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Article history: We consider the second order Cauchy problem
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Accepted 18 February 2009 u” + m(|A7 ul?)Au = 0, u(0) = uo, u(0) = uy,

where m : [0,+00) — [0,400) is a continuous function, and A is a self-adjoint

13\/15512'0 nonnegative operator with dense domain on a Hilbert space.

35180 It is well known that this problem admits local-in-time solutions provided that uy and

35190 uq are regular enough, depending on the continuity modulus of m, and on the strict/weak
hyperbolicity of the equation.

5‘:11;‘(’]"1‘17356555 We prove that for such initial data (ug, u1) there exist two palrs of initial data (uo, uq),

(o, U4) for which the solution is global, and such that uy = g + Up, U = U; + Us.

: . This is a byproduct of a global existence result for initial data with a suitable spectral
Degenerate hyperbolic equation . . . . . . .
Continuity modulus gap, which extends previous results obtained in the strictly hyperbolic case with a smooth

Kirchhoff equations nonlinearity m.
Gevrey spaces © 20009 Elsevier Ltd. All rights reserved.

Integro-differential hyperbolic equation

1. Introduction

Let H be a real Hilbert space. For every x and y in H, let |x| denote the norm of x, and let (x, y) denote the scalar product
of x and y. Let A be an unbounded linear operator on H with dense domain D(A). We always assume that A is self-adjoint
and nonnegative, so that for every « > 0 the power A* is defined in a suitable domain D(A%).

Given a continuous function m : [0, +00) — [0, +00) we consider the Cauchy problem

u'(t) + m(AV2u(t)|HAu(t) =0, Vt € [0,T), (1.1)
u(0) = ug, ' (0) = u;. (1.2)

It is well known that (1.1) and (1.2) is the abstract setting of the Cauchy-boundary value problem for the quasi-linear
hyperbolic integro-differential partial differential equation

U (t, X) —m (/ [Vu(t, x)|? dx) Au(t,x) =0 V(x,t) € 2 x[0,T), (1.3)
2
where 2 C R" is an open set, and Vu and Au denote the gradient and the Laplacian of u with respect to the space variables.
Eq. (1.1) is called strictly hyperbolic if
m@)>v>0 Vo =>0. (1.4)
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Eq. (1.1) is called weakly (or degenerate) hyperbolic if
m(oc) >0 Vo > 0.

Existence of local/global solutions to (1.1) and (1.2) has long been investigated in the last century. The theory is well
established in the case of local solutions, which are known to exist in the following situations.

(L1) When Eq. (1.1) is strictly hyperbolic, m is Lipschitz continuous, and initial data (ug, u;) € D(A*4) x D(A4) (see [1]
and the references quoted therein).

(L2) When Eq. (1.1) is weakly hyperbolic, m is continuous, and initial data are analytic. In this case solutions are actually
global (see [2-4]).

(L3) More generally, when initial data belong to suitable intermediate spaces, depending on the continuity modulus of m,
and on the strict/weak hyperbolicity of (1.1) (see [5,6]). This is a sort of interpolation between (L1) and (L2). We refer
to Section 2 for precise definitions of the functional spaces in the abstract framework and a formal local existence
statement (Theorem A).

Existence of global solutions is a much more difficult problem, and it is still widely open. A positive answer has been
given in the case (L2), and in some special situations: quasi-analytic initial data (see [7]), or Sobolev-type data but special
nonlinearities m (see [8]), or dispersive operators and small data (see [9,10]). But for (L2) all these results assume the strict
hyperbolicity and the Lipschitz continuity of m.

Recently Manfrin [11,12] (see also [13]) considered once again the strictly hyperbolic case with a smooth nonlinearity.
He proved global existence in a special class of nonanalytic initial data. Manfrin’s spaces are not vector spaces and do not
contain any Gevrey space §s with s > 1. However they have the following astonishing property:

(M) every pair of initial conditions (ug, u;) € D(A) x D(A'/?) is the sum of two pairs of initial conditions in Manfrin’s spaces,
i.e., the sum of two initial conditions for which the solution is global!

This theory requires the strict hyperbolicity and some smoothness of m, which is assumed to be of class C? both in [11]
and [12].

In this paper we extend Manfrin’s theory to the general situation of (L3). We consider indeed both the strictly hyperbolic
and the weakly hyperbolic case, and a nonlinearity m with a given continuity modulus. In Theorem 3.1 we prove global
existence for initial data in a suitable subset of the spaces involved in (L3). In analogy with Manfrin’s spaces, the definition
(3.1) of our subset is made in terms of the spectral resolution of initial data. Of course our subset is not a vector space and it
does not even contain all analytic functions. Nevertheless in Proposition 3.2 we show that this subset satisfies property (M)
in the spaces involved in (L3).

From the point of view of property (M) our result extends Manfrin’s one also in the framework (L1). In this case we obtain
indeed property (M) for initial data in D(A**) x D(A'/#) and a locally Lipschitz continuous nonlinearity m, instead of initial
datain D(A) x D(A'?) and m € C2.

This paper is organized as follows. In Section 2 we recall the definition of continuity modulus and Gevrey-type functional
spaces, and we state the local existence result for the case (L3). In Section 3 we introduce our spaces and we state our main
results. In Section 4 we prove these results.

2. Preliminaries

For the sake of simplicity we assume that H admits a countable complete orthonormal system {e};~; made by
eigenvectors of A. We denote the corresponding eigenvalues by )Lﬁ (with A, > 0), so that Ae, = Aiek for every k > 1.

Under this assumption we can work with Fourier series. However, any definition or statement of this section can be easily
extended to the general setting just by using the spectral decomposition instead of Fourier series. The interested reader is
referred to [1] for further details.

By means of the orthonormal system every u € H can be written in a unique way in the form u = ZZ; ugey, where
u, = (u, ey) are the Fourier components of u. With these notations for every « > 0 we have that

o0
D) = JueH: Y Aou < +oot.
k=1

Now let ¢ : [0, 4+00) — (0, +00) be any function. Then for every « > 0 and r > 0 one can set

o0
Iull? 0 =Y A“uj exp (re () , (2.1)
k=1

and then define the spaces

Gora@) ={ueH: ul?,, <+oc}.
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These spaces are a generalization of the usual spaces of Sobolev, Gevrey or analytic functions. They are Hilbert spaces

with norm (Ju|® + [|ul|? , ,)"/?. We also set

Gp.00.0(B) =) Gp.r.a(A).

r>0

A continuity modulus is a continuous increasing function w : [0, +00) — [0, +00) such that w(0) = 0, and w(a + b) <
w(a) + w(b) foreverya > 0and b > 0.
The function m is said to be w-continuous if there exists a constant L € R such that

Im(a) — m(b)| < Lw(la—b|) Va>0,Vb > 0. (2.2)
The following result sums up the state of the art concerning existence of local solutions. We refer to Theorems 2.1 and 2.2

in [5] and to Appendix A in [6] for the existence part, to [6] for some counterexamples, and to [14] for uniqueness issues.

Theorem A. Let w be a continuity modulus, let m : [0, +00) — [0, +00) be a (locally) w-continuous function, and let
¢ : [0, +00) = (0, +00).
Let us assume that there exists a constant A such that

1
ow <—> < Ap(oc) Vo >0 (2.3)
o
in the strictly hyperbolic case, and
<A ( c ) Vo >0 (2.4)
0 A | —— o > .
Jo(l/o)
in the weakly hyperbolic case.
Let
(Uo, U1) € $¢.ry,3/4(A) X Gg.rp,1/4(A) (2.5)

for some rg > 0.
Then there exist T > 0, and R > 0 with RT < rq such that problem (1.1) and (1.2) admits at least one local solution

u e C' ([0, TL; Ggrrg—re,1/4(A) N CO ([0, T1; Gip.ro—re,3/4(A)) . (2.6)

3. Main result

Let £ denote the set of all sequences {p,} of positive real numbers such that p, — +o0oasn — +o0o. Given
¢ : [0, +00) — (0, 400), {pn} € L, > 0,and > 0 we set

GMLL 1A = queH: Y aulexp (pfp(h) < pnVn € N} : (3.1)
Ak>pn
and then
(B) (B)
IMPe @) = M oA
{on}eL

These spaces are a generalization of Manfrin’s spaces.
The following global existence result is the main result of this paper.

Theorem 3.1. Let w be a continuity modulus, let m : [0, 4+00) — [0, +00) be a function satisfying (2.2), let ¢ : [0, +00) —
(0, +00), and let {p,} € L.
Let us assume that

e in the strictly hyperbolic case (2.3) holds true for a suitable A, and

(ug, uq) € 9=M {on) 3/4(A) X 9"/%40 (on}, ]/4(A)7 (3.2)
e in the weakly hyperbolic case (2.4) holds true for a suitable A, and

3 3
(o, u1) € ML\, 1 3/4(A) X GML, | 14 (A). (3.3)
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Then problem (1.1) and (1.2) admits at least one global solution u(t) with

u € C' ([0, +00); Gy.r.3/a(A)) N C° ([0, +00); Gy r.1/a(A)) (3.4)
foreveryr > 0.
We conclude by speculating on these spaces. First of all it is easy to prove that when 8 > 0 one has that

GMP(A) C Gp.00.a(A) (3.5)

for every admissible values of the other parameters. On the one hand this inclusion is “very strict”. Roughly speaking indeed
the inequalities in definition (3.1) require that the spectrum of u “has a big hole after each p,,”. For this heuristic reason we
used “spectral gap solutions” to denote the solutions produced by Theorem 3.1.

On the other hand inclusion (3.5) is “not so strict” in the sense that

GML)L(A) + GMPLA) = Gy.00.a (A)
for any admissible values of the parameters. We state this property more precisely in the case of pairs of initial data.
Proposition 3.2. Let ¢ : [0, +00) — (0, +00), and let

(g, U1) € G¢,00,3/4(A) X Gy 00,1/4(A). (3.6)
Then for every B > 0 there exist {p,} and {p,} in £, and

(T, T) € §M,) 5 ) 314 () X GMS ) 1/a(A). (3.7)
(T, W) € M5 34(A) X GM 5 14(A). (3.8)

such that ug = Uy + g and uq = u; +Uj.

Remark 3.3. Combining Theorem 3.1 and Proposition 3.2 we obtain the following statement: every pair of initial conditions
satisfying (2.5) with rp = o0 is the sum of two pairs of initial conditions for which the solution is global. We have thus
extended to the general case the astonishing aspect of Manfrin’s result.

The extra requirement that ry = oo is hardly surprising. It is indeed a necessary condition for the existence of global
solutions even in the theory of linear equations with nonsmooth time dependent coefficients.

Remark 3.4. The w-continuity assumption on m can be easily relaxed to local w-continuity in all the cases where there is
a uniform-in-time estimate of |A/?u(t)| in terms of the initial data. We refer to the paragraph “Energy conservation” in
Section 4.1 for further details.

Remark 3.5. It is possible to extend the result of Theorem 3.1 to larger spaces. A careful inspection of the proof reveals that
in the strictly hyperbolic case one can replace 8§ = 2 with any 8 > 1, in the weakly hyperbolic case one can replace 8 = 3
withany 8 > 2.1t should also be possible to enlarge these spaces in order to contain all analytic functions, for which a global
solution was already known to exist.

Our choice (3.1) is optimized in order to obtain both Theorem 3.1 and Proposition 3.2 under the more general assumptions
on m, and with a simple proof.

4. Proofs
4.1. Preliminaries

Estimates for a continuity modulus
The following estimates are crucial in the proof of our main result (see also Lemma 3.1 in [14]).

Lemmad4.1. Let w : [0, +00) — [0, +00) be a continuity modulus.

Then
w0x) < (14 Vo) Yi>0 Vx> 0: (4.1)
o) > a)(l))% Vx > 0: (42)
14— < {1+ V(1+1) wso0 (4.3)
o) —( w(l))( x) e '

Proof. Inequality (4.1) can be easily proved by induction on the integer part of A using the monotonicity and the
subadditivity of w. Inequality (4.2) follows from (4.1) applied with A = 1/x. Inequality (4.3) follows from (4.2). O
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Energy conservation
Let u be any solution of (1.1) defined in an interval [0, T). Let us set

M(o) = /G m(s)ds Vo >0,
0

and let us consider the usual Hamiltonian
H(O) = W'@) +MIAu©)?).
It is well known that J#¢(t) is constant. In particular
W' ()| < #(0) Vtel0,T). (4.4)
In the strictly hyperbolic case we have also that M (o) > vo, hence

IAY2u(t)|? < @ vt € [0, T). (4.5)

This provides an estimate of |A'/?u(t)| in terms of the initial conditions. This type of estimate can be obtained also without
the strict hyperbolicity provided that the limit of M(0) as 0 — +00 is 400 or at least larger than #(0).

Convolutions
In the next result we recall the properties of convolutions which are needed in what follows (we omit the standard proof).

Lemma4.2. Let p : R — [0, +00) be a function of class C*, with support contained in [—1, 1], and integral equal to 1.

Let a > 0,and let f : [0, a] — R be a continuous function. Let us extend f (x) to the whole real line by setting f (x) = f(0)
forevery x <0, and f (x) = f(a) for every x > a.

For every ¢ > 0 let us set

fi(®) = /f(x—l—ss),o(s) ds Vx eR.
R

Then f,(x) has the following properties.

(1) fe € C(R).

(2) If m1 <f(x) < py foreveryx € [0, a), then 1 < f:(x) < u, forevery x € R and every ¢ > 0.
(3) Ife(0)] < max{|f(x)|: 0 <x < g} foreverye > 0.

(4) Let w be a continuity modulus. Let us assume that

If®) —fWI <Ho(lx —y|) Vxe[0,al, Vy € [0,a], (4.6)
for some H > 0. Then there exists a constant y, (independent on &, H, and on the function f (t)) such that

Ife(¥) —f(®)| < voHw(e) Vx €R, Ve > 0,
I ()| < voH @ Vx € R, Ve > 0.

Maximal local solutions

By (3.5) assumptions (3.2) and (3.3) imply that (ug, U1) € $¢,00,3/4(A) X G¢,00,1/4(A). Therefore the existence of a local
solution to (1.1), (1.2) follows from Theorem A both in the strictly hyperbolic and in the weakly hyperbolic case. Since initial
data satisfy (2.5) for every ro, from the linear theory it easily follows that the local solution satisfies (2.6) for every ry, even
withR = 0.

By a standard argument any local solution can be continued to a solution defined in a maximal interval [0, T).If T = 400
there is nothing to prove. In order to exclude that T < +oo we prove that the time derivative of |A'/?u(t)|? cannot blow-up
in a finite time. The proof of this a priori estimate, which is the basic tool in all global existence results, is different in the
strictly hyperbolic and in the weakly hyperbolic case.

4.2. The strictly hyperbolic case

Let us introduce some constants. From the strict hyperbolicity (1.4) and estimate (4.5) we have that

1/2 2 . #(0) .
v<m(Au®)|’) <max{m(@o):0<o<——7 =pu Vt=>0.
v
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Let L, A, yo be the constants appearing in (2.2) and (2.3), and in Lemma 4.2, and let
y1 = max{1, u} - max {1, v‘l} ,

Hy = max {|(A%*ug, AV*up)| + 1, (1+v7") #(0) + 21 + 1},

1 1
= vLAQR2H Dl-+—).
v2 = YoLAQ2H; + )(v +ﬁ>

Since p, — +00 we can choose n € N such that
pn > max{y,T, 1}. (4.7)
Let us set

S:=sup{t <T: [(A*u(), AV*/(t))| < Hipy ¥Vt € [0, 7]}.

We remark that S > 0 because [(A%/ug, AV*us)| < Hy < Hypy.
Now we distinguish thecaseS =T and S < T.

Case S = T: The argument is quite standard. In the interval [0, T) the function u(t) is the solution of the linear problem

V/(t) + c(H)Av(t) =0 (4.8)
v(0) = uo, v'(0) = uy,

where
c(t) :== m(|AY?u(t))?). (4.10)

Since S = T in this case we have that

=2 |(A"*u(t), AV*u (1))| < 2H1pn (4.11)

d
AV20(0)12
‘—dtl u(t)|

foreveryt € [0, T).It follows that |A"/?u(t)|? is Lipschitz continuous in [0, T), hence c(t) can be extended to an w-continuous
function defined in the closed interval [0, T]. By the linear theory (see [15] and [5]) problem (4.8), (4.9) has a solution

v e CO([0, T; Gg.r.34(A) NC' ([0, T; Gg.r1/a(A))

for every r > 0. Since the solution of the linear problem is unique, this implies that there exist
ao = lim Ll(t) (S 9¢,oo,3/4(A), /ljl = lim u’(t) S g,¢700’1/4(A).
t—>T— t—>T—

Applying Theorem A with initial data (tip, U;) one can therefore continue u(t) on an interval [0, T;) with T; > T, which
contradicts the maximality of T.

Case S < T: By the maximality of S we have that necessarily

[(A**u(S), AV*U'(S))| = Hypp. (4.12)

Let us consider the function c(t) defined according to (4.10). In this case (4.11) holds true for every t € [0, S], hence by
(2.2) and (4.1) we have that

lc(t) — c(s)| = [m(A*u@®)*) — m(Au(s)?)|
Lo (|IA7?u@®)® — 1A u(s)?])
Lw(2H1pnlt —s)

L2H1pn + 1) (|t —s|)

L2H: + 1) pn (]t — s])

for every t and s in [0, S]. Let us extend c(t) outside the interval [0, S] as in Lemma 4.2, and let us set

IANTA TA TA

c.(t) == / c(t+es)p(s)ds VteR. (4.13)
R
Since estimate (4.6) holds true with H := L(2H; + 1) pp,, from statements (2) and (4) of Lemma 4.2 we deduce that
V<c(t)<u VteR, Ve>0, (4.14)
[ce(t) — c(t)| < YL(2H; + D ppw(e) Vt € R, Ve > 0, (4.15)
w(e)

lcL(t)| < oL(2H1 + 1) py — vVt € R, Ve > 0. (4.16)
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Let us consider the Fourier components u,(t) of u(t), and let us set

Eio () = [ ()] + Afce ()| (D). (4.17)
An easy computation shows that

Ep () = cL(OM|ug(®)]* + 223 (c. () — c(©))ur(D)u(£)

(4 (3) 2 2 |ce(t) — c(t)]
Ce (AU (O] + Ap————=""2[u} ()| - Axv/Cc(t)|ug(t
5 5() () |k()| m |k()| k C( |ul()|
(0] e (D) = c(0)]
————E (t) + Ay————=—E (),
< o0 > () + A ) ke (€)
hence by (4.14)-(4.16) we obtain that
, w(e) 1
Ekg(t) < »L(2H; + 1) oy <_ + Xk‘”(‘/‘)) Ek,e(t) vt € [0, S]. (4.18)
' v Jv

Let us consider now the eigenvalues Ay > p,, which are clearly positive, and let us set g := kk_l. By (2.3) we have that

w(&y)

1
= (&) = M <)\_> = A(/)O\k)
k

Using these estimates in (4.18) we obtain that

) 11
Ekygk (t) = VOL(ZHl + 1)pn (; + _> Aw()\k)Ek,ek (t) = V2pn(p()\k)Ek,sk (t)

SV
Integrating this differential inequality and using (4.7) we find that
Ete, () < Eie (0) exp (72009 (A)T) < Ei,, (0) €xp (0790 ()
for every t € [0, S]. Thanks to (4.14) we obtain that
| (O + A lue(O]* < max {1, v} B, (0)
< max {1, v} (Junl® + Azce, (0) [uok|*) exp (o7 (M0)
max {1, v} - max{1, u} (lunl® + A¢luokl®) exp (079 (M)
1 (luwl® + Aluokl®) exp (ppo(Ai))
where ug, and u4;, denote the Fourier components of uy and u4, respectively.
By assumption (3.2) we have therefore that
D (O + 21w P) < v D h (lunl + A3 uol?) exp (079 () < 2y10n
Ak>pn Ake>pn
for every t € [0, S]. On the other hand, by (4.4) and (4.5) we have that
D M (I OF + 231w F) < o Y (I (P + 23 u(0)?)
Ak=pn Ak=pn
pn (16 O + 1A 2u0)?)

o (Jf(m + ‘%(O))

Vv

A

A

IA

IA

for every t € [0, S]. In particular for t = S we have that
(A u(S), AV (9))| < 1A *u(S))? + 1AV (S) 2
= > (O P + 2w + Y A (U + AF[we(S)I?)

Ak=pn Ak>pn

< <ﬂ<0)+ﬂ+z )

< Hipn.
This contradicts (4.12).
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4.3. The weakly hyperbolic case

Let us introduce some constants. Let L, A, y, be the constants appearing in (2.2), (2.4), and in Lemma 4.2, and let

1
=14+ —,
V3 +a)(1)

ya := max {m(AY2u(0)?) : t € [0, T/2]) + max {a)(o) 10 < oVw(o) < 1} ,
¥s = ys(1+ya)(A+1)

Hy = max{|(A3/4u0,A1/4u1)| 1, (Juol + DV/HO) + 5 + 1)} ,

v .= 14+ yoL(2H, + 1).

Since p, — 400 we can choose n € N such that p, > 1, and

2
P> =TV H0),  p)/? = 4ysAT, — (4.19)

Pn = .
T (T/2)

Let us set

S:=sup{t <T: [(A*u(), AV ())| < H,p)* Vt € [0, 7]}.

We remark that S > 0 because |[(A*/4ug, AV*u;)| < H, < Hyp./%.
If S = T we can conclude as in the strictly hyperbolic case (using the linear theory for the weakly hyperbolic case, for
which we refer to [16]). So let us assume that S < T. By the maximality of S we have that necessarily

[(A**u(S), AV ()| = Hap)>. (4.20)

Let us consider the function c(t) defined according to (4.10), let us extend it outside the interval [0, S] as in Lemma 4.2,
and let us set

c.(t) = w(e) + / c(t+es)p(s)ds VteR.
R
Arguing as in the strictly hyperbolic case we find that
le(t) — c(9)] < L2H, + 1)y 2o(|t — s])
for every t and s in [0, S]. Therefore from statement (4) of Lemma 4.2 we deduce that
lce(t) — c(0)] < (1+ yLlHy + 1)p)%) w(e) = vepp/? o), (421)

w(e) w(e)
CE <oy 22

|cL(t)] < YoL(2Ha + 1)p]/? (4.22)

Let us consider the Fourier components uy(t) of u(t), and let us define E; . (t) as in (4.17). Computing the time derivative
as in the strictly hyperbolic case, and using (4.21) and (4.22), and the fact that ¢, (t) > w(e) we find that

, 1
E; (D) < yep5/ (g + ww@)) Ep.(t) Vte[0,S].

Now we choose ¢ as a function of k. The function h(o) = o +/w(0) is invertible. Let us consider the eigenvalues A, > p,,
which are clearly positive, and let us set &, := h~!(1/A;). By (2.4) we have that

1 1
Ay @ (&) = . < Agp (—) = Ap(re), (4.23)

h(er)
hence

Ep oo () < 2607 * AQ(Ai)Eg g, (D).

Integrating this differential inequality, and exploiting the second condition in (4.19) we thus obtain that

1
Epe () < Exs, (0) exp (207 Y6 Ap(Mi)T) < Ey,, (0) exp (y,?qow))

for every t € [0, S]. In order to estimate Ey ., (0) we need an estimate on ¢, (0). To this end we first observe that
h(ex) = 1/x¢ < 1, hence

w(er) < max{w(o) : 0 < h(o) < 1}. (4.24)
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Moreover the last condition in (4.19) is equivalent to 1/p, < h(T/2). Therefore from the monotonicity of h it follows

that
1 1 T T
()= (3) = 0G) -5
Ak Pn 2 2

hence from statement (3) of Lemma 4.2 we deduce that
/ c(exs)p(s)ds < max{c(t) : 0 <t < g} <max{c(t):0 <t <T/2}. (4.25)
R

From (4.24) and (4.25) it follows that c,, (0) < y4, hence

Epe, (0) < max {1, ¢, (0)} (Juwl® + Aluoel®) < (1 + ya) (Juml® + Afluokl®) -
Moreover from (4.3) and (4.23) it follows that

1 1
maxy1l, ——¢ <1+ =¥ (1 + —) < 3(1+ Ap(Ap)).
w(&x) (&) &k
Since (14 Ax) < (A + 1)e¥/? for every A > 0 and every x > 0, we have in particular that
1 1
max 1, ——¢ < y3(1+ Ap(A) < y3(1+ A) exp | ¢y
w(&x) 2
=<

1
y3(1 4+ A)exp ( pnso()»k)> .

From all these estimates it follows that

/\

| (O + A lu (O < max{ (e )}Eksk(t)

IA

¥3(1+ A)Ex ., (0) exp (00 (M)
y3(1+ ) + ya) (Juwl® + AZluoel®) exp (2@ (Ai))
= y5 (Juwel® + A¢luoel®) exp (079 (M0) -

By assumption (3.3) we have therefore that

D (P + 231w @) < s > i (lunl® + A luoel®) exp (o7 9 (0)) < 2¥5pn
Ak>pon Ak>pn

IA

forevery t € [0, S], and in particular

D7 Au(S) - w(S)| <

Ak>pn

< ) RIS - [uS)|

}\k>,0n

= Z Ml (S) [ + 27 u(S)[?)

)\k>Pn
= ¥50n-
On the other hand, by (4.4) and the first condition in (4.19) we have that
u(t)] < [up| + S - max{|u'(t)| : t € [0,S1} < [up| + T - /#(0) < (|luo| + 1) p,/?
forevery t € [0, S], hence

I/\

Y MU Ou®] < p2 [w®), u'O)] < p2lu®)] - [ O] < o3/ (luol + 1) y/#(0)

A=pn

for every t € [0, S]. In particular for t = S we have that

(A2 4u(s), AV (S)] < | D AR w4+ | Y AE(S) - w(S)
Ae=<pn Ae>pn
< p3* (Jugl + 1) y/#(0) + yspn
< H p5/2.

This contradicts (4.20).



4124 M. Ghisi, M. Gobbino / Nonlinear Analysis 71 (2009) 4115-4124

4.4. Proof of Proposition 3.2

Let us recursively define a sequence p, as follows. First of all we set pg = 0. Let us assume that a term p, has been
defined. Assumption (3.6) implies in particular that

(Uo, U1) € Gg,r.3/4(A) X Gg.r.1/4(A)

withr = pff , hence

oo oo
Z ughr exp (pfo(Ai)) < +oo, Z ujhkexp (pf (M) < +oo.
k=1 k=1

We can therefore choose p,1 big enough in such a way that p,; > p, + 1, and

o
Z ughi exp (pf () < pn, Z ujhkexp (pf (M) < pn.

Ak=Pn+1 Ak=Pn+1

Let Uy and u; be the elements of H whose Fourier components are given by

To = 0 if oo < Ak < P2k, Ty = 0  if por < Ak < P2k,
Uk if pok+1 < Ak < Pokt2s ¢ Uik i port1 < Ak < P2kt2s

and let p,, := p,,. We claim that (3.7) holds true. Indeed for every n € N we have that

x 00
Z Ugehi exp (Pho(h) = Z Uoiht exp (anfﬂ()\k))

Ak>Pn Ak>p2n

o0
= Y Uphiexp (pfnq)(kk))

Ak=P2n+1

o
> uhaiexp (pfnw(/\k))
A= P2n+1
S /02n = ﬁny
and similarly for u;. Note that in the second equality we exploited the spectral gap of 1y, whose components are equal to

zero in the range (p2n, P2nt1)-
In the same way we can show that tly := up — g and U; := u; — U satisfy (3.8) with 9, := ponpq. O

IA
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