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Abstract

We consider the second order Cauchy problem
eul +ul+m(|A2ue|P)Aug =0, ue(©)=ug,  ul(0)=uj,
and the first order limit problem
u’-{—m(’A]/zu‘z)Au:O, u(0) = ug,

where ¢ > 0, H is a Hilbert space, A is a self-adjoint nonnegative operator on H with dense domain D(A),
(g, u) € D(A) x D(A/2), and m : [0, +00) — [0, +00) is a function of class C'.

We prove decay estimates (as t — +00) for solutions of the first order problem, and we show that analo-
gous estimates hold true for solutions of the second order problem provided that ¢ is small enough. We also
show that our decay rates are optimal in many cases.

The abstract results apply to parabolic and hyperbolic partial differential equations with nonlocal nonlin-
earities of Kirchhoff type.
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1. Introduction

Let H be a real Hilbert space. Given x and y in H, |x| denotes the norm of x, and (x, y)
denotes the scalar product of x and y. Let A be a self-adjoint linear operator on H with dense
domain D(A). We always assume that A is nonnegative, namely (Au, u) > 0 forevery u € D(A).
For any such operator the power A“ is defined for every o > 0 in a suitable domain D(A%). Let
m [0, +00) — [0, +00) be a function of class C!.

For every ¢ > 0 we consider the second order Cauchy problem

su (1) + ul. (1) + m(| A Pue () ?) Aue () =0 Vi >0, (1.1)
us (0) =ug, u,(0) =uj. (1.2)

This problem is just an abstract setting of the initial boundary value problem for the hyperbolic
partial differential equation (PDE)

eut, (t,x) +us(t,x) — m</|w8(t,x)\2dx>m€(z,x) =0 (1.3)
2

in an open set £2 € R". This equation is a model for the damped small transversal vibrations of
an elastic string (n = 1) or membrane (n = 2) with uniform density ¢.
We also consider the first order Cauchy problem

u/(t)+m(|A1/2u(t)|2)Au(t):O Vi >0, (1.4)
u(0) = uyg, (1.5)

obtained setting formally & = 0 in (1.1), and forgetting the initial condition u; in (1.2). In the
concrete setting of (1.3) the limit problem involves a PDE of parabolic type.

The main research lines on this subject concern the behavior of u.(¢) as t — +00 and as
& — 0T, In this paper we focus on the first issue, proving decay estimates for u(t) and u(t) as
t — +4o00. The decay properties of u(z) are stated in Theorem 3.2 and are proved by means
of classical energy estimates for parabolic equations. We used these estimates on u(f) as a
benchmark when looking at the second order problem, and indeed in Theorem 3.6 we show that
solutions of (1.1), (1.2) satisfy similar decay estimates provided that ¢ is small enough. Also the
constants (and not only the decay rates) involved in our estimates for the second order problem
tend (as ¢ — 0™) to the corresponding constants for the first order problem.

Most of our estimates are independent on ¢. For this reason we plan to apply them in a future
paper in order to provide global-in-time estimates for |u; — u| as ¢ — 0T (see also [8,9]).

Our proofs involve comparison principles for ordinary differential equations (see Lemmas 4.1
and 4.2) together with estimates of suitable first order energies (see Proposition 3.10). Our
methods are quite general and do not require any special assumption on the nonlinearity m.
Nevertheless we obtain decay rates for |A'/2u,|?, |Aug|?, |uf3|2 which are optimal and often
better than those stated in the literature.

As a byproduct of our energy inequalities we get also decay estimates for ¢|A!/ 2u’8|2. We
state them because in some cases they improve the existing literature, but we suspect they are not
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optimal (we can indeed prove better estimates both for more regular data, and for special choices
of m).

This paper is organized as follows. Section 2 contains a reasonably short summary of the
literature and a comparison with the estimates obtained in this paper. Our results are formally
stated in Section 3 and proved in Section 4.

2. Survey of existence results and decay estimates

Let us recall some terminology.

e The operator A is called coercive if there exists a constant v > 0 such that (Au, u) > v|u|?
for every u € D(A).

e Eq. (1.1) or (1.4) is called nondegenerate if there exists a constant i > 0 such that m(c’) >
for every o > 0.

e Problem (1.1), (1.2) or (1.4), (1.5) is called mildly degenerate if the initial condition u
belongs to D(A'/?) and satisfies the nondegeneracy condition

m(|A]/2uo‘2)>O. (2.1)

This means that m may vanish, but not at the initial time. In many statements we also assume
that u satisfies the stronger nondegeneracy condition

| A2 m (| A" ?uo|?) > 0. 22)
Note that (2.2) is equivalent to (2.1) if m(0) = 0.
2.1. Existence results

Existence of a global solution for problem (1.4), (1.5) can be established under very general
assumptions on m, A, ug. In particular one can prove the following result (see [2,7,13]).

Theorem 2.1. Let m: [0, +00) — [0, 400) be a locally Lipschitz continuous function. Let us
assume that ug € D(A) satisfies the nondegeneracy condition (2.2).
Then problem (1.4), (1.5) has a unique solution

u € C'([0, +00); H) N C°([0, +00); D(A)).
Moreover AV?u(t) # 0 for every t >0, and u € C'((0, +00); D(A%Y)) for every a > 0.

The standard result concerning problem (1.1), (1.2) is the existence of a unique global solution
provided that (ug,u1) € D(A) x D(A'/?) satisfy (2.1) and ¢ is small enough. This was proved
by E. de Brito [3], Y. Yamada [24], and K. Nishihara [17] in the nondegenerate case, then by
K. Nishihara and Y. Yamada [18] in the mildly degenerate case with m(c) = oV (y > 1), and
finally by the authors [6] with a general locally Lipschitz continuous nonlinearity m (o) > 0.

The following theorem is a straightforward consequence of Theorem 2.2 of [6].
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Theorem 2.2. Let m : [0, +00) — [0, +00) be a locally Lipschitz continuous function. Let us
assume that (ug, u1) € D(A) x D(AY?) satisfy the nondegeneracy condition (2.1).

Then there exists ey > 0 such that for every ¢ € (0, &) problem (1.1), (1.2) has a unique global
solution

us € C2([0, +00); H) N C'([0, +00); D(A'?)) N CO([0, +00); D(A)).

We recall also that there is a wide literature on the nondissipative case: the interested reader
is referred to the surveys [1] and [23], or to the most recent papers [10,12].

2.2. The hyperbolic problem: Decay estimates

A lot of papers have been devoted to decay estimates for dissipative Kirchhoff equations.
Comparing such results is a hard task because of the different settings (abstract or concrete
equation, with or without forcing terms), of the different approaches (either ¢ = 1 and small
data, or fixed data and small ¢), of the different quantities considered (u,, Al/ 2u8, Aug, u’g,
Al/ 2u’g, ug ), and of the different assumptions on m (degenerate or nondegenerate), A (coercive
or noncoercive), ug, u1 (more or less regular). For this reason in this section we do not quote the
results exactly as they are stated in the appropriate papers, but we always rephrase them in the
setting of Theorem 2.2.

We also neglect decay estimates on u, because in the coercive case they can be easily deduced
from estimates on A/ 2148, while in the noncoercive case there is no reason for u. () to tend to 0,
even for a linear equation (when m is a positive constant).

2.2.1. Decay estimates for coercive operators

The nondegenerate case was considered by M. Hosoya and Y. Yamada [11] (see also [4,16]).

The degenerate case with m(c) = o? (y > 1) was considered by K. Nishihara and Y. Ya-
mada [18].

Later on, better estimates have been obtained by T. Mizumachi [14] and K. Ono [19] in the
special case y = 1. Indeed their decay rates for A'/2u, and u,, improve those obtained by setting
y =1 in the corresponding estimates of [18].

All these results are summed up in the left column of Table 1.

The case of a general nonlinearity m (o) > 0 was considered by the authors in [6]. When
m(c) > 0 for every o > 0 they proved that |A!/?u,| — 0 and |u}| — 0, without estimates of the
decay rate.

In this paper we provide such estimates in terms of m. Our results, when applied to the
particular choices of m considered in the literature, improve most of the known estimates. In
particular we always obtain lower bounds for |AY2u,|? and |Au,|?, our estimates on |I/t/8|2 are
e-independent, and we have better exponents in the case m(o) = oV (note that our estimates for
m(o) = o are just the case y = 1 in our estimates for m(c) = o).

2.2.2. Decay estimates for noncoercive operators

The nondegenerate case was considered by Y. Yamada [24], then by K. Ono [21], and finally
in the recent paper by H. Hashimoto and T. Yamazaki [9], where the e-independent estimate on
u), is proved.

The case m(o) = oV was considered by K. Ono [22]. Finally, better estimates were obtained
by T. Mizumachi [15] and K. Ono [20] in the special case y = 1.
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Table 1
Decay estimates in the coercive case

Literature Present paper
o | 1A2us (0] < cpe™2! cre ™ <AV 2ug ()P < cpem 2!
A
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Table 2
Decay estimates for noncoercive operators
Literature Present paper
1/2 2 2 — 1/2 2 €2
o |4 Pus P < cre™ " <A e 0 < 5
| Au P < —< Auc(0)2 <
N | AP < s A OF < s
° c c
~ u 2< - u 2< s
L SETE
1/2, 2 c €1 1/2, 2 2
A < —— — <A < - s
. | ug|” < (1+t)1/(3’+1) (l+t)]/y < ug|” < (1+t)1/(1’+1)
N 2 2 ¢
] |Augl* <c [Aug|” < ———
O (L+nl/y
c c
S| < < —
1+1 141+ D/ +y)
A a2 22 LAl 2y 2 2
(1 +1)e/e 1+1 141t 141
S
[ 2 ¢ 2 ¢
~ | lAugl” < Aug|” <
S | el < Auel® <
g
/2 < 2 ¢
elu < u
e (1+1)? e (1+1)?

All these results are stated in the left column of Table 2.
In this paper, with different techniques, we obtain decay estimates in the case of a general
nonlinearity m(c) > 0. When applied with special choices of m, we re-obtain or improve the
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results found in the literature. In particular we always have a lower bound for |A'/%u,|?, our
estimate on |u, |? is e-independent, and we get better decay rates in the case m(c) =o' .

3. Statements
3.1. Notations and preliminaries

Throughout this paper we assume that m : [0, +-00) — [0, +-00) is a function of class C'. We
set 0 := |AY2ug|?, and pg := m(op). Since we consider mildly degenerate equations we always
have that o # 0. Let

o] = sup{a €[0,00]: 0 -m(o) =0}.

In a few words, o7 is either O or the largest o < o such that m(o) = 0. Let us choose o2 > 09
in such a way that m (o) > 0 for every o € (o1, 02]. We set

Mm1:= min m(o), U2 := max m(o),
o€loy,00] o€loy,02]

and we denote by L the Lipschitz constant of m in [o7, 02]. We finally set
2 2
ct)=m([Au@[),  co®):i=m(|AYu.0)]).

The following result contains the fundamental e-independent estimates on the solutions
of (1.1), (1.2).

Proposition 3.1. Let A, m, ug, ui, &y be as in Theorem 2.2.
Then there exist 61 > 0 and ¢1 € (0, g9] such that for every ¢ € (0, €1) the unique global
solution of (1.1), (1.2) satisfies the following estimates:

! (¢ 2
o1 <|Au ) and 8%+|A1/2u5([)|2<02 Vi >0, (3.1)
Ce
w1 <ce(®) <pp V20, (3.2)
/
t
20 and || <s wiso. (3.3)
ce (1)

The proof of Proposition 3.1 involves a careful examination of the main step of the proof of
the existence Theorem 2.2, and heavily depends on the particular form of the nonlinearity. In
Proposition 3.10 below we state more e-independent estimates on the solutions of (1.1), (1.2),
but in that case all of them hold true more generally for solutions of the linear equation obtained
from (1.1) by replacing m(|A2u,(1))?) with any function ¢, (¢) satisfying (3.2) and (3.3).

We point out that (3.1) means in particular that we are interested in the behavior of m (o) only
for o € [o1, 02]: in particular we can say that Eq. (1.1) is nondegenerate if and only if u; > 0,
which in turn is true if and only if o1 = 0 and m(0) > 0.
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The function . There exists a function ¥ € C Y([o1, 02]) such that

0<y(o)<om(o) Vo € (o1,0], (3.4

Y (o) is strictly increasing in [o7, 02]. 3.5

Indeed we can set ¢ (o) = om (o) whenever om (o) is strictly increasing. When this is not the
case (o) is any positive (for o > o1) strictly increasing function less or equal than om (o). For
example, in the nondegenerate case (w1 > 0) we can take ¥ (0) = 10, in the case m(c) =o?
we can take ¥ (o) = oV 1.

A Cauchy problem. We consider the Cauchy problem

y'==2ym(y), y(0) =0o. (3.6)

If ogm(op) = 0 the solution y(¢) is constant. If ogm(og) # 0, which corresponds to the
strong nondegeneracy condition (2.2), there exists #y) > 0 and a unique decreasing function
y:(—ty, +00) = (01, 02) satisfying (3.6). Moreover y(t) — o1 as t — +00.

The heuristic reason for considering this Cauchy problem is the following. Let us assume that
H =R and A is the identity operator, and let u(#) be the solution of the first order problem (1.4),
(1.5). Then y(¢) := |A1/2u(t)|2 = |u(t)|2 solves (3.6), and therefore in this trivial case y(t) is by
definition the best estimate on the decay rate of |A1/ 2u(t) |2. In statement (3) of Theorem 3.2 and
Theorem 3.6 we show that y(¢) gives the decay rate of solution both for the first order and for
the second order problem, even for general nonnegative operators.

3.2. Decay estimates for the parabolic equation

If AY2ug =0 or m(JA"?ug|*) = 0 the solution of (1.4), (1.5) is constant. Therefore in the
parabolic case we can always assume (2.2) without loss of generality.

Theorem 3.2. Let A be a nonnegative operator, and let m € Cl([O, +00), [0, +00)). Let us
assume that ug € D(A) satisfies the strong nondegeneracy condition (2.2).

Then we have the following estimates.

D) Ify e Cl(lo1, o2]) satisfies (3.4) and (3.5) then

2
t.w(|A1/2u(t)|2)<@ Vi > 0. (3.7)
(2) We have that
2 |AI40|2 172 2
|Au(t)] <W-}A u()|” ve=0. (3.8)

() Let y:(—ty, +00) — (01, 02) be the solution of the Cauchy problem (3.6). Then

| Auo|?

1/2 2 (2%l

z) Vi >0. (3.9)
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If moreover A is coercive with constant v > 0 then

|AV2u@))> < yr) Vi 0. (3.10)
If 11 > 0 then
2
2| Au@))’ < % Vi > 0. (3.11)
2uy
Let ¢ :[0, 4+00) — [0, +00) be defined by

t

[ m(A2u(s)?)
¢(t)'_/—|A1/2u(s)|2 ds Yt>0.
0

Then

1

o) - |Au@| <= V=0 (3.12)

[\o)]

Remark 3.3. Let us make a few comments on the estimates provided by Theorem 3.2.

Estimates on |A'/?u|. A lower bound is given by (3.9), and two upper bounds are given by

(3.7) and (3.10). The second one is in general better, but it requires the coerciveness of the

operator. In conclusion:

— if A is coercive we have upper and lower bounds with the same decay rate given by (3.10)
and (3.9);

— if A is noncoercive we have an upper bound given by (3.7) and a (generally worse) lower
bound given by (3.9).

Estimates on | Au|. We have three types of estimates for |Au(t)]|.

— Let us assume that A is coercive. Using the coerciveness and (3.8) we have that

v[A2u) P < | Au@)|* < 2

| Auo|?
2 |AY2u(r) (3.13)

|A1 2y

which allows to obtain upper and lower bounds for |Au(r)|> from the corresponding
bounds for |A'/2u(r)|?. If the bounds on |A'/2u(r)|? are optimal, then also the bounds
on |Au(t)|?* are optimal.

— If A is noncoercive the estimate from above on |Au| coming from (3.7) and (3.8) is not
optimal. Better estimates are indeed provided by (3.11) in the nondegenerate case, and by
(3.12) in the general case.

In the noncoercive case we do not have estimates for |Au ()| from below.

Estimates on |u’|. Due to (1.4) they can be easily derived from the estimates on |A!/ 2u(0)|

and |Au(?)|.

Corollary 3.4. Let A be a nonnegative operator, let ug € D(A) with A'?uq # 0. Let us assume

that

Eq. (1.4) is nondegenerate (11 > 0).
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e If A is coercive there exist positive constants o1, oy, c1, ¢2 such that
Dtll 1/2 —opt Vi >
cre” " < |A u(t)| +|Au(t)| + |u’ (t)| < e t>0. (3.14)

e If A is noncoercive there exist positive constants a1, c1, ¢3, c3 such that

e N g AV u( 2<—2 Vi >0 3.15
€1 | ()| 14+ > ( )
u'(t 2+ Au(t 2< 3 3.16

Corollary 3.5. Let A be a nonnegative operator, let m(c) = oV with y > 1, and let uy € D(A)
with AY2uqy #0.

e If A is coercive there exist positive constants cy, ..., c4 such that
C1 12 2 2 2
— <A D"+ |Au(@®)| < ————— V>0, 3.17
(A +nl/y [47uO] + [ Au ) A+nllr G.17)
3 NY 4
— <K <{— >
T30 S lu'()]” < Ax 077 vt > 0. (3.18)
e If A is noncoercive there exist positive constants ci, ..., ¢4 such that
C1 172 2 2
— < < —— >
Tx o7 <|AYPu@)|" < VD Vi >0, (3.19)
lAu()]P < —=— vi>o0, (3.20)
(14+0l/v
W' )] < “ Vi >0. (3.21)

(1 4 )@ +D/ (2 +y)

3.3. Decay estimates for the hyperbolic equation
The following result is the hyperbolic counterpart of Theorem 3.2.

Theorem 3.6. Let A be a nonnegative operator, and let m € C([0, +00), [0, +00)). Let us
assume that (ug, u1) € D(A) x D(A/?%) satisfy the nondegeneracy condition (2.1).

Then there exist €, > 0, and positive constants ki, ..., kio such that for every ¢ € (0, &,) we
have the following estimates.

(1) If Y € C'([o1, 02)) satisfies (3.4) and (3.5), then

N w( lu, ((t))l Al 6()|> %Hﬂg Vi >0. (3.22)

(2) Let us assume that u satisfies (2.2). Then
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2 _[ lAugl? PNE
| Aug (1)) g[mﬂkz A Pu n)]” Ve =0, (3.23)
/l‘ 2
'”gﬂgkgml/zus(z)yz Vi > 0. (3.24)
cz (1)

(3) Let us assume that u satisfies (2.2), and let y : (—tg, +00) — (01, 02) be the solution of the
Cauchy problem (3.6). Then

|A1/2u(t)|2 > y(( |Aug|

|A1/2u0|2

2
+ k48>t + k58) vt > 0. (3.25)

If moreover A is coercive with constant v > ( then

|A2u@)|? < y((v — keg)t —kse) Vi >0. (3.26)

@) If u1 > 0 then

A0 ()12 2
tz.(gij |Au8(t)|2> < '”°|2 ke V130, (3.27)
ce(t) 2,bL1
2 , 2 2|1"O|2
2 ul @) Swyo 5 +hse V0. (3.28)
M7

(5) Let us assume that ug satisfies (2.2), and let ¢, : [0, +00) — [0, 400) be defined by

t

[ mUA ()]
®e (1) -—/st vt > 0.
0

Then
172,71 2
be(1) - (sm + \Aus(r>|2> < ikyvE wixo, (3.29)
ce (1) 2
|, (1))
#:(0)- =50 Sk V0. (3.30)

We remark that setting formally ¢ = 0 in (3.22), (3.23), (3.25), (3.26), (3.27), (3.29) we obtain
the corresponding estimates of Theorem 3.2. Also the comments contained in Remark 3.3 can be
easily transposed to the hyperbolic setting.

Corollary 3.7. Let A be a nonnegative operator, and let (ug,u1) € D(A) x D(A'?). Let us
assume that Eq. (1.1) is nondegenerate (1 > 0).

e If A is coercive and A?uqy # 0, then for every small enough ¢ the solution u, of (1.1), (1.2)
satisfies all the estimates quoted in the appropriate section of Table 1.
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e If A is noncoercive, then for every small enough ¢ the solution u, of (1.1), (1.2) satisfies
all the estimates quoted in the appropriate section of Table 2 (the estimate from below for
|A1/2u£|2 requires that A1/2u0 #0).

In both cases 8|A1/2ufs (1)|? decays as |Aug(1)]>

Corollary 3.8. Let A be a nonnegative operator, let m(o) = oV, and let (ug,u;) € D(A) X
D(AY?) with AV ?uq 0.

Then for every small enough € the solution u. of (1.1), (1.2) satisfies all the estimates quoted
in the appropriate section of Table 1 (if A is coercive) or Table 2 (if A is noncoercive).

As for 8|A1/2btf€(t)|2 we have that 8|A1/2u’8(t)|2 <c(l+ 07"V in the coercive case, and
elAV2ul () < e(1 + t)’lfl/(VerV) in the noncoercive case.

Corollary 3.9. Let A be a nonnegative operator, let m : [0, 400) — [0, 400) be a function of
class C' such that m(c) =0 if and only if o = 0, and let (ug,u1) € D(A) x D(AY?) with
A 2yg 0.

Then there exists a function ¢ : [0, 400) — (0, +00) such that

e ¢(t) > 0ast— +o0;
e for every small enough ¢ the solution u. of (1.1), (1.2) satisfies

A 2ue ) + [ Aus O + |ul) | + | A2 ()P < ot v >0.
3.4. Energy estimates

Our proofs rely on suitable energy estimates. In the parabolic case they follow from the mono-
tonicity of the classical quantities

) |Au(t)?

| AK/2 = A
E(1) := | A 2u(1) P(t) = A2y (1)12

There are several ways to adapt these energies to the hyperbolic setting. We consider three
extensions of E(r) (we actually need only the cases k =0 and k = 1)

AK/2y, 12
Doy = % + ARy, AR, (3.31)
AkI2, 2
Eepi= g% +|AKED2y 2, (3.32)
&
Clul?
Ge =5, (3.33)
C
&
and the following three extensions of P (¢)
e |AVu PIAVPu P — (Aug, up)?  |Aue? 3.34)

& ’
Ce |AY 2ue|* | A1 2ue|?
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|ul,)?
Q= —"— (3.35)

o c2|AV2ug 2

|AY 2y |2 | Aug|?
el AV2u 12 7 AV 2y 2

R, :=¢ (3.36)

We point out that the first summand in the definition of P, is nonnegative by Cauchy—Schwarz
inequality. As far as we know, D, x and E, ; have been largely used in the literature, G, appeared
in [6], Pz and Q. where introduced in [5], and R, seems to be new. Most of the first order energies
used in literature in the particular cases m(c) = o or m(o) = oV are special instances of those
defined above.

The following result contains the estimates we need on these energies. We state them in the
setting of linear equations.

Proposition 3.10. Letr A be a nonnegative operator, let (ug,u1) € D(A) x D(AY?), and let
go > 0. For every € € (0, gg) let c. : [0, +00) — [0, +00). Let us assume that (3.2) and (3.3) are
satisfied for every € € (0, gg) for suitable nonnegative constants jL1, |42, §1. Let ug be the solution
of the linear problem

cul (t) + ul (1) + ce () Aug (1) =0 Vit >0, (3.37)

with initial data (1.2). Then we have the following estimates.

(1) Let us define D¢y, E¢ i (for k € {0, 1}), and G, according to (3.31), (3.32), (3.33). Then
there exists €1 € (0, eo] such that for every € € (0, &1) we have that

t
AR2 ()12
|A™ “ue (1)] +/CE(S)|A<k+1)/2u8(S)|2dSgDS,k(O)+2gM2Es,k(O) Vi>0, (3.38)

4
0
t
|AK/ 24 (5)|?
Ecr(t)+ | ————ds <E.x(0) V>0, (3.39)
ce(s)

0

G (1) <max{G.(0),4E;1(0)} Vr>0. (3.40)

(2) Let us assume in addition that AV 2y, # 0. Then there exist &2 € (0, e1] and 8 > 0 such that
for every ¢ € (0, &2) we have that

Au 1) #£0 V>0, (3.41)

[(Aue (1), ug (1))

A S V=0 (3.42)

In particular the functions Pg(t), Q:(t), R:(t) introduced in (3.34), (3.35), (3.36) are well
defined. Moreover for every € € (0, €2) they satisfy the following estimates
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Pe(t) < P:(0) V>0, (3.43)
0 (1) <max{Q.(0),4P:(0)} V>0, (3.44)
1/2,,7 2
R.(1) + / AT < RA(0) 4260 P Oy Vit > 0. (3.45)

e ()| A 2ug (s)]?
0

4. Proofs
4.1. ODE lemmata
The following comparison result has already been used in [6].

Lemma 4.1. Let T > 0, and let f € C°([0, T]) N C([0, T)). Let us assume that f(t) >0 in
[0, T), and that there exist two constants c1 > 0, ¢y > 0 such that

JHOES —,/f(t)(cl,/f(t) — cz) Vi e[0,T).
Then we have that f(t) < max{f(0), (cz/cl)z}f()r everyt € [0, T].

Lemma 4.2. Let ty > 0, let y: (—ty, +00) — (01, 02) be the solution of Cauchy problem (3.6),
and let w : [0, +00) — R be a function of class C! with w(0) = oyp.
Let f € CO([O, +00)), and let us assume that there exist constants ¢1 > 0 and ¢, € [0, ty) such

that
t
/ f(s)ds
0

Then for every a > c1 we have the following implications.

Lcit+cy Ve=0. 4.1)

(1) If w satisfies the differential inequality
w' () <2wOm(w®){—a+ f()} V>0, (4.2)
then we have the following estimate
w(t) < y(((x —c)t — cz) vt > 0. 4.3)
(2) If w satisfies the differential inequality
w' () = 2w(t)m (w(t)){—a + f(t)} vt >0, 4.4
then we have the following estimate

w(t) = y((a@+c)t+c2) Vi=0. 4.5)



2992 M. Ghisi, M. Gobbino / J. Differential Equations 245 (2008) 2979-3007

Proof. For every ¢ > 0 let us set
1
F(t) = / f(s)ds, z(t) ;== y(ozt — F(t)).
0

We point out that z(¢) is well defined because our assumptions on ¢ and ¢, imply that
at—F(@)>2(a—c))t—cr>—cr>—ty Vt=0.

Moreover z(t) is a solution of the differential equation 7’ = 2zm(z){—a + f(¢)}, while as-
sumption (4.2) is equivalent to say that w(z) is a subsolution of the same equation. Since
w(0) = z(0), the standard comparison principle implies that

w(t) <z(1) = y(at — F(1)) < y(at —cit — ),

where in the last inequality we exploited assumption (4.1) and the fact that y(¢) is a decreasing
function. This proves that (4.2) implies (4.3).
Under assumption (4.4) w(z) is a supersolution of the same equation, hence

w(t) > 2(t) = y(ar = F(0) > y(at +cit + c2),
which implies (4.5). O
4.2. Proof of Theorem 3.2 and corollaries

Statement (1).  Since ¥’ > 0 we have that

g (A2 = (AV) — 200 (A2 P A

<w (A P) < (|t |4V = = | |
dt|2
Integrating in [0, #] we obtain (3.7).

Statement (2). By Cauchy—Schwarz inequality we have that

|Au|4= (<A3/2u,A1/2u>)2 < ’A3/2u|2|A1/2u 2’ “46)
hence
d |AM|2 c(t) 2 )
ELAWM = 2 (A Pul A ul — 14ul) <o,

and therefore

|Au@)]? < |Aug|*

< vt >0,
|A2Zu@®)? A 2ug|?

which is equivalent to (3.8).
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Statement (3). Let us consider the function w(¢) := |A1/ 2u(r) |2. Computing the time derivative
and using (3.8) we have that

| Auo|?
|A1/2y)2

|Aul?

1/2, |2

w = —=2m(w)

Applying the second statement of Lemma 4.2 with « = |Aug|*|A?ug|™2 and f =0 we
obtain (3.9).
If the operator is coercive with constant v, then

| Aul?

172,12

w = —2m(w)

Therefore (3.10) follows from statement (1) of Lemma 4.2 (with « = v and f = 0).

Statement (4). We have that

LAV 4 2ee()| Aul? = | AV

|2
dt

1 1 d
< —c(0)|AVu)? = ——ZJul?,
M1 2y dt

hence

t
1
1| A 2u)|? +2/s.c(s)|Au(s)|2ds < g lwol® V>0,
1231
0

and therefore

t

t
2 2 2 1 )
2 | s|Au(s)|"ds < — [ s-c(s)|Au(s)|"ds < —lugl* V1 >0. 4.7
0 o 244

Since

d
E[ﬁmmz] = 21| Aul? = 262c(t) | A¥u|* < 20| AuP?,

integrating in [0, ¢] and using (4.7) we obtain that

t
1
2 Au()|’ < zfsyAu(s)\zds < ——luol® V>0,
0 244

which is (3.11).
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Statement (5). By (4.6) we have that

dl 1 1 2c@[A2u)? c() |A3/2u|2|A1/2u|2> c(t) 26 (0)
de | |Aul? |~ [Aul* T |AV2u)? [Aul* TTIAV 22 '

Integrating in [0, 7] we obtain that

1 1
- <
[Au(®P  TAugl? = [Au(®)?

2¢(1) < Vi =0,

which is equivalent to (3.12).

Proof of Corollary 3.4. By (1.4) we easily obtain that
i Au(n)| < |u' ()| < ol Auo)]. @.8)

In the nondegenerate case we have that © > 0 and therefore any lower or upper bound on
|Au| yields a similar lower or upper bound on |u/|.

Let us assume now that A is coercive, hence (3.13) is satisfied. By (4.8) and (3.13) we have
that any upper or lower bound for |A!/?u(t)|? yields the same upper or lower bound for | Au(t)|?
and |u/(t)|2. In order to estimate |A1/2u(t)|2 we apply (3.9) and (3.10). In the nondegenerate
case the solution y(¢) of (3.6) satisfies oge 2! < y(t) < ope™#!', which proves (3.14).

Let us assume now that A is noncoercive. The exponential lower bound on [AY24? follows
from (3.9) as in the coercive case. In order to obtain an upper bound for |A'/2u|*> we have to use
(3.7). Since in this case we can take ¥ (o) = 1o we obtain that |A1/2u(t)|2 < ¢t~ L. Since of
course |AV2u ()2 < |AY2up)?, up to changing the constant we have (3.15).

As for |Au| (hence also for |u’]), (3.11) gives |Au(r)|? < cr~2. Since of course we have also
that |Au(?)| < |Aug|, up to changing the constant we obtain (3.16). O

Proof of Corollary 3.5. Let us assume that A is coercive. Due to (3.13) estimates on |Au/|>
follow from estimates on |A'/?4|2. In order to obtain such estimates it is enough to apply (3.9)
and (3.10). In the case m (o) = o the solution of the Cauchy problem (3.6) is y(¢) = oo(1 +
2yoy t)~1/7, from which we obtain (3.17). Since [u(1)|* = [AY2u()[* |Au(t)|?, (3.18) follows
form (3.17).

Let us assume now that A is noncoercive. The lower bound on |A'/?4|? can be proved as in
the coercive case. In order to obtain an upper bound for |AY24|? we have to use (3.7). Since
in this case we can take ¥ (o) = o7 ! we obtain that |A"/2u(1)|? < et~/ *+D_ Since of course
|Al/2u(z‘)|2 < |A1/2u0|2, up to changing the constant we have (3.19).

In order to estimate |Au|?, let us examine (3.12). Up to constants we have that

¢ (1) =m(|A2u) )| A 2u)| 2 = [AVu@) PV s 1 407

hence ¢ () > ¢1 (1 +1)1/¥ — ¢5. Since of course |Au(1)|> < |Aug|?, (3.12) implies (3.20).
As in the coercive case, (3.21) follows from (3.19) and (3.20). O
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4.3. Proof of Propositions 3.1 and 3.10

Derivatives of energies. Let us consider the energies defined in (3.31) through (3.36). With
simple computations (well, not so simple in the case of P;) we obtain that

D.,= —cs|A(k+1)/2u£|2 + | AF 2, 2 (4.9)
N [AK2, 2
Eék=—<2+sc—5>—| uel” (4.10)
’ Ce Ce
2 ’ 2, A
ng_-(1+ei>cg——w, 4.11)
& Ce £ Ce
P/ =— 2+sé +48<”/€’A”8> |A1/2u6|2|Al/zu;|2_<Au8’ué)2, (4.12)
Ce |A2ug|? el AV 2ug|*
1 c (u’,, Aug) 2 (ul, Aug)

L= (24265 yoe e Pl ) 2 W 2He) 413
2. s( T YA, ) O T A @19
| (up, Aue)\ [A2up (g, Aug) |Aug|?
Ro=—(2+e% 42028 e ol . 414
¢ < +8Cs+ 8|A]/2ue|2 el AV ug|? |A12ug|? | AV 2u,|? &1

Proof of Proposition 3.1. We know from Theorem 2.2 that a global solution exists for every
£ € (0, gg9). Now let us choose

1/2
81> 2L - (Ee,1(0) - max{Gey (0), 4Eey 1(0)}) 2,

and let us choose ¢; in such a way that the following three conditions are satisfied
0 < ¢ < ep, 26181 < 1, E¢ 0(0) < 03.

From now on let ¢ < ¢1. When ¢, (¢) # 0 we have that

w | 172 2 2(Au€(t)1u‘/9(t))
cet) _‘m R T
<2fm' (|42 0P| - | Aue ()] - 1!
~ & £ Cs(t)

1/2

<2|m'(|A"2us@)*)] - {Eea (1) - Go () (4.15)

By definition of §; this expression is less than §; for # = 0. We can therefore define

%

te := sup{r > 0: ¢.(t) >0and
ce(1)

<81 Ve €0, t]}.

We claim that t, = +o00. Let us assume by contradiction that ¢, € R. This means that ei-
ther c(t;) =0 or |cL(te)/ce(te)| = 81. From |cL(t)/c.(t)| < & we easily deduce that c.(r) >
ce(0)e™%1" > 0, which rules out the first possibility. In order to rule out the second one we esti-
mate the three factors in (4.15).
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e Since §1¢ < 1/2 < 1, from (4.10) we have that

/2,7 (12
EL (1)< _1A7 . 0F - LE;)(IN (4.16)

in [0, #.], and in particular E; (¢) < E¢ £ (0) for every ¢ € [0, .].
e Using once more that §1¢ < 1/2, from (4.11) we have that

1 2 ul 1 2
G, < —EGS + glAus| |C8| <=V Ga([){g\/ Ge(1) — oV Ea,l(O)}, (4.17)

&

and therefore from Lemma 4.1 we deduce that G.(f) < max{G,(0),4E, 1(0)} for every
t €10, te].

e We prove that (3.1) holds true for every ¢ € [0,f,], hence in particular o7 <
|AY2u,(1,)|> < 02, and therefore |m’(|AY 2u.(1)|*)| < L
Indeed the inequality on the left is trivial if o1 = 0 and follows from the fact that c.(¢) > 0
in [0, z,] if o1 > 0. The inequality on the right follows from the estimate |A1/ zug (z‘)|2 <
E¢ o(1) < E¢;,0(0) and our assumption that Eg, (0) < 03.

‘We have therefore that

Cé ()
ce(te)

<2L- (Eso,l 0) - max{Ggo(())’ 4Ee, (0)})1/2 <51

which rules out the second possibility and shows that #, = +o0.

Now we know that (3.3) holds true for every ¢ > 0, and therefore all the estimates stated in
this proof hold true for every ¢ > 0. This proves (3.1). Finally, (3.2) is a simple consequence
of 3.1). O

Proof of statement (1) of Proposition 3.10. As soon as ¢§; < 1/2 we have that (4.16) holds
true for every ¢ > 0. Integrating in [0, ] we obtain (3.39). Also (4.17) holds true for every ¢ > 0,
so that (3.40) follows from Lemma 4.1.

Finally, integrating (4.9) in [0, ¢] we obtain that

t

/ce(s)’A(k+l)/2u€(s)|ds = D¢ 1 (0) — Dy k(1) +a/\A’</2u;(s)\2ds. (4.18)
0

Now let us estimate the last two terms in the right-hand side. By (3.39) we have that

/2,7 (12
/|Ak/2u/ (s)| ds < e /|A cb;sgm S eu2Ee 1 (0). (4.19)

Moreover

|AK 2y, (1))
—Dg (1) = _TS — &AM Pug (1), A 2ul (1))
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AR 2us )12 AR 2u )12 1AM UL (1))

SeTy e ey O
&
AR 2y, (1))?
Ty 0} (4.20)

Replacing (4.19) and (4.20) in (4.18) we obtain (3.38). O
Proof of statement (2) of Proposition 3.10. Let £; be given by statement (1). Let us choose
82 > ua(Pe, (0) - max{ Q¢ 0. 4P, (0)}) %,
and let us choose ¢; in such a way that
0<egr<Ley, 2 —2881 —4erdr > 1.

For every ¢ € (0, &2) let us set for simplicity d () := |AY2u.(t)|>. When d, (1) # 0 we have
that

(0] ‘ (Aug (1), ul (1)) ‘
de(t)| | [AY2ug(0))2
|Aue()| w0 a®)
AV 2u, (1) ce(DIAV2ue ()] ©
2P0 - 0:0) -1 4.21)

It is easy to see that for # = O this is less than 2§,. We can therefore define

te 1= sup{r >0: do(t) > 0and

()‘ 26, Vt € [0, t]}

We claim that 7, = 4+0c0. Let us assume by contradiction that ¢, € R. This means that either
de(te) =0 or |d;(te)/de ()| = 262.

From |d}(1)/d.(t)| < 28, we easily deduce that d.(¢) > d.(0)e~ 262t - (0, which rules out the
first possibility.

In order to rule out the second one we estimate the two factors in (4.21).

e Let us consider (4.12). Due to our assumption on &; the term in the parentheses is nonneg-
ative. The remaining fraction is nonnegative by the Cauchy—Schwarz inequality. It follows
that P/(¢t) < 0O for every ¢ € [0, 1,), hence P (t) < P.(0) for every ¢ € [0, t.].

e Using once more our assumptions on &3, from (4.13) we have that

1 2 |Aug
QL <—-Qc+= |Ac| ue| J_{ NI \/Pe(O)}, (4.22)

£ |A1/2u8| ce| A2y, |

and therefore from Lemma 4.1 we deduce that Q.(r) < max{Q.(0),4P;(0)} for every
t €[0,t].
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Coming back to (4.21) we have that

di (te)
de (t;)

This shows that #; = +00 and proves estimates (3.41) and (3.42). At this point we have that
P/(t) < 0 for every ¢ > 0, which proves (3.43). Moreover also (4.22) holds true for every 7 > 0,
and so (3.44) follows from Lemma 4.1.

Finally, from (4.14) and our choice of ¢, we deduce that

< 2412 (Pe, (0) - max{ Qs (0), 4P, (0)})'* < 25,

172,71 2 / 2 172,71 2
A u )" d (1) [Aue (1) <_ |A™ “ug (1)] 428, P,(0).
ce AV 2us ()12 de(t)  |AYV2ue (1)) ce(1)| A1 2ue (1)

R.(H) < —

Integrating in [0, ] we obtain (3.45). O
4.4. Proof of Theorem 3.6

To begin with, let &1 be as in Proposition 3.1. For every small enough ¢ € (0, &1) all the
estimates of Proposition 3.10 hold true. Further smallness assumptions are needed in the proof
of the five statements. In any case all such assumptions are satisfied for every ¢ smaller than a

given g, > 0.

Statement (1). Let us consider the function v (E, o(t)) which is well defined for every ¢t > 0
because of (3.1). Since ¥/ (o) > 0 and Egyo(t) < 0 we have that

d
E[Iw(EE,O(t))] =Y (Ee0()) + 19" (Ee0(0) Ep o(1) < ¥ (Ee0(1),

and therefore integrating in [0, #] we obtain that

t
19 (Eeo(0) < / ¥ (Eeo(s)) ds. 4.23)
0

Let A be the Lipschitz constant of v in [o1, 02]. Then

lul, (1) [?
ce (1) '

¥ (Eeo®) < v (|AV2u, (0?) + Ae

Thus we need to estimate the integral of the summands in the right-hand side. By (3.4)
and (3.38) with k = 0 we have that

t “+o00
/w(}A1/2u8|2)ds< fm(|A‘/2u6|2)|A‘/2u€|2ds<D8,0(0)+2M28E61,0(0). (4.24)
0 0

By (3.39) with k = 0 we have that the integral of the second summand is less or equal than
e AEg, 0(0). Replacing this estimate and (4.24) in (4.23), and using the definition of D, (0), we
obtain (3.22).
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Statement (2).  Since A'/?u( # 0 we can apply inequalities (3.43) and (3.44). We obtain that

| Aug (1) | Aug|?

mgpe(t)gps(()) = + ke
P

: |A1/2u0|2
and

lul, (1)

m =0:1) < max{le(O),4Pgl(O)} =:k3.

This proves (3.23) and (3.24).

Statement (3). Letus set we(t) := |A1/2u8(t)|2. Then

w) = 2(Aug, ) = —2m(|AVuc )| Aug > — 26(Aug, u)

|Aug|? (Aug,ul) }

A0 (A 2u, )| A, |2 (4.25)

=2wsm(ws){—

Now we plan to use Lemma 4.2. To this end we set for simplicity

_ (Aug (1), ug (1))
m(|AY2u, ()| A 2ue ()]>

fe(@) =
Combining (4.25) and (3.23) we have that w, satisfies the differential inequality

| Auo |

!/
W, = zwem(ws){—m

— ke +8fg(t)}.

If we assume the coerciveness of A, then |Aug|*|AY%u.|~2 > v, hence w, satisfies the differ-
ential inequality

w, < 2wem(we){—v + efs(0)}.

If we prove that there exist constants M| and M», independent on ¢ and v, such that

j (Aue(s), ul/(s)

ds| < Mt + M, 4.26
(A 2w, 5) DA 2ug s 0°| S M2 (4:20)
0

then (3.25) and (3.26) follow from Lemma 4.2. Indeed in the first case we apply the lemma with
o= |Auo|2|A1/2u0|_2 +koe,and f = ¢f;, so that c; = e M1, co = € M> (the assumptions ¢ < f
and o > ¢ are trivially satisfied provided that ¢ is small enough). In the second case we apply
the lemma with ¢ = v and once again f = ¢f, (the assumptions on «, c1, ¢y are satisfied as
before for every small enough ¢).

In order to prove (4.26) we consider the identity

(Aue,up) _( (Aue,uy) \' JAVZ e (Ausu) o (A uy)?
C8|A1/2u8|2 C8|A1/2M8|2 C£|A1/2us|2 Ce C£|A1/2ue|2 C8|A1/2M8|4.
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Integrating in [0, ] we obtain that

t

/ (Aug.uf) |
colAu, P
0

ds

~

t
[(Aue (), u ()] [{Aug, )] / |AY 202
ce (DA 2u ()2 e (0)| A 2up? ce| AV 2u, |2

t t
Ieel  I{Aue, up)l 2/ (Aue, up)?
Ce Cs|A1/2Us|2 C£|A1/2“8|4
0

=h+h+L+11+Is.

Now let us estimate the five terms separately. By (3.43) and (3.44) there exists a constant §3
such that

[(Aug, uy)l |Aue| Jut |
C8|A1/2u8|2 h |A1/2us| C€|A1/2’/‘s

<Y PO max[0:(0). 4RO} <5 427)

for every t > 0. From (4.27) we have that 1 < 83 and 1> < 83. An estimate of /3 is provided by
(3.45). As for 14 we have that |c./c.| < &1 is bounded by (3.3), while the rest of the integrand
can be estimated as in the case of /;: it follows that I4 < §183¢. Finally, using again (4.27) we
have that

2
(Aute, ul)? (Atte, )| )
—————— =y | —————= ) < 283,
el AV2ugd ~ N\ a2, 2 ) ST

so that I5 < ,uz(Sgt. This completes the proof of (4.26).

Statement (4). Step 1. There exists a constant y; such that

|AY 24l (s)?

ds<yr Vt>=0. (4.28)
ce(s)

tEe,l(t)+/s-
0

Indeed from (4.16) with k = 1 we have that

|AY2ul (1)

[Eea®] = Eea®) +1EL (0 < Eea(0) =1 =~

’

hence integrating in [0, ] we obtain that

t

A2 (5)12
~ﬂds</E8,1(s)ds.
0

ce(s)

rES,1<r>+/s
0

It remains to estimate the last integral. By (3.39) and (3.38) with k = 1 we have that
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t

/Eg,l(s)ds@

0 0

CAVL SR 1] )
—gds+—/cg(s)|Au5(s)| ds
ce(s) "1 )

1
< 8E8,1(0) + E(Ds,l(o) + 28M2E8,1(O))s

and it is clear that the last expression is bounded independently on ¢.
Step 2. We show that there exists a constant y» such that

t
2
/s Aug(9)) ds < @ +eyy V120, (4.29)
4

0 1

Indeed from (4.9) with k = 1 we have that

2

[tDe1 ()] = De,1 (1) + 1D | (1) = D1 (1) — tcg(t)|Aug(t)|2 +et| AUl (1)

hence integrating in [0, ] we obtain that

t t t

th,l(t)—f—/s.cg(s)|Au£(s)|2ds: %[|A1/2u£(s)|2ds-}—s/(Aus(s),u;(s))ds
0

0 0

t
+ sfs|Al/2u;(s)|2ds.
0

Now let us estimate the three integrals in the right-hand side. For the first one we use (3.38)
with k = 0 and we obtain that

t t
1 1 D, (0 E 0
= Ug(s s — [ ce(s Ug(s s < —= +¢ : .
A2y ()% d o) A2, ()P d £,0(0)  H2Eg 0(0)
20 2#10 2uy 1

The second one is the integral of a derivative, hence

t

e 2 2 € 2 _ €
s/(Aug(s),u;(s))ds: 5{\A1/2ug(t)| — A 20|} < §|A1/2ug(t)| < 5 Eei.00).
0
For the third one we use (4.28) and we obtain that

' '
8/S|Al/2u;(s)|2dS<8/L2/S
0

0

AUl ()

ds < euayr.
ce(s)
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Recalling the definition of D, ((0) we have thus proved that

t t
1 1 tDe (2
/S : |AM8(S)|2dS <— /s : Cg(S)|AM8(S)|2dS < —5luol* +ey3 — tDe1(1)
M 4pq M
0 0
for a suitable constant y3. Using once more (4.28) we have that
A2 ()2
~tDe 1 (1) = —r(% +e(APug (1), Aul (1) ) |A”2 {0lk
P Ot s|A1/2u/ ) _ tE, 1) < €
= —C —_— X b
5Ce () 2#2 el 2M2V1

Together with (4.30) this inequality proves (4.29).
Step 3. We are now ready to prove (3.27). Since E; 1 (1) < 0 we have that

[PEc1 ()] =2tEc1(t) + 2 EL (1) <2tE¢ 1 (1).
Integrating in [0, 7] and using (4.28) and (4.29) we obtain that

t

*Eq 1 (1) < Z/SEg,l(s)ds

0
t t
A2 ()12
gzg/s.ﬂds+2/s|14ug(s)|2ds
ce(s)

0

luol? luo|?
< 2ey1 +—+2 —+k7 €,

2M1 2,u1

which is (3.27).

(4.30)

Step 4. We prove (3.28). To this end, we consider the function G, (¢) := t2|ufg (1)|>. We have

that
2
616 = —22u o) - —t 260 uf (1), Aue (1)) + 2t |, (1)
<—§t2|u;<r>|2+§ﬂm|u;<r>||Aus<t>|+2flué<f>|2

2 2
- _Erzyu;(t)yz =ty 0 {pat | Aus )] + eu, o).

From (3.40) we have that |u},(t)| = ¢, (t)/G¢(t) < y4 for a suitable constant y4. From (3.27)

we have that

Juol? 2
M2Z|A”(f)|+8|”/s(l)|<M2<2—M2 + ke +eya=:1I%.
1
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Therefore we have that

2
Gi(t) < —g\/gg(t){\/gs(t) -}

Applying Lemma 4.1, and recalling that G, (0) = 0, we finally have that

luo|?
Plue)? = Ger) < I2 < 3 "
1

for a suitable constant kg. This proves (3.28).

Statement (5). Let ¥ (1) := ¢ (¢) + /€. Since ¥ (t) > ¢ (¢) it is enough to prove (3.29) and
(3.30) with ¢, replaced by ;.

Step 1. We prove that there exists a constant /21 such that for every ¢ small enough and every
t > 0 we have that

|A1/2M0|2

ol
AT, (1) S

V| Ve
Indeed let us assume that 2|A'/%u|?83./¢ < 1, where 83 is the constant which appears in

(4.27). In order to prove the first inequality in (4.31) it is enough to check that it holds true for
t =0 and for t > 0 we have that

Ve(t) 2

4.31)

d (1A 2u)? 12 (Aug,u Ce 12
\/EE<|A1/2ME|2 =—2|A"?ug | \/_ A1/2u |2 AT, <2|A u0| Vedyl <l
This proves the first inequality, from which we have that
| e 1 Ce o m
Ye@) | 1AV 2ucl? () T 1AVuglP e T AV Pug P e T e

Step 2. We prove inequality (3.29) with . instead of ¢,.
To this end we compute

d 5 2| ]/2u/|2 c
E(wa ES,l) 2%%158 1— TE 2+Sé

|Al/2u/ |2 |Al/2u/|2 ¢
=2y, | At |* + 2o . £ 2 12462

B Ce

Ce
|Al/2u/ |2

/ 2 2 € ¢ v
=2¢€1/,3|Au€| — eci 2+8——28w— .

e Ce &

By (3.3) and (4.31) the term in the brackets is greater than 2 — \/eh; for some constant A5,
and therefore

d A1/2 /12
E(WSZEE’I) 2 Y| Aue | — 2 — Vehy )lﬂzliul

Ce
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In order to estimate the first term of the right-hand side we consider the identity

d [ (Aug, ug) |A2u |2
e Yi | Aue|* = —zga[ml/eﬁl/fs} +2¢ AT |21//s

Aue,u) [ e Aueug)
AT e T T AT
=+ L+ 5.
By (4.31) we have that
|Al/2u/|2 Ce |Al/2u/|2 w/ |Al/2u/|2 )
I =2¢ £ =2e——E .22 < 2eh .
? P VUCR G ce Ve Vel v

In order to estimate I3 we use that the absolute value of the term in the brackets is less than
1 + h3./¢ for a suitable constant /3, and that for every §, > 0 we have that

2(Aug, ul) |A1/2u;|w Jes If\‘/zu’slzwzJr Ly
|AV 2y, 2 7° Ve A 2y T e TR s

It follows that

d, , d [ (Aug, ul) 1+ 4/ehs
E(WsEs,l)g—ZSE[m e ng
|A1/2 1 |2
- {2+ havE + 2E + (1 + Veh3)s ).
Now we choose J, in such a way that the last term is 0. It is not difficult to see that this implies
that 8, > 2 — h4/e, which is positive provided that ¢ is small enough. Therefore the previous
inequality reduces to

d d [ (Aug,u ) 1 /
E(Wngs,l) < —2¢ ar [mlps} (5 +h5\/5)ws-

Integrating in [0, 7] we obtain that

2 2 (Aug (1), uy (1)) (Aug, uy)
Ve (DEe1(1) <Yz (0)E1(0) —2¢ Wlﬁs(l)‘f‘Z |A1/2 |2Ws(0)

1
N (5 ; hsﬁ) (Ve ) — 2 0)).

Using the monotonicity of ¥, we have that 1//§(O)Eg, 100) < YOy (t)E1(0) =
VEEg 1(0)Y (). By (3.42) the second term is less than 28e (r). Using once more the mono-
tonicity of ¢ also the third term is less than 26,61, (¢). In conclusion there exists a constant kg
such that

Y2 (1) Ee1 (1) < < +k9«/—>1ﬂa(l) (4.32)
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Dividing by v (¢) (which is positive) we obtain the required estimate.
Step 3. By (4.11) we have that

d
E[W&Gs] = wéGs + %GQ

2 ! 2 LA
A

Ce Ce

, 2 c 2 || Augl
SWeGe — Ve[ 14e = )Gt —ve— —
& &

2 c. eyl 2 /
= _EIIIEG8<1 +8C_8 - Ei) + g YeGe ¢€|Au8|2'

&

If ¢ is small enough the term in the parentheses is greater than 1/2 and by (4.32) we have that
Vel Aug|> < Yo Eqq < 1.1t follows that

2

d 1
Gl < —\/wgcg{g,/—%gs _ E}'

Applying Lemma 4.1 to the function ¥, G, we obtain that

712 2

u elul
A <m{f|2| ,4}7

Ce Mo

which gives (3.30) with ¥, in place of ¢..

Proof of Corollary 3.7. Let us assume that A is coercive. The estimates on |A!/?u,|? follow
from (3.25) and (3.26) as in the parabolic case. Also the estimates on |Au, |2 follow from (3.23)
and the coercivity as in the parabolic case. The estimate on |u;|2 follows from (3.24). As for
£|A1/2u’8 |2, we have to use (3.29). By the estimates on [AY24,|? we have that ¢, (hence also ¢.)
grows exponentially, and therefore £|A!/ zu’g |> decays exponentially.

Let us assume now that A is not coercive. If A!/2uq # 0 the lower bound for |A'/%u,|? follows
from (3.25) as in the coercive case. The upper bound follows from (3.22) applied with ¥ (o) =
w10 as in the parabolic case. The estimates on |Au,|?, |u, > and <~3|A1/2ufs | follow from (3.27)
and (3.28). O

Proof of Corollary 3.8. Let us assume that A is coercive. The estimates on |A!/2u,|? follow
from (3.25) and (3.26) as in the parabolic case. Also the estimates on |Au, |2 follow from (3.23)
and the coercivity as in the parabolic case. The estimate on |u’8|2 follows from (3.24). As for
8|A1/2u’g |2, we have to use (3.29). Using the estimates from below for |A!/?u,|?> we have indeed
that

oL =m(|APuc ") A 2ue )] = |4 Puc )PV Z e 407

hence ¢, (1) > c1(1 +1)1/¥ — ¢, from which the conclusion follows as in the parabolic case.
Let us assume now that A is not coercive. The lower bound for |A'/2u,|? follows from (3.25)
as in the coercive case. The upper bound follows from (3.22) applied with ¥ (¢) = o7 *! as in
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the parabolic case. For the remaining estimates we use (3.29) and (3.30) with the same estimate
on ¢, (t) found in the coercive case (as we have seen its proof requires only the lower bound for
|AY2u,|?, which is the same both in the coercive and in the noncoercive case). [

Proof of Corollary 3.9. From (3.22), (3.1) and the monotonicity of ¢ we have that

¥ (|AY2ue ) < min{y (02), et 7).

Applying ¥ ~! to both sides we obtain an e-independent estimate on |A'/%u,|? which tends
to 0 as t — 400. At this point (3.23) and (3.24) provide similar estimates for |Aug|2 and |u’8|2.
As for g|Al/ 214; |2, the fastest way to obtain a (nonoptimal!) estimate is to use (3.39) with k =1
combined with the decay of |AY2u,|?, hence of ¢ (f). O
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