ij71)'

Each polynomial @] in the sum of 7} has homogeneous degree k£ — d;, hence it does
not depend on the variables z;, with ¢ > my_;. As a consequence of , for all
s =mg_1 + 1,...,mg, the homogeneity of a7, when joined with our inductive
assumption also implies that

af(D(t)) = af(Ty(t), ..., T, (1)) = O(Jt|F~%).
This immediately shows that 77 (t) = O(|t|F) = o(|t|*~!). We now consider the second
addend
Y @) are)

Lidy=b;<k
and set 7 = b;. The conditions d; = b; < k give

(617) Hi—1 < 1 < Wy and m;_; < [ < m;.
We consider the general case where 0 < oy < hg. Since b; = j we have o; > 0,
therefore taking into account (3.9)), for m;_; <! <mj;_; + «; it follows that

(6.18) Ch =M1 4 ol(1)

t TTH -1

[

where 0;(1) vanish at the origin. When m;_; + o; <! < m;, we have

Ci = 0j(1)
and 0}(1) vanish at zero. In view of (6.18), for ¢ and [ in the ranges (6.17)), we set
myy <l i=i— g +mjg <myg+ oy,
therefore we obtain the expression
(6.19) Ty(t) = |ti|bi_1( Z ol(1) as (T(t)) + afij(l“(t))).
l:déilb:fk
Arguing as before, formulae and the inductive assumption imply that
" e} (D(t)) = [P0 ") = [t~ O(Jt*) = O(t*™).
It follows that
(6.20) To(t) = o([t|*") + |t

bi-lge (T(L)).

J
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The behavior of the second addend in the previous equality requires a special study,
that precisely relies on the group structure that is assumed on Ay¥,. Taking into

account the definition of the set of indexes I defined through (1.4), in view of [43
Lemma 2.5], if the group operation is given by the polynomial formula
zy=z+y+Q(z,y)

with respect to our fixed graded coordinates, then the polynomial Qg, with s ¢ I, is
given by the formula

Qz,y) = > zRu(z,y) +1.Us(z,y).
vidy <k, v¢I

Both polynomials Ry, and U,, have homogeneous of degree k — d,. Since we have
m;_; < l;; <mj_; + o , the condition [;; € I gives

Qs
8ylij

@O =a,@= Y w5 w0,

vidy <k—juel Yu;

where we have used the relationship between left invariant vector fields and group
operation, along with the fact that v # [;; for all v ¢ I. As we have already observed,
ay, only depends on (21, ..., Zm,_,) and by our inductive assumption ([6.7))

[y(t) = 0,(|t|™) whenever d, <k andv ¢ I.

Precisely, for all of these v's, we have o,(|t|%)/[t|* — 0 as t — 0 and there holds

s aRsv
a,C®) = >, oullt™) 5 =0 (), 0),
vidy <k—jugl Yui;
Again, the inductive assumption gives ayli]_ Ry, (L'(t),0) = O(|t|F~%~7), that is
ORs, s
0u([t|") 7 —=(L(t),0) = o([t|*),

aylij
therefore aj (I'(t)) = o(|t|*=7). We have finally proved that
T(t) = o(t[*).
The treatment of the addend
T3 = |t;

bl ST NI () 6 (D))

I:b;<d;<k

in strongly relies on our special four assumptions. Without these assumptions,
it is not clear whether for instance the factors C!(I'(¢)) for b; < d; < k behave like
o(|t|4b), since C! are only continuous.

If the first assumption holds, then the special form of C' immediately proves
that there cannot exist nonvanishing coefficients Cf whenever b; < d;, hence T3 = 0.
If the second assumption holds, then 1 < b; < d; < k implies k > 3, that conflicts



26 VALENTINO MAGNANI

with the 2-step assumption on G, therefore 75 = 0. If the third assumption holds,

then n = 1 =4 and (6.12) gives
by =N < d,

that joined with the special form (3.11]) gives C! = 0, therefore T3 = 0 also in this
case. In the fourth assumption, where p is a transveral point, we consider the integer

¢, defined in (5.2)). By definition ([5.3)), according to (/5.8]), we have
ag, =1, >1 and b >4y,

therefore k > ¢,. This implies that oy = hg, hence the inductive assumption is
automatically satisfied. Collecting all of the previous cases, we conclude that in any
of the four assumptions for b; < k, we have that either the inductive assumption
is satisfied or we have

0, Ts(t) = o([t]*).

In the case b; = k, then ap > 0 and the condition m;_; + a; < s < my joined with

the form of (3.9)) yields
C7(I(t)) = o(1),

therefore gives
O,Ts(t) = |t (o<1> S cf<r<t>>af<r<t>>).

lid <k

In the previous sum the condition ds = k > d; yields a7 (0) = 0, therefore also in the
case b; = k we have

0, Ts(t) = o([t]*™).
When b; > k, there obviously holds

lid;<ds

"TO(1) = o[,

a.T.(t) = It

= |t

Joining all the previous results, it follows that VI', = o(|t|*"!), hence

Ly(t) = o([t]"),

proving the induction step. This proves our claim (|1.5)). U

7. MEASURE THEORETIC AREA FORMULA IN HOMOGENEOUS GROUPS

We introduce some preliminary results and notions that will be needed in the
next sections. The symbol G always denotes a homogeneous group equipped with a
homogeneous distance d.
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7.1. Differentiation of measures in homogeneous groups. We denote by F; the
family of closed balls in G having positive radius. The properties of the homogeneous
distance give diam(B(x,r)) = 2r for all x € G and r > 0. Indeed, diam(B(z,r)) < 2r
is trivial and the opposite inequality follows considering a horizontal segment passing
through z. As a consequence, if p : P(X) — [0, +0o0] is a measure that is finite on
bounded sets, then one easily realizes that
(7.1) Sugre = Fo \ {5 € Fy: GalS) = u(S) = 0 or Ga(S) = pu(S) = +o0} = Fy,
where we have defined
diam(S)“

Cb,a N [Oa +OO), Cb,a(S) = %'
Definition 7.1 (Carathéodory construction). Let F C P(G) denote a nonempty
family of closed subsets and fix & > 0. If § > 0 and F C G, we define

(72)  ¢%(E) = inf { Yo L dlam . EC | JBy, diam(B;) <4, B; € ]-“}

j=0 JEN

where the diameter diamB; is computed with respect to the distance d on G. If F
coincides with the family of closed balls F3, then we set

(7.3 S5 (E) = sup o5 ()

to be the a-dimensional spherical measure of E. In the case F is the family of all
closed sets and k € {1,2,...,q — 1}, we define the Hausdorff measure

(7.4) "H‘ | = =Lz €eG: x| < 1}) igg O (E)

where £* denotes the Lebesgue measure and | - | is the norm arising from the fixed
graded scalar product on G.

Observing that F, covers any subset finely, according to the terminology in [I7,
2.8.1] and that condition ([7.1)) holds, we can apply Theorem 11 in [40] to the metric
space (G, d), establishing the following result.

Theorem 7.2. Let o« > 0 and let pu be a Borel reqular measure over G such that
there exists a countable open covering of G, whose elements have u finite measure. If
B C A C G are Borel sets, then 0*(,+) is Borel on A. In addition, if S§(A) < +00
and pl_A is absolutely continuous with respect to SFLLA, then we have

(7.5) u(B) = [ 0°(u0) asi (o).

The spherical Federer density 0*(u,-) in (7.5) was introduced in [40]. We will use

its explicit representation
2°u(B
(7.6) 0%, x) = iI>1£ sup{ H(EB)

—_— B diamB )
diam(B)? r € B e F, diam <5}
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7.2. Intrinsic measure and spherical factor. The next definition introduces the
intrinsic measure associated to a submanifold in a homogeneous group, see [43]. For
hypersurfaces in Carnot groups this measure is precisely the h-perimeter measure
with respect to the sub-Riemannian structure of the group.

Definition 7.3 (Intrinsic measure). Let ¥ C G be an n-dimensional submanifold
of class C' and degree N. We consider our fixed graded left invariant Riemannian
metric g on G. To present a coordinate free version of this measure, we fix an auxiliary
Riemannian metric g on G. Let 75 be a g-unit tangent n-vector field on X, namely,

|Ims(p)ll =1 for each pe 3.
We consider its corresponding N-tangent n-vector field, defined as follows
(7.7) T%N(p) = m,n(m2(p)) foreach pe 3.
Then we define the intrinsic measure of 3 in G as follows
(73) s = Iy 3
where o is the n-dimensional Riemannian measure induced by g on Y. This can be

also seen as the n-dimensional Hausdorff measure with respect to the Riemannian
distance induced by g and restricted to X.

Remark 7.4. By definition of pointwise degree (2.10), we realize that under the
assumptions of Definition a point p € X has maximum degree N if and only if

9 n(p) = mpn(T(p)) # 0,
as it follows from the definition of pointwise N-projection, see (2.8)).

Proposition 7.5. If H C R" is an open subset and ® : H — G is a C* smooth local
chart for an n-dimensional C* smooth submanifold > of degree N, then

(7.9) i (B(H)) = /H a0 (B () A - A By, (1)) [y

Proof. By our local chart, using ([7.7)) we can write
ng N((I)(y)) — To(y),N (aqu)(y) ARERRA aynq)(y» ’
’ 10y, 2(y) A -+ A Dy, ()5

therefore the integral

/ 178 (0)1, dos ().
®(H)

after the standard change of variables p = ®(y), becomes equal to

/ 7T<I>(y)71\1(82,11(1)() N0y, ®(y) H 19,
H

Haqu)(y) /\aynq) “g
therefore concluding the proof of (7.9). O
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The relationship between intrinsic meausure and spherical measure requires some
geometric constants that can be associated to the homogeneous distance that defines
the spherical measure. These constants may change, depending on the sections of the
metric unit ball.

Definition 7.6 (Spherical factor). Let S C G a linear subspace and consider a fixed
homogeneous distance d on G. If | - | denotes our fixed graded scalar product on G,
then the spherical factor of d, with respect to S, is the number

Ba(S) = max H}, (B(u,1) N S),

d(u,0)<1
where B(u,1) = {v € G : d(v,u) < 1}.

8. THE UPPER BLOW-UP AND SOME APPLICATIONS

This section is divided into two parts. We give a proof of the upper blow-up theorem
and we establish a number of applications, that are summerized in Theorem [I.3]

8.1. Proof of the upper blow-up theorem. The upper blow-up theorem is the
second main result of this paper.

Proof of Theorem[1.9. We consider the special coordinates obtained in Theorem
for the translated manifold 3, = p~'¥. This assumption is possible by Proposi-
tion [3.6] since algebraic regularity along with the first and the fourth assumptions are
automatically transferred to the origin of ¥,. We follow notations of Theorem [L.1}
In some parts of the proof the identification of G with R™ with respect to the above
mentioned coordinates will be understood. For instance, the algebraic tangent space
ApX, defined in equals A,% by Proposition and it can be also identified with
R™.

Let ¥ be defined as in the proof of Theorem and define the translated mapping
O : (—c1,c1)P — X as follows

(8.1) O(y) = p¥(y).
We are going to use the local expansion (1.5 in order to compute the Federer’s
density, that is defined as follows

. ps(B(z, 7))
8.2 (s, p) = inf sup 22
52 () = inf sup PEES
o<r<r
Taking r > 0 sufficiently small and z € B(p,7), in view of ([7.9)), we have
ps(B(z,7)
(8.3) N =T 1705 (D @(y) A -+ A 0y, 2(y)) Il dy-
r O—1(B(2,7))

Taking into account the relations

N= sz - Zjaja
i1 =1
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and the “induced dilations” o, introduced in (3.7)), the change of variable y = o,.(t)
implies that

ps(B(z, 7))

(8.4) ) _ / 7oy (9 ®(o7y) A -~ A By, B(or) [ dy
r oy ( (B(z,7)))

Our first claim is the uniform boundedness of the following rescaled sets

o7 (D7 (B(2,7))) = o1 (P (B(p~ 'z, 7))
as 7 < r and d(p, z) < 7 with 7 sufficiently small. There holds

(8.5) o7 (2 (B(2,7))) = {y € R : 61/7(27'p)b1/7(¥(07y)) € B(0,1)} .
We first observe that

6(r) = (0. VTR 50 5) iyl

is the inverse of 1, hence in view of ((1.3) and (6.1]) we have

(8.6) U(ory) =T(C(ory)) =T(F((y)) -
In view of , we can write as follows

Ns— Mg, _1+Mdg— (t) lf S € ]
(87) FS(t) { (‘t’ds) - if s ¢ I

therefore whenever s € I we get
Is(Clory)) =

(
= (
(8.8) iy
= (7

no )S md571+ud571(01:y)

) )S Mg —1+Hds—1
C1trg.—

T —1THds lys—mds—1+uds—1

)’
) Ys— mg,—1+pds—1"

As a result, taking into account that d (8;/7(2"'p),0) < 1, an element y € R" of (8.5)
satisfies the condition

Loga(r L, (7
per+ -t Yo on + M%H U Meml
Ly tran 41 (76 (y)) T, (7C(y))
+ Yoy +1€my+1 + - F Yo €mi +o + - 2(;;)2 €mytag+l T+ 00+ 2’l“#enu

Fmb_ +a,— +1(f<(y))
+ yﬂL—1+1emL—1+1 + e + ynemb—l—‘raL + : (;)L emb—1+aL+1 + T

L, ((9))
HGT

m, € B(0,2).
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Since B(0,2) is also bounded with respect to the fixed Euclidean norm on G and

(€1,...,€q) is an orthonormal basis the previous expression implies the existence of a
bounded set V' C A,X such that
(8.9) o7 (@ (B(2,7))) CV

for r > 0 sufficiently small, 0 < 7 < r and d(z,p) < 7. We notice that the previous
sums can be also written as follows

Zyzembl_ﬁl_%l_l + Z M e € B(0,2).
=1

rr O

The uniform boundedness joined with (8.4]) implies that ON(aL X, p) < +oo,
hence there exist a sequence {ry} C (0,+00) converging to zero and a sequence of
elements z; € B(p, ry) such that

QN(MEap) = lim ||7T<I>(y (ay1q)(arky) A aynq)(arky)) ||g dy.
k=00 J oy (@1 (B(21,71)))

Possibly extracting a subsequence, there exists uy € B(0, 1) such that

(8.10) 81/ (21 'p) = ug ' € B(0,1).

We define the following subsets of the algebraic tangent space
Fi=01/r, (2" (B(2k,7%))) and  F(ug) = B(up, 1) N A,

Our second claim is the validity of the following limit

(8.11) /}l—g}o 1p (w) =0

for each w € A,X \ F(up). Arguing by contradiction, if there exists a sequence of
positive integers 7, such that

for every k € N, then (8.5)) gives
Ly(r
(8'12) Zwlembz e +Z : jkC el < 61/7"1 (p ij)B(O’1)7
g1 ]k:

since the previous element premsely coincides with d/,; (¥(0o,; w)). The estimate
. 8.7)) joined with the limit (| , as k — oo give

Z Wiy, -y, 4 € B(ug, 1) N A2 = F(up),

that is a contradiction. We now define

(8'13) Ik - H7T¢. (aqu)(orky) A aynq)<0—rky)) HQ dy’
Fy,
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along with

kwi/ I (B ®(00,y) A -~ A By, B(0r9)) [l dy.
(8.14) ExnF(uo)

sz/ 7oty (O @(0n ) A -+ A By, ® (02, 1)) ||y
F\F(uo)

so that Iy = Jy + Joy for each £ > 0. Taking the limit of the following inequality

(8.15) Jig < /( : ||7T<I>(y),N (8y1q)(0rky) ARERNA aynq)(grky)) Hg dy,
F(ug

we obtain

(8.16) limsup Jyx < M (F(u0)) 170 0).N (9y, @(0) A - A Dy, @(0)) [l

k—o0

Joining (8.14)) with , we also get
(8.17) Jop < /\ ( )1Fk(y)||7Tq><y),N(3y1<1>(0rky) A= N8y, @(0r,y)) [l dy.
V\F(ug

The boundedness of V' and (8.11]) joined with the classical Lebesgue’s convergence
theorem imply that

(8.18) lim Jy ), = 0.

k—o00

In view of (8.16)) and (8.18]), we have proved that
(8.19)  0%(ux,p) < HP (B(uo, 1) N AT) [[TaN (9 P(0) A=+ A8y, (0)) g,

where ug € B(0, 1), therefore the definition of spherical factor yields

(8.20) 0 (s, 1) < Ba(ApD) [T (9 R(0) A -+ A Dy, 2(0)) -
Our third claim is the validity of the equality in (8.20]). Let vy € B(0, 1) be such that
(8.21) Ba(A,5) = MY (B(vo, 1) N A,X),

define vz = pdzvy € B(p,7) for 7 > 0 and fix A > 1. We observe that
155 (B(v;, )\f)) . s (B(u, 7“’))

sup -~ <
0<F<r (AT)N u€B(p,r") (T')N
0<r’' <Ar

for each r > 0 sufficiently small. From the definition of spherical Federer density

(8.2)), it follows that

(8.22) lim sup 2 B A7)

F—0+ (AN = GN(MEJ)) '
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We wish to write a formula for s (B(v;, /\f)), therefore we consider (8.4) and apply
(8.5)), replacing 7 with A7 and z with vz. It follows that the set

(823) Er: = (51/0\7:) (q)_l(IB(Uf, )\7:))) = {y e R": (51/,:(\11(0)\,:?;)) € B(UO, )\)}
gives the equality

ps (B(vz, AF))

(8.24) SR

- / I (O ®(0rsy) A - A By D(ors) [, dy
Er

Setting Er = ox(E5) and performing the change of variables y = 01,,7, we get

1% B('Uf, )\f) 1 - ~ ~
(8.25) % = )\—N/E 1700 5 (O P(057) A -+ A Dy, @(05)) |l A7,

where we have defined
Ef = {y c R" : 51/7:<\I/(0'Fy)) € ]B(Uo, )\)}

Now, we fix 1 < A < A, the subset

(8.26) H; = {y € R : 6,,:(U(0sy)) € B(u, X)}
and observe that (8.6), (8.7) and (8.§)), in view of ¥(y) = 11 Vi(y)e;, show that
I'y(7C(y
(8.27) 01/7(¥(07y)) Zylembl - +Zl((Tc(ll))€z
I¢T

for each y € R" converges to

(8.28) > Yemy, 4ty € AT as F— 0T
=1

As a result, for any y € B(vy, 5\) N A,Y there holds

lim 1H;ﬁB(vo,5\)(y) = 1.

F—0t

Thus, taking into account that (8.22)), (8.25)), (8.26]), the following limit superior

1 N . .
lim sup W ) Lh.nBwo.3) (D) ITa(y), (8 D(o7g) Ao A ayn(b(afy)) g 4y
70+ B(vo,\)NA,%

is not greater than 0N (us, p). Then Lebesgue’s convergence theorem gives

,\NH| \( (vo, /\) NA,%) ||7T¢’ (8111@( YA A 3yn@(0))||g < QN(NEaP)-

Letting first A — 17 and then A — 1*, due to (8.21]), we get
(329) Bl [Tan (0, ®(0) A+ A8, D(0))], < (s, ),
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Joining this inequality with (8.20)) we get a formula for the Federer density
(830)  6(unp) = Bl A [Tan (B (0) A~ A D, B(0))
Finally, by (3.1)) and (8.1)) we observe that

Ta)N (O PO) A -+ A Dy, @(0) =X1 A+ A Xy AXps1t Ao A Xnyga Ao
RRA me—1+1 ARERNA XmL—1+OlL7

which has unit norm with respect to || - ||;. This completes our proof. O

8.2. Area formulae for the spherical measure. In this section we show how the
upper blow-up theorem automatically leads to general area formulae for the spherical
measure. By a special symmetry condition on the distance, we establish the relation-
ship between Hausdorff measure and spherical measure on horizontal submanifolds.

Throughout this section G denotes an arbitrary homogeneous group and ¥ C G is
an n-dimensional C' smooth submanifold of degree N. Its characteristic set and its
subset of maximum degree are defined by

(8.31) Cs={peX:ds(p) <N} and My ={peX:ds(p) =N},

respectively. We also fix the intrinsic measure py, along with the Riemannian metrics
g and g, as in Definition . We use the spherical measure S} of (7.3)), that does not

contain any geometric constant.

Theorem 8.1 (Transversal submanifolds). If ¥ C G is an n-dimensional transversal
submanifold of degree N, then for every Borel set B C % we have

(832 ps(B) = [ Il dog(r) = [ 5u(A,%) dS} o)
where g is any fired Riemannian metric.

Proof. From the definitions of (8.31)), by Theorem 1.2 of [42] we get SY(Cs) = 0. The
definition of intrinsic measure ([7.8]) joined with Remark yield pus(Cs) = 0. This
allows us to restrict our attention to points of Myx. For every Borel set £ C My,
each point p € E has maxium degree, therefore Proposition [5.3| implies that it is a
transversal point. Then we are in the position to apply part (4) of Theorem to
each p € F, getting formula . The everywhere finiteness of the spherical Federer
density 0N (us, -) shows that usl_E is absolutely continuous with respect S)'LLE and
the measure theoretic area formula applied to uy yields

ps(B) = [ Pu(4,2) S} v)
E
This formula joined with the negligibility of Cyx, immediately leads us to (8.32). [

The next results are the first important consequences of the upper blow-up theorem.
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Theorem 8.2 (Submanifolds in two step groups). If G has step two, Sy (Cs) = 0
and p € ¥ is algebraically regular for all p € My, then for any Borel set B C ¥ we
have

(8.33) /||TEN Mg doz(p) /ﬁd (A,%) dSN(p),

where g 1s any fired Riemannian metric.

Proof. Taking into account definitions (8.31)), by our assumptions joined with (7.8])
and Remark [7.4] we get

(8.34) p15(Cx) = S5 (Cx) = 0.

If E C My is any Borel set, we may apply part (2) of Theorem to each p € E,
since all of these points are algebraically regular. This allows us to establish .
In particular, the spherical Federer density 0N (uy, ) is everywhere finite on E, hence
psLE is absolutely continuous with respect SLLE. We are in the conditions to
apply the measure theoretic area formula , obtaining that

E) = / Ba(A,5) dSY(p)

therefore (8.33]) holds. The previous equality joined with (8.34) gives (8.33]). O

Theorem 8.3 (Curves in homogeneous groups). Let ¥ C G be a C' smooth embedded
curve of degree N, let g be a fixed Riemannian metric and consider a Borel set B C X.
The following formula holds

(8.35) /H’TEN )4 dog(p) /5d (A,%) dSy ().

Proof. Taking into account the definitions (8.31)), Theorem 1.1 of [33] gives
(8.36) Sg“(cz) = 0.

From the definition of intrinsic measure and taking into account Remark [7.4] one
also notices that ux(Cy) = 0. At any point p of My, the N-projection m, n(ms(p))
is obviously a vector, hence the homogeneous tangent space A,¥ is automatically a
one dimensional subgroup of G. This shows that any point of My is algebraically
regular. As a consequence, considering any Borel set F C My, we apply part (3) of
Theorem at each point p € E, getting

(8.37) N (s, ) = Ba(AY).

In particular, the finiteness of the spherical Federer density 0~ (us;, ) on E yields the
absolute continuity of usl_ E with respect to S)'LLE. Joining the measure theoretic

area formula ([7.5)) with the negligibility condition (8.36)) our claim (8.35)) follows. [

Remark 8.4. In any Heisenberg group H* = H! @& H? equipped with a homoge-
neous distance d the blow-up at nonhorizontal points of C' smooth curves is the one
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dimensional vertical subgroup H?. Thus, from the Definition of spherical factor
and Theorem we have the following area formula

(3.38) SILS(B) = /B 17 @)1l do(p)

for any C'! smooth nonhorizontal curve ¥ C H" and any B C X Borel set. In this
case have defined

wy(1,2) = Ba(H?) and 87 = wq(1,2)S5.

The spherical factor 5y in all the previous theorems strongly depends on the choice
of the homogeneous distance d. It is then worth to consider special classes of dis-
tances that make (; a fixed geometric constant. This is in analogy to what occurs
in Euclidean space R™ for the Hausdorff measure ’H,f“_‘, that in its definition includes
the geometric constant wy. Indeed, such a constant corresponds to the volume of
maximal k-dimensional sections of the unit ball in R™.

Definition 8.5 (Multiradial distance). Let d : GxG — R be a homogeneous distance
and let ¢ : [0,400)" — [0,+00) be continuous and monotone nondecreasing on each
single variable, such that

(839) d(l‘,O) ch(|x1|,,|xb|),

x; = Pyi(x) and Py : G — HY is the canonical projection with respect to the direct
sum decomposition of G into subspaces H’. The function ¢ is also assumed to be
coercive in the sense that

p(r) = oo as |z| = 4o0.
Let us stress that the symbol |- | indicates the Euclidean norm arising from the fixed

graded scalar product, see Section [2]

Remark 8.6. In any homogeneous group one can find a multiradial distance. Setting
€1 = 1 and suitably small £; > 0, one can always construct a nonsmooth homogeneous
distance defining

| 2||so = max{e;|z;|"": 1 <i<q}
and then d(z,y) = ||z 'y||« for z,y € G, see for instance [51]. One can easily realize
that d is multiradial.

We use multiradial distances to study the relationship between Hausdorff measure
and spherical measure on horizontal submanifolds of class C*.

Proposition 8.7. If d is a multiradial distance on G, then there exists a geometric
constant wg(n,n) such that

(8.40) Ba(V) =H}(BNV) = wy(n,n)

for any n-dimensional horizontal subgroup V- C H', where B = {z € G : d(z,0) < 1}.
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Proof. Consider an n-dimensional horizontal subgroup V' C H' and the intersection
VNB(z,1)={veV:z'veB}.
Since d is multiradial, we have
VNB(z,1) = {veV:p(Pmn(z"")|,...,|Pm(z""v]) <1}
and the monotonicity properties of ¢ give
VNB(z,1) Cc{veV:p(v— Py(z)],0,...,0) <1} = + C,
where (; = Pyi(z) and C = {v € V : ¢(|v|,0,...,0) < 1}. Tt follows that
BVNB(z, 1) <HL (G +C)=H(C)=H ;(BNV).

This proves (8.40]), along with the fact that 84(1') does not depend on the choice of
the n-dimensional horizontal subgroup V. U

Theorem 8.8 (Horizontal submanifolds). If ¥ C G is an n-dimensional horizontal
submanifold, then for every Borel set B C % we have

(8.41) / 172 (0), dors(p) / BalA,5) dS3(p).

where g is any fired Riemannian metric. If in addition d is multiradial, then for
any homogeneous tangent space V/ ofE the sphem'cal factor Bq(V') equals a geometric
constant wq(n,n) and defining 8§ = wq(n,n) Sy, there holds

(8.42) SILE(B / 178 < )lly dos (p)-

Proof. From the definition of horizontal submanifold, all points of 3 are algebraically
regular. In view of Remark [4.4] we also observe that all points of ¥ have degree
n. As a result, ¥ = My and choosing any Borel set B C X, we apply part (1) of
Theorem to each p € B, getting formula . The everywhere finiteness of the
spherical Federer density on B joined with the measure theoretic area formula ((7.5)
lead us to the integration formula . In the case d is multiradial, Propositio
allows us to define the geometric constant wg(n,n) = 54(V'), independent of the choice
of the homogeneous tangent space V' at any point of . Then immediately gives
, concluding the proof. O

As a consequence of the previous theorem, joined with the area formula of [35], we
will find the formula relating spherical measure and Hausdorff measure on horizontal
submanifolds.

A multiradial distance d is fixed from now on. We consider the set function ¢% of
(7.2) with respect to d, where F is the family of all closed sets @ = n. In the sequel,
we consider the Hausdorff measure

(8.43) Ho(E) = sup ¢5(E)

>0
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for every 2 C G. We will also use the “normalized Hausdorff measure”

(8.44) Hy = wa(n,n)Hy,

where wy(n, n) is defined in ({8.40).

Lemma 8.9. Let d be a multiradial distance on G and let V,W C H' be horizontal

subgroups of dimension n. It follows that

(8.45) HoBNV)=Hs(BNW) =1,

with B = {x € G : d(z,0) < 1}.

Proof. Let us consider the Euclidean isometry T:V — W with respect to the fixed

graded Euclidean norm | - | on G. The same scalar product defines the multiradial
distance, see (8.39). For each x,y € V there holds

d(Tx,Ty) = d((Tx)"'T(y),0) = d(Ty — Tx,0) = d(T(y — ),0)

where the last equality follows by the fact that W is commutative. By definition of
d, we have

d(Tx,Ty) = o(|Ty — Txl],0,...,0) = o(ly — x|,0,...,0) = d(z,y),
where the last equality holds, due to the commutativity of V. Choosing proper
orthonormal~bases, we extend T' to an isometry T : H' — H! with respect to |- | such
that T'|y, = T. Since d is multiradial it is easy to observe that
TBNH)=BNH"
By definition of T, it follows that
(8.46) TBNV)=TBNH' NV)=BNH'NT(V)=BNW.
We now consider the Hausdorff measures
H2 :P(V) = [0,400] and H : P(W) — [0, +00]
defined in 7 but where the metric space G is replaced by the horizontal subgroups

V and W, respectively. Since 7' is an isometry also with respect to d, taking into
account (8.46)) and the standard property of Lipschitz functions with respect to the
Hausdorff measure, we get

HLBAW) =HY (TBAV)) =HEBAV).
Exploiting the special property of the Hausdorff meausure about restrictions
Hy = Hilp) and My = Hilpor

the first equality of follows. Finally, we apply the isodiametric inequality in
finite dimensional Banach spaces, see for instance [7, Theorem 11.2.1], and observe
that the restriction ||z||4 = d(z,0) for z € V yields a Banach norm, due to the com-
mutativity of V. By standard arguments, the isodiametric inequality in the Banach
space (V.| - ||a) gives H} (BN V) = 1, therefore concluding the proof. O
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Proof of Theorem[1.]]. Since our argument is local, it is not restrictive to consider an
open set Q C R" and assume that there exists a C! smooth embedding ¥ : Q — G
such that ¥ = ¥(Q). Joining Proposition and Theorem , for every open subset
H C ) there holds

BT SELS(UI) = [ a0 ¥ ) A 1 0, 0(0) g do

Ha(D Bg))
/ ﬁn BE dzx,

where DU (z) : R* — G is the Lie group homomorphism defining the differential, see
[35] for more information. For each z € Q both Hj and M are Haar measures on

the horizontal subgroup V, = D¥(z)(R") C H*, therefore
HiVaOB)
(Ve NB)

From the area formula of [35]:

HILV, = "LV

The Haar property of these measures follows from the commutativity of V., hence
the BCH yields yA = y + A, whenever y € V, and A C V,. By Proposition and
definition (8.44]) we have

(8.48) Hal Ve = Ho (Ve N B) H LV, = H) LV,
in view of Lemma [8.9] We have proved that
[ (DY (z)(BE))

8.49 Hy(U(H :/ . dz.
(8.49) i) = [ S
The Lie group homomorphism D¥(z) : R¥ — G is defined as the limit
(8.50) D¥(z)(v) = tlir(l]l+ 10 (V(z) "0 (2 + tv)),

—

that exists for all x € Q, in view of [39, Theorem 1.1]. Exploiting the BCH formula
in the limit (8.50) and the fact that the image of DW(x) must be in a horizontal
subgroup, we have

(8.51) DU (z)(h) = d¥(z)(h) € V, C G,
where U = P oW and h is any vector of R". Finally, the expression
T (y)vn (ayl\lj(y) /\ e /\ 6yn\]:l(y))

can be more explicitly written as

| Y T (@ V(@) X (W () A - A Dy, W () X5, (()))
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where the special polynomial form of the vector fields X; implies that the component
(0,9 (x))? of 9,V (z) with respect to the basis (X1(®(x)),..., Xn(P(z)) coincides
with 9, ¥/ (x). This allows us to conclude that

1 (@¥(z)(BE))
Ly(Bg)

As a consequence, by (8.51)), (8.49) and ({8.47)), our claim follows. O

17900 (O U (@) A= A0y, (@) [ly = T (2) =
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