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Abstract

It is well known that the Kirchhoff equation admits infinitely many simple
modes, i.e. time-periodic solutions with only one Fourier component in the
space variable(s). We prove that these simple modes are stable provided that
their energy is small enough. Here stable means orbitally stable as solutions
of the two-mode system obtained considering initial data with two Fourier
components.

Mathematics Subject Classification: 35L70, 37J40, 70HOS

1. Introduction

Let H be a real Hilbert space, with norm | - | and scalar product (-, -). Let A be a self-adjoint
linear positive operator on H with dense domain D(A) (i.e. (Au,u) > 0 for all u € D(A)).
We consider the evolution problem

W (1) +m(Au@))?)Au(r) =0 (1.1)

where m : [0, +00) — [0, +00) is a smooth function.
Equation (1.1) is an abstract setting of the hyperbolic partial differential equation (PDE)
with a non-local nonlinearity of Kirchhoff type

u,,—m</ |Vu|2dx) Au=0 inQ xR (1.2)
Q

where 2 C R” is an open set, Vu is the gradient of u with respect to space variables and A is
the Laplace operator.

If © is an interval of the real line, this equation is a model for the small transversal
vibrations of an elastic string with fixed endpoints.
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In the case where H admits a complete orthogonal system made by eigenvectors of A
(this is the case, for example, in the concrete situation of (1.2) if Q is bounded), then (1.1)
may be thought of as a system of ordinary differential equations (ODEs) with infinitely many
unknowns, namely the components of u.

Many papers have been written on equations (1.1) and (1.2) after Kirchhoff’s monograph
[5]: the interested reader can find appropriate references in the surveys [1, 10]. We just recall
that, at present, the existence of global solutions for all initial data in C* or in Sobolev spaces
is still an open problem.

In this paper we consider a particular class of periodic global solutions of (1.1). Let us
assume that A is an eigenvalue of A, and e, is a corresponding eigenvector, which we assume
to be normalized such that |e; | = 1. If the initial data are multiples of e, , say

u(0) = woe;, u'(0) = wiey

then the solution of (1.1) remains a multiple of e, for every t € R, i.e. we have that
u(t) = w(t)e;, where w(t) is the solution of the ODE

w” () + amOw?(@)w(t) =0 w(0) = wy w' (0) = wy.

Such solutions are called simple modes of equation (1.1), and are known to be time periodic
under very general assumptions on m.

In this paper we are interested in the stability of simple modes. This programme is,
however, too optimistic for at least two reasons:

e how can one prove stability if global existence is still an open problem?
e stability problems are often already hard for systems with three unknowns, and we have
seen that (1.1) has infinitely many degrees of freedom.

For these reasons we limit ourselves to considering two-mode solutions. To this end, let
1 be another eigenvalue of A, and let e,, be a corresponding eigenvector with |e, | = 1. If the
initial data of (1.1) belong to the two-dimensional subspace of H spanned by e, and e, then
the same holds true for the solution, which may be written in the form w(t)e;, + z(¢)e,,, where

w and z solve the following system of ODEs:
w’ () + AmQOw(t) + pz>@)w(r) =0 (13)
2'(t) + pmQw? (1) + uz?(1))z(t) = 0. '

Itis clear that simple modes are particular solutions of this system, corresponding to initial
data with z(0) = z’(0) = 0. What we actually study in this paper is the stability of simple
modes as solutions of (1.3).

To this end, let us set

" t t
V= — u®) == VAw <—> v() =z <—)
A Vi i Vi
so that (1.3) is equivalent to
u () +m@u? () + v ()u() =0 (14
V(1) +vm () + v (1) v(t) = 0. '

This system (as well as (1.3) and (1.1)) is a Hamiltonian, with conserved energy

112
Hu,u',v,v) = % {[u/]2 + I + M@+ v2)}
v
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where
M(r) ::/ m(s)ds.
0

As far as we know, there are at least two other papers on this subject.

e Dickey [3] proved that simple modes are linearly stable provided that their energy is small
enough. Roughly speaking, linearly stable means that v(¢) = 0 is a stable solution for
the linearization of the second equation in (1.4). These results extend to systems with any
finite number n of modes, because the n — 1 equations resulting from linearization are
uncoupled.

e A complementary result was proved by Cazenave and Weissler [2]. They showed that
(under suitable assumptions on m) there exists a non-empty set A C (1, +00) such that, if
v € A, then every simple mode of (1.4) with large enough energy is unstable. In the case
where m(r) = 1 +r, and 2 is an interval of the real line, this result implies the instability
of every simple mode of (1.2) with large enough energy.

In this paper we improve Dickey’s result. Our main result is the following.

Theorem 1.1. Let v #£ 1 be a positive real number. Let m : [0, +00) — [0, +00) be a smooth
function such that m(0) > 0 and m’(0) # 0.

Then there exists &1 > 0 such that, if H(ug, uy,0,0) < &1, then the simple mode of (1.4)
with u(0) = ug, u’'(0) = u, is orbitally stable.

Roughly speaking, orbitally stable means that every solution (u(z), v(¢)) of system (1.4)
with initial data near (ug, u;, 0, 0) remains close to the periodic orbit of the simple mode for
every t € R.

The jump from linear to orbital stability is allowed by the application of KAM theory to
the Poincaré map (see sections 2.2 and 2.3).

We conclude with a few comments on theorem 1.1.

e Assumption m(0) > 0 is necessary. Indeed, for m(r) = r there exists v > 1 for which
every simple mode of system (1.4) with positive energy is unstable (cf [2, theorem 4.1]).

e Assumption m'(0) # 0 is not essential. We need it in order to apply KAM theory using
‘only’ the first three terms in the Taylor expansion of the Poincaré map. Considering further
terms, it should be possible to prove the same result assuming only that m®(0) # 0 for
some integer k > 1.

o In this paper we always assume v # 1, which corresponds to the case of two modes relative
to distinct eigenvalues of the operator A. In the case v = 1, our expansions of section 4.2
are inconclusive, and further terms are also needed to prove (or disprove) linear stability.

e Smoothness of m is used only to give to the Poincaré map the smoothness required by
KAM theory. To this end, m € C3 is enough. We do not know any counterexample for
less regular ms.

e Due to the use of KAM theory, at the present there is no hope of extending our argument
to systems with three or more modes. Indeed, for such systems, KAM theory says at
most that, in a neighbourhood of the simple mode, ‘a lot of solutions’ stay on ‘KAM tori
around the periodic trajectory’, but this does not prevent other solutions from exhibiting
an unstable behaviour.

e Since system (1.4) is reversible (if (u(¢), v(¢z)) is any solution, then (u(—1t), v(—t)) is
another solution), then a consequence of theorem 1.1 is the following: ‘if the energy of a
two-mode solution of (1.4) is small enough, then it is not possible that asymptotically all
of this energy is absorbed by one of the two components’.
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This paper is organized as follows. In section 2 we give definitions and preliminaries, in
section 3 we state our results and outline the proofs, and in section 4 we give the details of the
proofs.

2. Definitions and preliminaries

In this section we recall the notion of stability, and we describe how it can be proved using the
Poincaré map and KAM theory. General references on these subjects are [4,6-9].

Before we enter into the details, we fix some notation which will be used throughout this
paper.

We assume that m : [0, +00) — [0, +00) is a function of class C°, such that

mg :=m(0) >0 my :=m'(0) # 0.

Since the only essential thing is the behaviour of m (r) for small », we can assume without
loss of generality that inf {m(r): r > 0} > 0.

We denote by M»,» the set of 2 x 2 matrices. For each A € M»,», a;; is the element in
the ith row and jth column, unless otherwise stated, and Tr A = ay; + ay; is the trace of A.
For every w € R, R, denotes the rotation matrix

R — cosw  sinw
7\ —sinw cosw /)
2.1. Stability

In this section we recall some definitions of stability from the classical theory of Hamiltonian
systems. For the sake of simplicity, we adapt definitions to the case of simple modes for the
system (1.4).
To this end, we consider a simple mode u solution of the problem
i (t) + m(@i? (t))ii(t) =0 u0) =up >0 i'(0) =0. 2.1

We recall that u is a periodic function, and so we can assume #(0) > 0 and u’(0) = 0
without loss of generality.
Now in the phase space R* we consider the energy level

Hi = {(x1, %2, x3, x4) € R*: H(x1, X2, x3,x4) = H(uo, 0,0,0)}
and the orbit
Tz = {@(),a'®),0,0): 1 € R}.

Definition 2.1. The simple mode i is said to be orbitally stable if, for every ¢ > 0 there exists
8 > 0 such that for every solution (u(z), v(z)) of system (1.4), the following property holds: if
the initial datum (x(0), u’(0), v(0), v'(0)) belongs to a § neighbourhood of (1, 0, 0, 0), then
for every ¢ € R the point (u(t), u’(t), v(z), v'(¢)) lies in an & neighbourhood of T';.

Definition 2.2. The simple mode i is said to be isoenergetically orbitally stable if the condition
of definition 2.1 is satisfied with the restriction that (1(0), u’(0), v(0), v'(0)) € H;.

Definition 2.3. The simple mode u is said to be linearly stable if v(t) = 0 is a stable solution
of the linear equation v (t) + v m(i>(¢))v(t) = 0, i.e. for every & > 0 there exists § > 0 such
that

[(©O), V'O <8 = @), V)l <e Vi e R.

This linear equation is the linearization of the second equation in (1.4).
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We end with some remarks on the above definitions.

e Due to the reversibility of solutions of (1.4), using ¢ > 0 is equivalent to using € R in
the definitions of stability.

e Definition 2.1 says that any orbit starting near (g, 0, 0, 0) remains close to I'; for all
times. It is in general not true that, for every ¢ € R, the corresponding points on the two
trajectories are close to each other.

e As observed in [3], linear stability is equivalent to the following: ‘let (u, v) be a solution
of (1.4); if we represent v as a formal power series in v(0), v'(0) with time-dependent
coefficients, then the linear terms are uniformly bounded for every t € R’.

o It is obvious that orbital stability implies isoenergetic orbital stability. In non-degenerate
situations, isoenergetic orbital stability implies linear stability. Here ‘non-degenerate
situation’ means that (0, 0) is not a parabolic point for the associated Poincaré map (see
sections 2.2 and 2.3 below). It is not essential to explain such a condition now; we just
note that it is satisfied by small energy simple modes.

2.2. The Poincaré map

Let i be the simple mode solution of (2.1). Let us consider the open set 2/ C R? defined by
U= {(x, y) € R*: H(0,0, x, /vmgy) < H(ug, 0,0, O)}. 2.2)

For every (x, y) € U, leta(x, y) > 0 be the unique positive number such that

H(a(x,y),0,x, /vmgy) = H(uo, 0,0, 0).

Let (u(t), v(¢)) be the solution of system (1.4) with initial data

u(0) = a(x, y) u'(0)=0 v(0) =x v'(0) = J/vmy y.

Finally, let T := T (x, y) be the smallest# > 0 such thatu’(z) = 0 and u(¢) > 0. The existence
of such a T is classical up to restricting I/; on the other hand, in our case, writing equation (2.1)
in polar coordinates, the interested reader can verify that such a T exists for every (x, y) € U,
and is < 2w u~!, where p := min {1, inf{m(r): r > 0}}.

The Poincaré map P; : U — U, relative to the simple mode i, is defined by

Pa(x, ) := (v(T), (vmg) ™"V (T)).

We point out that both v and T depend on (x, y). The coefficient v has been introduced
only to simplify calculations.

When (x, y) = (0,0), then u(¢) = u(¢) and v(¢r) = 0 for every t € R. It follows that
P;(0,0) = (0,0),i.e. (0,0) is a fixed point of the Poincaré map.

For the convenience of the reader, we give here a heuristic description of the Poincaré
map.

Let us consider in the phase space R* the periodic orbit i, its initial datum (ug, O, 0, 0),
and its energy level ;. The tangent vector to the periodic orbit in the initial point is, up
to constants, the vector (0, 1,0,0). If we intersect H; with the hyperplane in R* through
(uo, 0,0, 0) and orthogonal to (0, 1, 0, 0) (i.e. the hyperplane orthogonal to the orbit in its
initial point), we obtain a set whose connected component containing (ug, 0, 0, 0) is

O; = {(oz(x, ¥),0,x,/vmgy): (x,y) € Z/{}.

In this way U is in one-to-one correspondence with Oy, a subset of H; orthogonal to the
orbit in its initial point.



1202 M Ghisi and M Gobbino

Now for every point Q € Oj, let us consider the solution of system (1.4) which lies in Q
att = 0. Such a solution meets O; once again at time 7 (Q) > 0 in a point P(Q). The map
Q — P(Q) is the Poincaré map read in Oj;.

Definition 2.4. Let &/ € R? be an open set containing (0, 0), and let P : &/ — U be a map
such that P (0, 0) = (0, 0). The fixed point (0, 0) is said to be stable if for every ¢ > 0 there
exists § > O such that

(x,y)elu [, <8 = P"(x,»ll<e Vn e N
where P" denotes the nth iteration of P.

It is heuristically clear that the stability of & as a periodic solution is related to the stability
of (0, 0) as a fixed point of P;. These relations are explicitly stated in theorem 2.6 below.

2.3. KAM theory for planar maps

The stability of planar maps has been studied over the last 40 years. In this subsection we
summarize the basic results we need in the following. Let &/ € R? be an open set containing
(0,0), and let P : Y — U. The theory of planar maps has been developed for very general
maps P; however, we state the results under suitable assumptions which allow one to simplify
some notation, and are trivially satisfied in our case. Therefore, let us assume that:

Pl P € C°(4,U) and P (0, 0) = (0, 0);

P2 P is area-preserving;

P3 if P(x, y) = (a, b), then P(a, —b) = (x, —y);
P4 P(—x,—-y) = —P(x,y).

The first object to look at in order to study the stability of the fixed point (0, 0) is the
differential of P at (0, 0), which we denote by L. It is well known that the canonical form of
L is one of the following three:

A0
- (5 221)
for some A € R, |A| > 1. In this case (0, 0) is said to be hyperbolic and it is unstable.
+1 a
¢ ( 0 il)
for some a # 0. In this case (0, 0) is said to be parabolic. The map L is unstable, but
nothing can be said about P. However, we will not find this degenerate case in this paper.

e R, for some w € R. In this case (0, 0) is said to be elliptic. The map L is stable, but this
is in general not enough to guarantee the stability of P.

Therefore, L gives only necessary conditions for stability (i.e. non-hyperbolicity). KAM
theory provides sufficient conditions in the case of elliptic fixed points. To describe such
conditions, it is better to write P in polar coordinates up to terms of order three. If we choose
coordinates where L is written in the canonical form of a rotation, then, in the corresponding
polar coordinates, P becomes

o\ _ p+a®)p’ 3
P(@)‘(e—w+mmﬁ>+dp)
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where w is the same as in the linear term L, and a(8) and b(6) are trigonometric polynomials
of degree four. The absence of even powers of p in the first component, and of odd powers of
p in the second component, is due to (P4). Finally, we set

2
y(P) = / b(6) do. 23)
2]'[ 0

Then we have the following KAM result [4,7,9].

Theorem 2.5. Let P : U — U be a planar map satisfying (P1)—(P4). Let (0, 0) be an elliptic
fixed point, and let w and y be defined as above.
Let us assume that

(KAM 1) €41 £ 1 for every k € {1,2,3,4);
(KAM 2) y(P) #0.

Then (0, 0) is stable for P according to definition 2.4.

The following result relates stability, Poincaré maps and KAM theory [4,7,9]. It is the
fundamental tool in our analysis.

Theorem 2.6. Let uu be a simple mode of system (1.4), and let P; be the associated Poincaré
map. Then:

e i is linearly stable if and only if (0, 0) is an elliptic fixed point of Pj;

e u is isoenergetically orbitally stable if and only if (0,0) is a stable fixed point of the
Poincaré map Py,

e if (0, 0) is an elliptic fixed point of P;, and P; satisfies (KAM 1) and (KAM 2), then u is
orbitally stable.

Thanks to theorems 2.5 and 2.6, the orbital stability of a periodic solution in the four-
dimensional space can be proved by verifying that a planar map satisfies two algebraic
conditions.

3. Statements

In this paper we consider the simple modes u, of system (1.4) which solve the problem
ul (1) +m(u§(t))u£(t) =0 u:(0)=¢>0 u,(0) =0. 3.1

Let us recall once more that we can assume u.(0) > 0 and u,(0) = O because u. () is a
periodic function.

We also remark that the smallness of ¢ is equivalent to the smallness of the energy of u,.

Let us denote by P, : U, — U, the Poincaré map associated with u, as in section 2.2, and
by L. its differential at the fixed point (0, 0).

In the next result we sum up the main properties of P, and L..

Theorem 3.0. For every ¢ > 0, let P, and L, be as above. Then
(1) P satisfies (P1)—(P4);

(2) det L, = 1;
(3) if L¢ are the entries of L, then LI = L%,
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We do not give a proof of such properties here, since they are well known in the literature.
We only note that (P2) follows from the Hamiltonian character of the system, (P3) is a
consequence of reversibility, while (P4) is a consequence of the following fact: if (u(¢), v(¢))
is a solution of (1.4), then (—u(t), —v(¢)) is also a solution; finally (2) and (3) are once again
consequences of reversibility (for details, see the proof of [2, lemma 3.3]).

The main result of this paper (theorem 1.1) is that u, is orbitally stable if € is small enough.
Thanks to theorems 2.6 and 2.5, the main result will be proved if we show that P, satisfies
assumptions (KAM 1) and (KAM 2) of theorem 2.5.

Assumption (KAM 1) follows from statements (1)—(3) of the following result, where the
behaviour of L, for small ¢ is considered.

Theorem 3.1. Let v # 1 be a positive real number. For each ¢ > 0, let L, be the differential
in (0, 0) of the Poincaré map P, associated with the simple mode u..
Then there exist &1 > 0, w : (0,&1) — R, and § : (0, 1) — (0, +00) such that

(1) forevery ¢ € (0, &1) the eigenvalues of L. are {eiiw(s)};
(2) w(e) = 2m/vase — 0%
(3) w(e) # 2w /v for € small enough;

(4) setting
1 0
D(8)=(0 5(¢) )

[D(e)] ™" LeD(e) = R
(5) 6(¢) = lase — 0.

Statements (2) and (3) prevent e/“®) from being a kth root of 1 for k € {1,2,3,4} and ¢
small. Indeed, if g2 /vki # 1for k € {1, 2, 3, 4}, then by (2) the same holds true for e@ (ki
provided that ¢ is small enough; if in contrast e2"VVi ig a kth root of 1 for some k € {1, 2, 3,4},
then for & small e”® is not because of (3). This shows, in particular, that (0, 0) is an elliptic
fixed point of L, for & small.

Statements (4) and (5) say that L, can be written in the canonical form by a diagonal
matrix D(e) which approaches the identity as ¢ — 0*. These last two properties of L. will be
fundamental in the proof of theorem 3.3 below.

we have that

Remark 3.2. The differential L. has already been studied in the mathematical literature. In
particular:

e Dickey [3] proved statements (1) and (2) and statement (3) in the case where v = n? for
some integer n > 1. In such a way he proved the linear stability of u, for & small.

e Cazenave and Weissler [2] proved (under suitable assumptions on m) that there exists a
non-empty set A C (0, +o0) such that, if v € A and ¢ is large enough, then (0, 0) is a
hyperbolic fixed point of P., and therefore the simple mode u, is unstable.

The following result implies that P, satisfies assumption (KAM 2) for ¢ small.
Theorem 3.3. Let P. be the Poincaré map associated with the simple mode u., and let
Ve := v (Py) be as formula (2.3).

Then

my
li =2 /v
Flg)l* Ve my 2
In particular, y, # 0 for &€ small enough.

We have therefore reduced the proof of theorem 1.1 to the proof of theorems 3.1 and 3.3.
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3.1. Strategy of the proofs

For the convenience of the reader, we sketch in this subsection the guidelines of the proof of
theorems 3.1 and 3.3. The full details are given in section 4.
The proof of theorem 3.1 is divided into two parts.

e Part 1. For ¢ fixed, we write L.(x, y) in terms of x and y, following [2, section 2].
e Part 2. We consider the behaviour of L, as ¢ — 0*. We prove, in particular, that

Le = R, +&*B +0(g?)
where wy = 27 /v, and B is a matrix which we compute in terms of v, my, my. At

this point, theorem 3.1 follows from the properties of B by a general linear algebra result
(proposition 4.1).

The strategy of the proof of theorem 3.3 is analogous, but we need the expansion of P
near (0, 0) up to terms of order three.

e Part 1. For ¢ fixed, we write P, in polar coordinates (since the constant y, we need
to compute has a simple expression in polar coordinates). We determine (as solutions
of suitable Cauchy problems) functions «;, o3, By, B> such that, in a neighbourhood of

(0. 0),
p\ [ oi(e0)p asz(e, 0)p’ N
&<9)_(:m@ﬁ>>+<ﬁxamﬁ>+°@)

where the first summand is simply L, written in polar coordinates (when a rotation is not
in canonical form, it is not so good in polar coordinates!). If we now change variables in
order to put L, in the canonical form (using what in Cartesian coordinates is the change
of variables given by the matrix D(¢) of theorem 3.1), then P, takes the form (with an
abuse of notation, we also denote by p, 6 the new coordinates):

o) _ 0 0(8,9),03 3
Pg<9>— (9—60(8))+<b(5,9)p2>+0(p ).

In this representation the first summand looks more familiar (a clockwise rotation by w (¢))
and moreover (cf (2.3))

1 2w
Ve = —/ b(e, 0)db.
2 0

e Part 2. We now consider the behaviour of y, as ¢ — 0*. Unfortunately, we do not have
a good expression for b(e, ). However, we prove that the limit of b(¢, 8) coincides with
the limit of B, (e, 0), hence

2

1 [ 1
lim y, = lim — b(e,0)do = lim — ,0)do.
engr Ve T 0 o /0 (&, 6) T A

The last equality, proved formally in section 4.4.7, can be justified heuristically as follows:
b is obtained from B, by changing coordinates via D(¢). By statement (5) of theorem 3.1
we know that D(g) tends to the identity as ¢ — 0%, and so the asymptotic behaviour of b
and 3, is the same.

Therefore, in order to prove theorem 3.3 we only need to compute the limit of the function
B2 (g, 0) found in part 1, and then compute the average in [0, 277 ] of this limit.

Remark 3.4. We observe that considering the limit of P, as ¢ — 0" makes no sense, since the
open sets U, where P, is defined shrink to the point (0, 0). What makes sense is considering
the limit of the linear and the cubic term in the expansion of P, (they are defined on the whole
plane). This is exactly what we do in the proofs of theorems 3.1 and 3.3.
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4. Proofs

In this section we prove theorems 3.1 and 3.3, according to the strategy described in section 3.1.
In all the proofs, we need expansions of solutions of Cauchy problems depending on some
small parameter. We will always work formally as follows. Assume that the Cauchy problem
is

Z'=F(Z, Z(0) = ®(u) 4.1

where p is the small parameter, and Z(¢) e R¥ is the unknown. Then we look for an expansion
like

Z(t) = Zo(t) + Zi(Op + Za@Op + -+ Zp (O " +o(u™). 4.2)

We replace Z in (4.1) with this expression, and using the Taylor formula, we also write
F(Z, ) and ®(u) as polynomials of degree & in u (in the first case the coefficients depend on
Zo, Zy, ..., Zy) plus o(uh. Finally, considering the coefficients of wo ul, .o, uh, we find
the Cauchy problems solved by Zy, Zi, ..., Z.

Itis well known that, if F' and ® are smooth enough, then this procedure can be rigorously
justified, and that (4.2) turns out to be uniform on bounded time intervals.

In order to avoid terms which are not useful in writing the expansion (4.2), we always
omit from the beginning the terms which a posteriori would turn out to be zero.

4.1. Proof of theorem 3.1, part 1

In this first part of the proof, ¢ and the simple mode u, are considered fixed. Let P, be the
Poincaré map associated with u,, and let L, be its differential in (0, 0). Then the linear operator
L. : R? — R? can be characterized in the following way.

Given (x, y) € R?, let v, () be the solution of the linear problem

vl(t) + v m(ug(t))vg(t) =0 v.(0) = x v.(0) = /vmg y. 4.3)

This problem is the linearization of the second equation of system (1.4). Then we have
that

Lo(x,y) = (ve(t), (vmo) ?v(1,))

where 7, is the period of u,. We point out that 7, depends only on ¢, while v, depends on x,
y and €.

We do not give the proof of this characterization, since it is completely analogous to the
proof of [2, proposition 2.1]. However, L, is the first term in the Taylor expansion of P,. In
the proof of theorem 3.3, we find the first three terms in the Taylor expansion of P, and then
we focus our attention on the term of order three. The interested reader can verify that the
term of order one found in section 4.4 is exactly L.

4.2. Proof of theorem 3.1, part 2

We now consider the asymptotic behaviour of L, as ¢ — 0*. The fundamental tool is the
following linear algebra result.

Proposition 4.1. Let gy > 0, and let A : (0, &9) — My x>. Let us assume that

(a) det A(e) = 1 for every ¢ € (0, &),
(D) ar1(e) = an(e) for every e € (0, &);
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(c) there exists wy € R, and B € M»y; such that, for e — 0%,
A(e) = R, +&°B +0(e?);

(d) wo and B satisfy one of the following:

1. wy # kx for every k € Z, and Tr B # 0O;
2. wy = ki for somek € Z, Tr B =0, and bjy = —by; # 0.

Then there exist €1 € (0, &), w : (0,&1) = R, and § : (0, &1) — (0, +00) such that

(1) forevery ¢ € (0, &1) the eigenvalues of A(e) are {eiiw(s)};
(2) w(e) = wgyas ¢ — 0*;
(3) w(e) # wy for € small enough;

(4) setting
1 0
Dley= ( 0 &) )

[D(e)]™" A(e)D(e) = Rue)

we have that

(5) 6(e) > lase — 0.

Proof. In order to prove statements (1)—(3) it is enough to show that

C1 |Tr A(e)| < 2 for ¢ small enough;
C2 Tr A(e) # 2 cos wy for € small enough.

Indeed, by (a) the eigenvalues of A(e) are either {1, 7'} for some A € R\{0}, or {e*}
for some w € R. However, in the first case we would have that

ITrA(e)| = [A+27" >2
which contradicts (C1). This proves statement (1). At this point we have that

TrA(e) = e® + 7@ =2 cosw(e) 4.4
and since

glin(}+ Tr A(e) =Tr R,, = 2coswy
then it is clear that we can choose w(¢) in such a way that (2) is satisfied.

Statement (3) follows trivially from (C2) and (4.4).
At this point statements (4) and (5) follow with

sin w(¢g)

4.5
apz(e) )

HOE

provided that we prove that

C3 ajy(e) # 0 for & small enough;
C4 the limit of the right-hand side of (4.5) is 1.
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Indeed, by (C3) and (C4), §(e) is well defined and # O for ¢ small, so that D(e) is
invertible. With simple calculations it turns out that

aii(e) sin w (&)
(D@1 A@©)D(e) = | ap(e)ay (e) © | (4.6)
sin w (&) 2l

Now from (4.4) and assumption (b) we have that a;|(¢) = az(e) = cosw(e). Moreover,
from (a) it follows that

1 = det A(e) = ai1(e)an(e) — an(e)ax (e) = cos® w(e) — ain(e)ar ()
hence
ap(e)ax (e) = coszw(s) —1=- sinza)(s).

This proves that the right-hand side of (4.6) is the rotation matrix R, (. Finally, statement
(5) is exactly (C4).
In order to prove (C1)—-(C4) we distinguish two cases.

Case 1. wy # km for every k € Z. In this case we have that

1in01+ ITr A(e)| = |Tr Ry | = [2cos g < 2.

This proves (C1). Moreover, from (c) we have that
Tr A(e) = Tr Ry, + &> Tr B + o(&?)

so that (C2) follows from assumption (d-1).
Using (c) once again we see that aj;(¢) — sinwgy # 0, and this proves (C3). Finally, (C4)
is satisfied since both the numerator and the denominator in (4.5) tend to sin wy # 0.

Case 2. wo = kmr for some k € Z. Let us assume that & is even, hence R,,, is the identity (a
similar argument works when k is odd). Let us look at expansion (c). By (b) it follows that
b11 = by, hence by assumption (d-2) b1} = by, = 0. Now let ry1, r12, 721 : (0, &) — R be
functions (infinitesimal as &¢ — 0%) such that
1 +&%r (e bine? + €2rn(e
A(s):( 11(8) 12 12(8) .

by1€2 + €21y (8) 1+ &%r11(e)
From (a) it follows that
1+2e%r11(e) — e*biabay +0(e*) = 1
so that

2r11(€) o(gh)

o2 — bbby + 0.

o
By (d-2) we therefore have that
. ri(e)  bnby b,
im = =
e—=0t & 2 2

This proves that r{;(¢) < 0 for & small enough. Since Tr A(g) = 2 +2¢%r;(g), both (C1)
and (C2) are proved. Since bjy # 0, and aj5(g) = &*(b13 + r12(€)), then (C3) is also proved.

< 0. 4.7)
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In order to prove (C4) we first note that in this case we can choose w(¢) in such a way that
sin w(¢) has the same sign as by,. Then recalling that a;;(¢) = cos w(¢), we have that

sinw(e) i V1 —ajy (e) _ V1= 1+ (e))?

i = lim = :
g0 ajp(e) g0t |ajp(e)] e=>0" g% |b1p +r12(e)]

. 1 rii(e)  o(e*) b,
lim -2 = =

e=0* |byy +r12(8)] € € |b12]

This proves (C4) in the second case. O

In the following we prove that L, satisfies the assumptions of proposition 4.1. To this end,
we consider the asymptotic behaviour of all the quantities involved in the definition of L,.

4.2.1. Asymptotic behaviour of t.. Let 1, be the period of the simple mode u.. Then, as
e — 0%,
27 3w my
T, = - —
T my 4 (m)?
In order to compute 7. we recall that for a periodic solution which satisfies an energy
equality

&2 +o(g?). (4.8)

[, + M@ (@) = M(e?)
the period is given by
€ 1
= 4/ dx _ 4/ edy '
0 VM@E)-Mx2)  Jo VM(e?) — M(2y?)

Computing the Taylor expansion of this integral is just an exercise in calculus, so we only
sketch the main points.
Since M (r) = mor + myr?/2 + o(r?), then

(4.9)

M(eH) — M(e*y?) = mo(1 — y*)e? {1 + m—5(1 +y)e? + 0(82)}
2m0

hence

&

1 1
VM) = M(2y?) /Mo /1 —y?

m! —-1/2
{1 + —2 (1 +y?)e? +0(82)}
2m0
2

1 my, 1+y

1
B Mo /1 — y? 4(mo)3% /1 — y2

Substituting this expression in (4.9), and computing the integrals, we obtain (4.8).

&2 +o(e?).

4.2.2. Asymptotic behaviour of u; and m(u?). As ¢ — 0" we have that

ug(t) = &cos (Jm_o t) +0(¢) (4.10)
muz(t)) = mo +mycos® (Jmot) e* +o(e?) 4.11)

uniformly on every bounded time interval.



1210 M Ghisi and M Gobbino

Indeed, setting u.(¢) = cu;(t) + o(¢) in (3.1) we have
cu} +m(o(e))eu; +o(e) =0 sui(0)+o(e) =¢ cuy(0) +o(e) = 0.
Since m(o(g)) = mg + o(¢g), considering the coefficients of ¢ we find that u; solves
ul +mou; =0 u (0) =1 ui(0) =0
hence u;(t) = cos(,/mot).

Expansion (4.11) follows from (4.10) and the Taylor expansion of m.

4.2.3. Polar coordinates for v.(t). Letus write (4.3) as a first-order system. To this end we
set

X =v:(t) () = (wmo)” v (1)
so that (4.3) becomes

x((1) = /vmg ye (1) Ye(t) = —(wmo) ™2 v m (1)) x (1)
with initial data

0 =x 30 =y.

If (x,y) # (0,0), then (x.(¢), y.(t)) # (0, 0) for every + € R. We can therefore study
this system, introducing polar coordinates p. (), 6. (¢) such that

xs(t) = ps(t) COSOS(I) Y«s(t) = ps(t) Sinea(t)-

In a standard way it turns out that p, and 6, solve the following system:

2
p. = /vig pe sin 6, cos b, {1 - %} (4.12)
0
/ 2 m(ug) 2
0, = —/vmg {sin” 6, + e cos” 6, (4.13)
0

with initial data

pe(0) =p 0,(0) =0

such that x = pcosf, y = psinf.

4.2.4. Asymptotic behaviour of p. and 6,. We look for functions pg, 02, 6y, 8> such that
pe(t) = po(t) + pa(1)e? + 0(e?) (4.14)
0. (t) = 0p(1) + 0>(1)e% + 0(e?) (4.15)

as ¢ — 0%, uniformly on every bounded time interval.
Indeed, from (4.11) we have that
m(ug) . my,

= ——0¢os? (\/m_ot) &2 +o(g?).

mo mo

1

Using this expression, (4.14) and (4.15), in equation (4.12) we obtain that, up to o(s?),

/

m .
p(1) + p5(1)e? = ——2/vmyg cos® (/mqt) po sin Oy cos Oy &°.
mo
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Working in an analogous way with (4.13) we have that, up to o(&?),

05 (t) + 05 (1)e* = —J/vmy {1 + 70 cos ? (J/mot)cos® 0y & }
mo
Considering the terms without € in these two equations, we find that py and 6, solve the
following problems:
Py = po(0) = p (4.16)
0y = —/vmy 60(0) =6 (4.17)

while, considering the terms in &2, we find that p, and 6, solve the following problems:

/

0h = Mo fomg cos?(/mg 1) po sin 6 cos B 0(0) =0 (4.18)
mo
m/

05 = ——L/vmg cos® (\/mq ) cos® 6y 6,(0) = 0. (4.19)
mg

From (4.16) and (4.17) we easily obtain that

po(t) =p Op(t) =60 — J/vmgt. (4.20)

Inserting (4.20) in the right-hand sides of (4.18) and (4.19), after some integrations we
obtain that

_ _/£ 2 s 201
p(t) = — {\/_ s (20 —2/vmqgt) — ﬁ(v— 5 cos 20
+«/_1 T cos (20 — 2 /vmgt +2/mg1t)
D —
+«/_l+ 7 cos (29 —2Jvmgt —2/my t)} 4.21)
v
my /v ) 2 .
0,(t) = —m—zl—6 4. /mot + 2 sin (24/m0 t) — ﬁ sin (29 —2/vmygy t)
1 ) 2v—1 |
_ﬁ_ 1 sin (20 — 2 /vmgt +2/mg [) +2m sin 26
— \/_1+ ] sin (20 —2/vmgt — 2 /my t)} 4.22)
v

4.2.5. Asymptotic behaviour of L,. Setting t = 7, in (4.20)—(4.22) and using (4.8), after
some calculations we obtain that, as ¢ — 0%,

3 /
po(T) =p  Op(r) =0 — 2wV + T”@\/Ee2 +0(e?) (4.23)
mo

(t,) = my 2v —
T —_ e —
P2(Te 8m 1

p {cos(@m /v —20) — cos 20} +o(1) (4.24)

0(1s) = ——Of{4n —_—

o [sin260 — sin(260 — 4nﬁ)]} +o(1). (4.25)

«/_(—1)
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We are now ready to study the asymptotic behaviour of v.(t.). Indeed, by (4.14) and
(4.15), we have that

Ve(Te) = Pe(Te) €08 0, (Te) = [po(Te) + &7 pa(Te) ] cos [Bo(Te) + £°62(1e) | + 0(e%)

= po(Te) €05 00 (Te) + {p2(Te) €05 O (Te) — po(Te)0a(Te) sin Oy (ze)} &7 + 0(e?)
so that, using (4.23)—(4.25) and some trigonometry, we finally obtain that

/

Ve (7,) = pcos(d — 2mw/v) + ﬂ,0
4m0

2v _11 sin 6 sin (hﬁ)} 2 +0(e).  (4.26)

X {—n vsin(@ — 2w/v) —

With analogous computations:

!/

1 / . m
\/V—T()US(TS) = psin(@ — 27/v) — ﬁp

2v
v

X {—JT veos(0 — 2w /v) + __11 cos 6 sin (2n@} e+ 0(82). 4.27)

Now let us denote by LY the entries of the matrix L,. Then L Ly =
(ve(Te), (vmg)~"/2v/(7.)), where v, has initial data x = 1, y = 0, corresponding to p = 1,
6 = 0. From (4.26) and (4.27) we obtain that

LM = cos2m/v) + K—Onﬁsin(Znﬁ)ﬁ +o0(s?)
mo

2v—1
v—1
Making the same computations with initial data x = 0, y = 1, corresponding to p = 1,

0 = 7 /2, we find that L§2 = L;l, and

L2 = —sinQr/v) + :1—0 {n v cos(2mA/v) — sin(ZHﬁ)} &2 +o(g?).
mo

!/

L2 =sinQr/v) + Il—o {—n v cos(2m/v) —
Mo

2vv_—11 sin(Znﬁ)} &2 +o(e?).

We have thus proved that
L, =R, + &’B + 0(82)

where wy = 2 ﬁ and B is a matrix whose entries are

!’

O 77 /v sin2r/v)
0

by = by =
11 — 22—4m

! 2v—1
by = —> -7 /vcosRr/v) — Y sin(2w/v)
4my v—1
my 2v—1 .
by = —> {x/vcosQRa/v) — sin(2/v) §.
4m0 v—1

4.2.6. Properties of B. If wy # km for every k € Z (i.e. 2/v & N) then Tr B # 0. If
wo = km for some k € Z, then
B im_6 v (0 —1

my 4 1 0

and therefore Tr B = 0 and by, = —by; # 0.
In any case B satisfies assumption (d) of proposition 4.1.




Stability of simple modes of the Kirchhoff equation 1213

4.2.7. Conclusion. From theorem 3.0 and the results of sections 4.2.5 and 4.2.6, we have that
L, satisfies all the assumptions of proposition 4.1. Therefore, statements (1)—(5) of theorem 3.1
follow from the corresponding statements of proposition 4.1.

4.3. Proof of theorem 3.3, part 1

In this first part of the proof, & will be fixed. We compute the first three terms in the Taylor
expansion in a neighbourhood of (0, 0) of the Poincaré map P, associated with the simple
mode u, given in (3.1). In order to fix notation, we write once again the definition of P,
following section 2.2.

Let, < R? be defined in analogy with (2.2). Given (x, y) € U, we consider the solution
of the system,

U'+mU*+VHU =0 U@0)=a U'©0)=0 (4.28)
V' +vmU?+ V)V =0 V(0) = x V'(0) = /vmg y (4.29)
where « is the positive solution of
moy? + M(a* + x%) = M(?). (4.30)
Let T be the smallest ¢ > 0 such that U'(r) = 0 and U (¢) > 0. Then
P.(x, y) := (V(T), (vmo) ™ 2V'(T)).

Since we plan to use polar coordinates we assume in the following that x = pcos9,
y = psiné.

Formally this definition is very similar to the definition of L,. However, the situation is
much more complicated here, because o depends on ¢, p, 6, hence U, V and T also depend
oneg, p, 0.

We use capital letters to avoid confusion with the corresponding functions used in the study
of the linear term. We also write U (¢, p, 6, ), a (¢, p, 0), and so on, to recall the dependence
on all of these variables. The symbol * will always denote differentiation with respect to the
time variable 7.

In this first part of the proof we consider the asymptotic behaviour of these functions as
p — 0% (¢ fixed). All the terms o(p*) we introduce are uniform on @ € [0, 2], and on ¢
belonging to any bounded time interval (when the functions we develop depend on ¢).

4.3.1. Asymptotic behaviour of . 'We prove that, as p — 0,

cos2 6 mo
+ S —
2¢ 2em(g2)

ale, p,0) =e—{ sin29}p2+0(p2). 4.31)

Indeed, if p = O then @ = €. So we look for an expansion like

ale, p,0) =& +ax(e, 0)p* +0(p?).
Inserting this expression in (4.30) and using the Taylor formula for M (r) in r = &2, we
obtain that
M(sz) = mo,o2 sin® 0 + M(zs2 + 20 (e, 9)8/)2 + ,02 cos’ 0 + o(pz))
= mo,o2 sin® 0 + M(sz) + M/(sz) {20[2(8, 0)e + cos’ 9} ,02 + 0(,02)

from which (4.31) follows, recalling that m is the derivative of M.
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4.3.2. Polar coordinates for V. We argue as in section 4.2.3. Setting
X(e,p,0,0) =V(e,p,0,0)  Y(,p,0,0)=wmg) V(e p,0,1)

and using polar coordinates R(¢, p, 0,t), ®(e, p,0,t) suchthat X = Rcos®, Y = Rsin®,
it turns out that R and ® solve the following system:

U2 + R? cos? ©
R/za/_vmoRsinG)cos@{l—m( o8 )} 4.32)
mo
U? + R%cos? ®
®/=—‘/_vm0{sin2®+m( o8 )cos2®} (4.33)
mo

with initial data

R(e, p,0,0)=p O(e, p,0,0) =6.

4.3.3. Asymptotic behaviour of U, R, ®. We look for functions Uy, U,, R;, R3, ®¢, ©; such
that, as p — 0%,

Ue, p,0,1) = Uy(e, 0, 1) + Us(e, 0, 1) p* + 0(p>) (4.34)
R(e,p,0,1) = Ri(e,0,1)p + Rs(e,0,1)p> +0(p”) (4.35)
O(e, p,0,1) = Oy(e, 0,1) + Oa(e, 0, 1) p> +0(p>). (4.36)

Using these expansions, we have that
m(U? + V?) = m (Us + QUyU, + R} cos® ©p)p* +0(p?))
=m(U) +m'(UD)RUoU, + R} cos® @g)p? +o(p?). (4.37)

Setting (4.34), (4.37) and (4.31) in equation (4.28), and looking at the terms without p,
we find that U solves

Uy +m(U02)U0 =0 Up(e,0,0) =¢ Uj(e,0,0) =0 (4.38)
while, looking at the terms in p?, we find that U, solves
U} +m(U)Us +m'(Ug) (2UoUs + R} cos® ®g) Uy = 0 (4.39)

with initial data

Us(e, 6,0) OO LM g Uy, 0,0) =0.  (4.40)
£,0,0) =— sin £,60,0)=0. .
: 2¢  2em(ed) 2

From (4.38) we can see that U is just the simple mode u.. In particular, it is independent
of 6, and so from now on we write Uy (e, t) or u.(t), instead of Uy(e, 0, ).

Setting (4.35)—(4.37) in equation (4.32), and looking at the terms in p, we find that R,
solves

m(Ug)

R, = /vmg {1 — } R cos ®¢ sin O Ri(s,0,0) =1. (4.41)

In an analogous way, looking at the terms without p in (4.33), we find that ®, solves

U2
By = —/vmyg {sin2 Qg + mUo)

cos’ @0} O, 0,0) = 0. (4.42)
mo
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Finally, using in equation (4.32) expansions (4.35)—(4.37), and recalling that by Taylor’s
formula

sin’ ® = sin® O + 2p2®2 cos ®g sin Oy + 0(,02)
cos’ ©® = cos’ Oy — 2,02®2 cos O sin O + o(pz)

looking at the terms in ,02, we find that ®, solves

U2
O, = —/vmy {2@2 cos ® sin O |:1 _ ) 0):|
mo
/ U2
+m Uy) cos? @ [2U0U2 " R% cos? @0]} ©Os(s, 0,0) = 0. (4.43)
mo

We do not write the equation for R3 because we do not need it in the following.

4.3.4. Asymptotic behaviour of T. We prove that, as p — 0%,

T (e, p,0) = 1. + Ta(e, 0)p* +0(p”) (4.44)
where 7, is the period of the simple mode u,, and
U/ I 97
To(e, 0) = 2280 T) (4.45)
em(e?)

It is natural to look for an expansion such as (4.44) since for p = 0, U is exactly the
simple mode u,. Replacing the expansions of U and T in the condition U’'(T) = 0 we obtain
that

0=U'(e, p,0,T (s, p,0))
= Uy(e, T(e, p,0) + p*Us (e, 60, T (e, p, 0)) +0(p°)
= Uy(e, ) + p* {U{ (e, 1) Ta (e, 0) + U (e, 0, 7.) } + 0(p). (4.46)

Since Uy is the simple mode u,, and 7, is its period, then Uj(e, 7,) = Uj(¢, 0) = 0, so
that the first summand is zero. Moreover, by equation (4.38)

Ul (e, 7.) = Uy (e,0) = —m (Ug (¢, 0)) Uy (e, 0) = —e m(&?).

Setting the coefficient of p? in (4.46) equal to zero, and using the last equality, we obtain
(4.45). It is easy to see that with this choice the condition U(T) > 0 is also satisfied for p
small.

4.3.5. Asymptotic behaviour of the Poincaré map. Using the expansions we have found in
sections 4.3.3 and 4.3.4, we obtain that

O, p, 0, T (e, p.0)) = Og(e,0,T(e, p,0) + Or(,0, T (e, p, 0))p” +0(p°)

= O9(s, 0, 7.) + {O) (e, 0, 1) Ta (e, 0) + Oa(s, 0, 7.) } p* +0(p)
and similarly
R(e, 0.0, T (g, p,0) = Ri(e,0,7)p + {R} (6,0, 7.)Ta(e, 0) + R3(e, 0, ) } p° +0(p?).

Therefore, in polar coordinates the Poincaré map is

P\ _( R p,0,T(E p,0)\ (ol 0)p @s(e, 0)p° .
P, < 0 ) B ( O, p,0, T, p,0)) ) - < Bo(e, 0) ) + (/32(8’ 0)p2 +0(p”)
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where
a1(e,0) = Ri(e, 0, t)
a3(e,0) = R(s,0, t:)Ta(e, 0) + R3(¢, 0, 1)
Bo(e, 0) = Op(e, 0, 7)
Ba(e,0) = B¢, 0, 1) Th(g, 0) + Oa(e, 0, 7). (4.47)

4.4. Proof of theorem 3.3, part 2

In this second part of the proof we consider the asymptotic behaviour as ¢ — 0% of the
functions introduced in the first part. We are interested, in particular, in the limit of 8, but
this limit involves the limits of ®g, ®;, 7>, which in turn require the limit of R; and U,. In the
following, all the terms o(g*) are uniform on @ € [0, 2], and on ¢ belonging to any bounded
time interval when needed.

4.4.1. Asymptotic behaviour of t., Uy, m(Ug). Since Uy(e, t) = u.(t) is the simple mode
we are considering, and 7, is the period of u,, from (4.8), (4.10) and (4.11) we just recall that

2 3w my

- _2r 2 2
T, = N 7 (m0)3/28 +0(g%) (4.48)
Uo(e, 1) = e cos (/mot) +o(e) (4.49)
m(Ug (g, 1)) = mg + m, cos’ (Vmot) &2 +o(e?). (4.50)

4.4.2. Asymptotic behaviour of Ry and ®y. We have that, as ¢ — 0%,

Ri(e,0,1) = 1+0(1) 4.51)
(e, 0,1) =0 — Jomgt +0o(1) (4.52)
O)(e.0,1) = —Jvmg +0(1). (4.53)

Indeed, passing to the limit in problems (4.41) and (4.42), it turns out that R; (¢, 8, t) and
®(e, 0, t) converge with their derivatives to functions Ry;(6, t) and ®y (0, t), which solves
the following problems:

R;, =0 Ry;(6,0) =1
@6] = —4/Vmy @01(9, O) =6
so that (4.51)—(4.53) easily follow.

4.4.3. Asymptotic behaviour of U,. We prove that, as ¢ — 0%,

Us(e,0,1) = —% cos(y/mo 1) + W(0, r)e + 0o(¢e) (4.54)

where W, (0, t) is equal to

!
mg

o {19 cos(/mq 1) +204/mq t sin(y/mgt) — 3cos(By/mot)} + W (O, 1) (4.55)
m
and

2 2
/ Wb, 1)do = / w0, 1)do = 0. (4.56)
0 0
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To this end, we look for an expansion like

1
Us(g,0,1t) = —W1(0,1) + W1(0, )e +0(g) 4.57)
£
where the term in ¢! is required by the initial datum (see (4.40))
1 ny
Us(e,0,0) = —— 20 + in 0
2 (e ) 2 {cos PP sin }
1 7
=——+¢ Mo sin? 6 + o(e).
2e 2m()

Using (4.49), (4.51), (4.52) and (4.57), we see that
(2U0U2 + R% cos’ @0) Uyg=c¢ {2005 (4/m0 t) Wi(0,1)

+cos” (0 — /vmgt)} cos (/mqt) +o(e).

1

Using this expression and (4.50) in equation (4.39), and considering the terms in e, we
find that W; solves the following problem:
W/ +moW; =0 W, (0,0) =—1 W(6,0)=0 (4.58)

while, considering the terms in ¢, we find that W, solves

W) +moWs + mg {3 cos®(y/mg t) W) +cos*(0 — /vmgt) cos(y/mgt)} =0 (4.59)

with initial data

/
W2 (6, 0) = 2m_nf0 sin6  Wi(6,0) = 0. (4.60)

From (4.58) we have immediately that

Wy (0, 1) = —1 cos(y/mo ).

Now it is possible to find W, explicitly by integrating the Cauchy problem (4.59) and
(4.60), but this leads to cumbersome calculations. We prefer to set

2w

— 1
Wa(t) := I W, (6,1)de
0

so that
Wa(6,1) = Wa(t) + W (0, 1)

where W satisfies (4.56). In gder to compute W, (r) we take the average on [0, 2] of (4.59)
and (4.60), and we find that W, () is the solution of

W, + moWa -+ miy {3 cos’ (Vo 1) + 4 cos(/ma 1)} = 0

with initial data

/

J— mo —
W, (0) = o W,(0) = 0.
0

The solution of this Cauchy problem is written in (4.55).
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4.4.4. Asymptotic behaviour of T,. We prove that

: _my T
81;n()1+ T (e, 0) = )7 +®6) 4.61)

where @ : [0, 27] — R is a periodic function whose average is zero.
Indeed, the denominator in (4.45) is

em(e?) = emg + 0(e). (4.62)

Now let us consider the numerator in (4.45). From (4.54) we have that

VMo sin (/Mo 7:) + W5 (0, 7)) + 0(e)

Ui(e,0,t.) =
= \/211870 sin <27r - 3%:—&82 +0(82)> +eW, <9, j—;%) +o(e)
= ‘/2’1870 <—3%Z—§52 +0(£2)) +eW, (9, j—:}%) +0(¢)
- j%“gWﬁ (9, j_r’;_o) +o(e). 4.63)

Now from (4.55) we have that

W’(G 271)_571 m, +qﬂ(9 271)
2\ yme) T 8 Jmo T Jmo )

Setting
1, 2
PO) = —V' (0, —
mg mo

formula (4.61) follows from (4.62), (4.63) and (4.56).

4.4.5. Asymptotic behaviour of ®5. Passing to the limit as ¢ — 0% in problem (4.43) it turns
out that ®; (¢, 6, t) converges to a function ® (0, ¢) which solves the following equation:

/

e, = — jm% Vo {cost (6 — Jomg ) — cos?(y/mo 1) cos> (6 — /v 1)} (4.64)

with the initial condition ®,;(6, 0) = 0. The convergence is uniform on 6 € [0, 2] and on
bounded time intervals.

4.4.6. Asymptotic behaviour of f,. From (4.47) and the results of sections 4.4.2-4.4.5, we
have that

my 7w 27
lim a(e, 0) = —/vmg ] —2=—+®(O) t + Oy 6, :
fi e, )=~ | % e o (0, 75 )
Now we compute the average in [0, 2] of the two summands. Since the average of @ is
zero, then the average of the first summand is clearly
my
L= /. (4.65)
my 4
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For the second summand, let us first note that using (4.64) and a simple change of variables

1 2 271
2—f @ (0,1)dd = 5 ™o ff cos* 6 — cos®(y/mq 1) cos> 6} do
T Jo s

- j’if{———cos (Vmo 1)

so that, reversing the order of integration,

2 2 2m [ /mo
—/ @21( )d@—— / ), (0,1)dr do

2w [ /mo 1 2
= / — ), (0,1)do dt
0 0

2w
my 2l 3 1.2
=— =5 mot)dt
\/m—o\/; o {8 2 cos ( mo )}
=TT s (4.66)
ny 4
From (4.65) and (4.66) we conclude that
1 2 ’
lim — | B, 6)do = -0 /5.
e—~>0+ 27 mg 2

4.4.7. Asymptotic behaviour of y.. In this final part of the proof, we show that the limit of
B2 (e, 0) coincides with the limit of b(e, 6). We recall that b is defined in the following way:
assume that the Poincaré map is written in Cartesian coordinates (X, Y) where L, takes its
canonical form R, ); then, in the corresponding polar coordinates (I, o), the Poincaré map

becomes
e B I a(8,0)13 3
(D)=L )+ (2 Y

We know that the coordinate change from (X, Y) to the original coordinates (x, y) is given
by the diagonal matrix D(g) introduced in statement (4) of theorem 3.1. The expression of the
corresponding change D, (¢) from (I, o) to (p, 0) is not so simple: it is given by

p =oa(e,0)l 0 = 68.(e,0) 4.67)
where o,(e,0) = {0052 o +8%(¢) sin? 0}1/2, and 8,(e,0) = arctan(é(¢)tano) for o €
(—m/2, m/2), and similarly for all other values of o. In particular,

ay(e,0) > 1 S4(e,0) > o

* (4.68)
do
as ¢ — 0%, uniformly in o. The same holds true for the inverse change D*(¢g) := [D, (8)]’1,
whose components a* (¢, 8) p and 8* (e, #) are defined in analogy with o, 8., but with §~!(¢)
instead of 6(¢). Considering the second component of P} = D*(¢) P, D.(¢) we have that, up
to o(13),

o —w(e) +b(e, 0) 17 = 8" [&, Bo(e, 8u (2, 0)) + Bale, 8u(e, 0)) - al(e, 0) I°]

so that, making the Taylor expansion of the right-hand side and looking at the coefficients of
12, it turns out that

b(e,o0) =

Therefore, the thesis follows from (4.68).
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