9th Lecture (3h)

(1) Def'n. The graded coordinates x in R™ are exactly those coordinates of V' associated to a
graded basis.

(2) Thm. Let x,y be some graded coordinates of R". Then the induced group operation in
R™ has the form p(x,y) = z +y + S(z,y) where S(x,y) is the "noncommutative part”.
Then

(b) Sj(o,(x), oo(x)) = 1 Ry, )
(c) S; belongs to the ideal of polynomials spanned by z,ys — z,y,, where p < s and
d,, ds < dj,
(d) Xj =0, + 21 sy @5(2) Ony, Where df(x)
(e) X]R = 0p; + D 1mst bé(x) Oy, Where bé(x)
No prf: Just mention that it follows from BCH!,......

9y, S (,0).
0, S'(0, )

(3) Horizontal subbundle: V; = span{Xj, ..., X,,} and the horizontal subspace
H,V =span{Xi(p),..., Xmn(p)} foreverypeV.
The left invariant vector fields X, with 1 < j < n are called horizontal.

(4) In H" represented by C" x R, we have at the point p = (x,y,t) the horizontal subspace

Hp((cn X R) = {Z )\j am]. + M 8yj + Q(ZAJ:UJ — Z/le’j)&t
j=1 j=1 j=1

Aj, iy € R} C T,(C" x R)

(5) Def'n of horizontal curve. An AC curve v : [a,b] — V is horizontal if 4(t) € H,uH for
a.e. t.

(6) There are plenty of horizontal curves. As an example, considering the variables (1, y1, 2, yo, t)
in H? and the left invariant horizontal vector fields X; = 0,, + 2y;0;, Y; = 0,, — 22,0,
take for instance the curve

v(t) = ( cost,sint,t,0, —2t)
and notice that it is horizontal, since
Y(t) = —sint Xy (y(t)) + cost Yi(y(1)) + X2(7(¢))
Clearly, not all curves are horizontal. Using the same coordinates, consider for instance
v(t) = (¢,1,0,0,0)
then
Y= 02,(7) = Xa(y) = 2010(v) = Xy — 2T,

(7) Any stratified group is connected by horizontal paths.
prf. Define [z,y] = zyx~'y~! and let (Uy,...,U,,) be a basis of V;. Then by BCH we get

pu(expY) = [expY,exp Ul + O(|Y[?), then dypy(0)(Y) = [V, U]
Take a multi-index o € I7, and define

J
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observing by the chain rule that

dg@i(O) = [7 [7 [ ) [Y> UO@]’ Uas}’ T 7Uaj]
Since @ is stratified, we have
‘/j = [‘/1’ ‘/j—l] = [‘/17 [‘/1’ V}—QH = \[‘/1’ [Via [ T [Vh Vl]v e l
jf?'l?nes

any vector of V; can be written as a linear combination of elements of the form
Ua = [7 [ Ty [Ua17 Uaz]; Uas]a e 7Uaj]

for suitable multi-indexes & = (ay,...,q;) € I7,.
Now we select families A; C I}, such that

{Ug;}aeA], is a basis of V; forevery j=1,...,¢
notice that for j = 1, we have A; = [,,,, then consider
o(z) = [ 11 #a(exp@lla,)
j=la€cA;
then .
0, ®(0) =U2

@

is a basis of T,V It follows that ® is surjective from a neighbourhood of the origin in
RY for some N € N onto a neighbourhood of 0 in V.

Then a neighbourhood of 0 in V' is connected by horizontal curves and this implies
global connectedness.

(8) Sub-Finsler metric. Fix a norm on |- | : Hy)V — R. Then the corresponding left
invariant Finsler norm. Let X € H,V and set

X, = ldLy 1 X] .
Then p — | - |, is a continuous and left invariant Finsler norm, namely
left translating a vector does not affect its norm
by construction, for A € H,V we have
|[dLpAlpg = [Alg

(9) Length of horizontal curves

b
length(y) = / Ao dt

(10) Rmk. If | - |p = \/(, ), then we have a SR metric

(11) We defined the SF distance between p and ¢ to be
d(p, q) = inf {length(~y) | 7 is horizontal and connects p with ¢}
that is finite due to connectivity by horizontal curves.

(12) It is also called the Carnot-Carathéodory distance of the group V'

(13) To show that d is a distance, triangle inequality and symmetry are rather simple. For
the first one, just join ”quasi geodesics”,...



(14) Lemma. For every p in V' there exists ¢, > 0 such that for every ¢ € V' we have
d(p,q) > ¢, min{l, [p — q|x}
prf. Take any horizontal curve 7 : [a,b] — V joining p with ¢. If vy([a,b]) C BEI, then

[k = [1atwri@l = e [l =clp- e

where we have defined
dL. -
cp = min inf {—‘ p 1U|F—} )

peBE, vETyV\{0} vl

then taking the infimum, it follows that d(p,q) > c|p — q|p. If v([a,b]) € Bfl, then

there exists b < b such that 7( ) € aBEl, then applying the previous argument
d(p.q) = ¢, |7(b) = ple =cp.

(15) By this lemma, it follows immediately that d(p,q) = 0 yields p = ¢q. The opposite being
trivial, we have shown that d is a distance on the stratified group V.

(16) Where does the stratification appear in this distance? Where does appear the choice of
the left invariant metric?

(17) We have that d is left invariant and homogeneous, namely

d(pz, py) = d(z,y), d(0,x,0,y) = rd(z,y)

(18) Define an auxiliary "homogeneous norm”, define = = (l’(l), o ,xm)

|z]lc = Z |27

it is homogeneous, quasi-triangle 1nequahty, ...... bla bla
(19) Let K = {|p|¢ < 1} be compact and let K* be its closed convex envelop, then letting
~(t) = tp with p € K, one gets

d(p) := d(p,0) < /M7 < Heléli(X |1r|1ax |dL,-1v|F) |ple < ¢

then by homogeneity of both d and || - ||g, for every p,q € V', we get
d(p,q) < cllp”"dlle

(20) For p,q in a compact set E of V' we have

_ 1/
V(B p—gle < dp,g) <V(E) Ip— ql)f
prf. for the sake of simplicity in in step 2 stratified groups: we have

B 1
P alle=1-p+q- 5 P-dllle

and also

1
(7)), =] —p? +q? - 5 ™, qV]]

< | =P+ ¢+ gV = pV + ¢V < K, Ip—qlE,



then for ¢ running in a compact set

Ip~qlle < K [p—ql}*.

the opposite inequality follows from coercivity inequality seen before.
(21) Then the topology of the SF-distance coincides with the topology of V.
(22) One one has the distance it can construct a measure!!!

(23) In some fixed graded coordinates, defining the Lebesgue measure, then it defines a left
invariant measure. This follows by the properties of Q(z,y) that make the left and right
translations a preserving volume mappings.

(24) Since the change of graded coordinates is just a linear mapping of R™, the invariance
does not depend on the chosen coordinates. Then we have found the Haar measure of
the group.

(25) Furthermore, taking into account of the form of dilations o, in R", we get

W(Byr) = u(By) = p(6:(Br)) = r°u(B1)
then standard covering theorems imply that the Hausdorff dimension of V' with respect
to d is exactly @ (it is an exercise using Vitali’s covering theorem)

(26) This is the natural dimension of the group, that is strictly bigger than its topological
dimension and makes it a fractal object.

(27) Then problems like studying the Hausdorff dimension and Hausdorff measure of smooth
submanifolds naturally arise,....



