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Abstract

The aim of this paper is to extend to some classes of systems the global
existence of analytic solutions to scalar equations of Kirchhoff type.

1 Introduction

The quasilinear integro-differential equations

gt — P (/Q |Vul? da:) Au=0 (1)

where ¢(r) is a continuous function > 0 on {r > 0} and Q an open domain of
R", are currently called Kirchhoff equations; in the case when ¢(r) = 1 + r and
n = 1, Equation (1) was proposed in [10], as a mathematical model for the small,
transversal oscillations of an elastic string.

The first mathematical results for these equations were obtained by S. Bern-
stein [4], who considered the Cauchy problem for (1) with n =1, Q = [0, 27] and
looked for 27-periodic solutions wu(t,-): assuming that o(r) is a C! function with
©(r) > v > 0, he proved the local well-posedness in suitable Sobolev spaces, as
well as the global existence with real analytic data. After Bernstein, Kirchhoff type
equations have been considered by several authors; we refer to [1] and [13] for a
survey on the scalar case; for the vector case we mention [5] and [11] where a class

*This work is partially supported by the Italian MURST National Project “Problemi non
lineari nell’Analisi e nelle Applicazioni fisiche, chimiche, biologiche” and by the “VIGONI”
programme.
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of Kirchhoff type systems has been considered for which there is global existence
for small, compact supported data.

In the non-coercive case, i.e. when the function ¢(r) is merely continuous and
non negative, the global solvability for (1) with analytic initial data was firstly
proved in [2] under the following additional assumption on o(r):

either  (r) is bounded or / o(r)dr = oo.
0

This assumption was later removed in [6], where the same conclusion was obtained
under the only condition that ¢(r) > 0.
Such a result is based on the following facts:

e the global well-posedness in the analytic class (more exactly, the a priori
estimate for the analytic solutions) of the linear equation

ugg — a(t)Au=0, assoonas a(t)>0, a(t)e L

e the variational character of Eq.(1), which ensures that, if ®'(r) = ¢(r),
®(0) = 0, the positive functional

E(u,t) :/ |ut|2dac+<1></ |Vu|2dx>,
Q Q

keeps constant in time for any solution u(t, z).

The purpose of this paper is to extend this global existence result to some Kirchhoff
type systems. In particular we shall prove the global well-posedness in the class of
analytic, 2w-periodic functions, for the Cauchy problem to the system

27 27 27
1!1(/ Uzdl‘,/ wzdx)vara(/ w2d$>wr
0 0 0
27 27 27
ﬁ(/ v2dac>vw+1/}</ U2d.’lﬁ,/ w2dx>ww
0 0 0

where ¢(r, s), a(s), 3(r) are continuous functions and

Ut

Wt

a(s) >0, B(r) >0, /OOO as)ds + /OOO B(r) dr = oo.

Another system to which our global existence results apply, is

27

(Cl —|—/ 02 dx) Wy,
0 27

(C'z —|—/ w? das) Vg
0

Ut

Wy

where C; are constants > 0.



Vol. 5, 1998 Global analytic solutions to hyperbolic systems 247

2 Statements of the results

Let us consider the N x N systems of the general form

utfz Aj(/Qufdx,-'-,/ufvdx>uzj—0, (2)
= Q

where v = (ui(t,z), -, un(t,z)) € RY and  A;(r1,---,7,) are real valued
N x N matrices, continuous on Rf . This system is weakly hyperbolic when the
matrix

D &A () (3)
j=1

has real eigenvalues for all £; € R and all r; > 0.

For simplicity, we shall consider here only the periodic boundary condition
in  (however, see Remark 4 below), i.e., we take Q = [0,27]™ and look for a
solution w(t, ), 2m-periodic in each space variable x;. In this context, we denote
by [A2.(R™)]Y the class of RY valued, 27r-periodic, analytic functions on R™.

We then prove:

Theorem 1 The Cauchy-periodic problem for (2), with Q = [0,2n]", is globally
well posed in the analytic class [Asr(R™)]N whenever (2) is weakly hyperbolic and
the coefficients Aj(r1,---,ry) are continuous and bounded on RY .

Remark 1 If (2) is a symmetric hyperbolic system, i.e. all the matrices A; are
symmetric, the global well posedness in [As,(R)]? is obvious. Indeed in this case
one has immediately:

2

oFu
31’?

d

— =0 Vi=1,... ke N.
dt J ’ s 1, €

L2(Q)

In order to obtain some results without any boundedness assumption on the
coeflicients, we shall restrict ourselves to the 2 x 2 systems in one space dimension
of the form

{ ve = Y1 (v@IP lw®]?) va + @1 (O] lw@)]?) we (@)
we = @2 (IO w®I?) ve + ¢2 (WO, [w@)]?) we

where ¢1(r, s), p2(r, s),¥1(r, ), 12 (r, s) are real, continuous functions on R% and

2 2T
lo@IP? = / ot o) dz,  lw(®)]? = / e, ) de.
The hyperbolicity condition for (4) is

(Y1 —12)® + dpips > 0,

but in the following we shall always make the stronger assumption

¢1 -2 > 0. (5)
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If we take
1= =0, p1=0¢(s), w2=1, and v = u,, w = uy,

we see that the class of systems of type {(4),(5)} includes the scalar equations
of type (1). However, due to the lack of a conserved energy functional, there are
systems of this type for which the Cauchy problem is not globally well-posed
in [A2-(R)]?. In the following example, the system is strictly hyperbolic, i.e. the
eigenvalues of the matrix (3) are real and simple, and satisfies (5).

Example 1 There exists a pair of initial data vy, wo in [Azx(R)]? for which the
problem

2
vy =1+ v2d:c) Wy, Wi = Wy

(6)

0
v(0,2) = vo(z), w(0,z) = wo(x)
has no global solution.

To obtain the global existence for a system of type (4), we are forced to make,
besides (5), some additional assumption on the coefficients  ¢1(r, s), wa(r, s):

Theorem 2 Let p1, 2,91, be real and continuous functions on Rf_ and as-
sume that @1 - w2 > 0. Then, the Cauchy-periodic problem for (4) is globally well-
posed in [Az(R)]? in each of the following cases.

o If p1(r,s) and @a(r,s) are bounded on RA.

e If there is a C* function L(r,s) defined on R%, with

oL oL
= == 7
ar 1 95 ¥ (7)
such that, either
L(r,s) = 400 as r+s— 400, (8)

or
igf L(r,s) — 400 as r — o0,
s>0

[p1(r, 8)| + [2(r, s)] < A(r)

for some continuous function A.

Of course, (9) can be replaced by the symmetric conditions in (r,s).
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The most common case to which Theorem 2 applies, is for

Y1 = Oé(?", S) ' ‘P(Ty 8)7 Y2 = 6(747 S) : SO(Ta S)
where «, § are functions > 0 satisfying

da 0B
= B (10)

In such a case (7) is fulfilled by the function

Lirs) = [ Bo.s)dp + [ a@o)do= [ Bp0)dp + [ atro)do,
0 0 0 0
Hence (8), is equivalent to

/Ooa(O,s) ds = /00 B(r,0) dr = 400,
0 0

and (9) to
/0 T B(r.0)dr = o0, lalr. )| +18(r.)| + o(r.5)] < A(r).

In particular, (10) is trivially fulfilled when « = Cy + 7, 8 = Cy + s, or when
a=«a(s), B =p0(r). Thus we get:
Corollary 1

1. The Cauchy-periodic problem for the system

{ vy i ([[ol? w]?) ve + (Co + [ol?) - (o], wl?) we
we = (C2 + [lwl®) - @ ([0l wl?) va + 2 (0l [w]?) we

where C; are constants > 0 and Y1, s, @ real continuous functions, is globally
well-posed in [Azr(R)]?.

(11)

2. The same conclusion holds true for the system
o1 (o2 [[wl|?) v+ a ([lw]i?) - @ (|0l [lw]?) w, (12)

Ut
{ wy B(Iol2) - (ol lwll?) ve + 2 (0], wl]]?) we

where «, 3,11, 12, ¢ are real continuous functions, with o« >0, [ >0 and,

either - -
/ a(s)ds :/ B(r)ydr =oo
0 0

+oo
a(s) is bounded, (r)dr =400, |p(r,s)] < A(r).
0

or
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Finally, we prove the following result which is an extension of the quoted
result for the scalar Kirchhoff equations ([6]) and improves the second part of
Corollary 1 for bounded ¢ and 17 = 1.

Theorem 3 The Cauchy-periodic problem for (4), where 1,11, 2,12, are real
continuous functions, and p; > 0, is well- posed in [Az-(R)]?> as soon as the
following conditions are both fulfilled:

(i) there is a C* function L(r,s), with

oL oL
or P = s ¥2,
such that
in% L(r,s) = 400 as r — +oo, (13)
and
lp2(r, 8)] < A(r) < oo. (14)

(i) there is a constant C such that

[a(r, ) = a(r, 5)|* < Copa (1, ). (15)

Of course, (13)-(15) can be replaced by the symmetric conditions in (r, s).
By this we obtain

Corollary 2 The periodic-Cauchy problem for system (12), where a(s), B(r),
o(r,s), P1(r,s), wa(r,s) are real continuous functions, and o, o, > 0, is well-
posed in [A2:(R)]? as soon as:

/Oooﬁ(r)dr
le(r,s)| < A(r),
<

[a(r, 5) = a(r, 5)|? Ca(s)p(r; s).

I
+
3

Of course, the same conclusion holds under the symmetric assumptions

/000 a(s)ds =o0, |p(r,s)] < A(s) < o

and

[¥a(r,5) — i (r, 5)|* < CB(r)g(r, 5).

More generally, we have the following
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Corollary 3 The Cauchy-periodic problem for the system

{ voo= Y (HU||227||IUH2) Ve + 041(||U!2)'O%(Hwﬂz)'@(HUH;HwH;)wx (16)
we = Pi([ol?) - Ballwll) - (vl wlP)ve + 2 ([0l w]]?) we
is globally well-posed in [Az-(R)]? as soon as: ai, B2 >0, ag, 1,0 >0,
fulr) dr = +o0,
o ai(r)

and at least one of the following properties is verified:

either
e a1(r)B2(s)p(r,s) < Ar), and
[¥1(r,5) = ¥a(r, s)]* < Can(r)az(s)e(r,s),
~ an(s)
o Ba(s)

Remark 2 For ¢; = 0 and ¢ = § = 1, Corollary 2 give the result of [6] for
Equation (1).

ds = 4o0.

Remark 3 By effecting the Fourier transform we can obtain similar results to
them of Theorems 2 and 3 for a pseudo- differential 2 x 2 system like

U, = A(r(t),s(t),D)|D|U.

This makes it possible, in particular, to deal with second order scalar equations in
several space variables.

Remark 4 The same results of Theorems 1, 2 and 8 hold true if we consider,
instead of the Cauchy-periodic problem, the Cauchy problem on the whole R™. In
this case the analytic class A (R™) must be replaced by

A, (R™") = {w :R" - RV : | D%wl| L2 rny < MAl®la), Va e N"}.

Remark 5 Similar conclusions to those of Theorems 1, 2, 8 hold true for the
more general systems

v = P1ug + 1w + P1U + p2w (17)
Wy = PaUz + Powy + U1V + pow

under suitable conditions on the lower order terms p1, pa, 1, 2 (which, of course,
are depending on ||v||?, ||w||?).
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3 Proofs

Let us firstly recall that, if
p(x) =Y @ne’™M
heZn

is the Fourier expansion of the 2m-periodic vector valued function ¢(x), then ¢ €
[A2- (R™)]Y if and only if

> M gnf? < +o0 (18)
heZm

for some 6 > 0.

Using this characterization we can easily prove (see [2], Section 2) the local
well-posedness in [As, (R™)]"V for any system like (2), with Q = [0, 27]".

As to the global existence results in Theorems 1, 2, 3, they rely on two
Lemmata concerning the global solvability in [As,(R™)]V for weakly hyperbolic
linear systems.

Lemma 1 Let u € CY([0, T, [A2-(R™)]V) be a solution to the linear system
U — Z Aj(t)uz; =0 (19)
j=1
where Aj(t) are N x N matriz valued, measurable functions on [0,T[ such that
A6 =) §A;() (20)
j=1

has real eigenvalues for all £ € R™.
Moreover suppose that

T
/ |A;(t) dt < +o0 (1< j<n)
0

Then u(t,-) has a limit in [As,(R™)])N fort — T~.

When N = 2, the sommability of the diagonal coefficients can be dropped in
several important cases (cf. [14]):

Lemma 2 Let (v,w) € C([0,T],[Az2(R)]?) be a solution to the linear system:

v o= Ui + A,
{wt = u(t)vg + Y2 (t)wy, (21)
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where A, i, 1; are real valued measurable functions, on [0,T] and
At) - pu(t) >0 ae on [0,T]. (22)
Suppose that
T T
/ IA(t)] dt < +oo, / |u(t)| dt < +o0.
0 0

Then v(t,-) and w(t,-) have a limit in Asx(R) fort — T—.

Proof of Lemma 1. This Lemma was proved by E. Jannelli in [9], under an
integrability assumption on the eigenvalues of A(t, ). We give here a proof for the
sake of completeness.

The proof is based on the existence of a smooth quasi-symmetrizer for any
weakly hyperbolic matrix A(t,£) on [0, T[xR™ such that A is homogeneous in ¢
of order one and

[A(t, §)| < A@)¢]
for some A € L'(0,T). This quasi-symmetrizer is constructed in Appendix A.

For a quasi-symmetrizer we mean here a family {Q:(¢,£)}, € > 0, of N x N
matrices such that one has on [0, T[xR" :

vel < Qa(tvf) = QZ(tvg) <I
A(tﬁ)@e(tﬁ) - Qe(t7£)A*<t7£) < 5|£‘A5(t)Qe(t7§)
with ’
/ A (t)dt <C,
0
and

|QL(t, )] < C-,

for some positive constants v., C., C' independent on (t,¢). Here Q' denotes the
time derivative of @, and for two N x N matrices, A < B means (Av,v) < (Bv,v)
for all v € CV.

The conclusion of Lemma 1 then follows by a standard argument.

If {ay(t)}, are the Fourier coefficients of the solution wu(t,-), we have:

Uy, = 1A(t, h)y, (heZm).
Thus, defining the energy functions
Ene(t) = (Qe(t, h)an(t), an(t))

we find

E;z,a (Q;ﬂh,ﬁh) + 2R€[i(QEAﬂh,Ylh)]
C.lin|? + Celh|Ac(t) By, -

(% + Ce|hAE(t)) Eh.

IN

IN
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and hence, for 0 <t < T,

T
Ep.(t) < Epc(0) exp (%T + O€|h|/ A () dt).
(5 0

In conclusion we have proved the inequality
|an(t)* < M(e, T)|an (0) P,

which, recalling the characterization (18) of the analytic functions, gives the con-
clusion of Lemma 1. O

Proof of Lemma 2. The proof is based on the following fact:

For any pair of functions \, u € L*(0,T) satisfying (22), and for all0 < e < 1, it
is possible to find two Lipschitz continuous functions Ae, pe > 0 on [0,T], in such
a way that

T
e — Acp
————dt < Ce (|IX + 1 23
/0 \/)\_a\///'_e = 5(“ ||L1(0,T) il (o,T)) (23)

with C independent on €, A\, u, and

>

e(t
e(t

~—

1
5_2.

e? < < (24)

=

Let us suppose for the moment to have constructed A, p. as above.
Denoting by 0y, W), the Fourier coeflicients of v(t, ), w(t, ), we have by (21)

B = ihay(t)dn + ih M), (25)
W), = ihp(t)on + ih vy (t)dp.

Therefore, if we define
Ee n(t) = Acltbn|? + pre|on]?,
we find a.e. on [0, T7:

bV 1
/ = ZEX 0?2+ B 19512
h " e|n| +us fhe|On |
+2(AcRe(w}, ) + peRe(8},0r))

ALl Jw] o
S — + — Ee,h + 2‘h|([145>\ — /\su)Im(vhwh)

Ae He
|>\/s| |,[L/E|> |,LL5)\ - )\s.u|
< + E. .+ |h|——————F
(G + ) B e

Hence, by (23), there exist some constants C, C. such that
E.p(t) < C.E. ,(0)eCIM=, (26)
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Now if g > 0 is such that

“+o0
3 2ol ((og 4% + [don]?) < +oo,

we have
€T0|h|E5,h(t) < OEEEJL(0)62T0|h|e—\h|(ro—06);

r
and hence for ¢ < 2

C

“+ o0
ZerolhlEE,h(t) <., on [0,7].
—0o0

Therefore v and w can be extended to the closed interval [0,7] as analytic
functions of x.

Now we prove the fact stated at the beginning.

Let us firstly assume that A, u are strictly positive, Lipschitz continuous
functions on [0, 7.

Given ¢ €]0, 1], we define the intervals

1 1
L={t: At) 2 zu®)}  Je={t: pt) 2 5A0}
and the positive, Lipschitz continuous functions

p(t) At)
)\E(t):{ 2 on I ,ug(t):{ —5 on J.

€
A(t) otherwise wu(t) otherwise.
Therefore, the function

Act) = A, ) = E(m(j) (;):((;) & (27)

satisfies:

(®)

A(t) = ’T — 5/\(t)’ < 2e(t) on I,
Aty = ‘)\Tt) - 5,u(t)‘ < 2ep(t) on Je,
At) = 0 otherwise.

Hence, taking into account that I. and J. are disjoint, we get (23) with C' = 2.

In the general case, when A, p are only integrable functions with A-pu >0,
we approximate |A| and |u| by Lipschitz continuous, strictly positive functions
X, i such that

1A= Xzomy <6 lal =l < 8.

Therefore we can find Xs, fie Lipschitz_continuous and strictly positive, which
satisfy (23) for C' = 2, (with respect to A, i) and (24).
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But (22) implies

X6|:“| - /75|)\|’ = XEN — [eA|
hence, recalling (27), we get
”AE()‘»/J'?t)HLl = ”AE(l)‘lv |/1’|7t)||L1
~ 26
< ||A€()‘7/1'7t)”L1 + ?
26
<

2e(IAlzr + llAllee) + —

26
< 2e(Mlzr + llellpy) + 46 + —.

For 6 = &2(|| M|z + ||pllzr) we find (23) with C' = 8.
This completes the proof of Lemma 2. O

Now we can prove our principal results.

Proof of Theorem 1. Let u(t,z) a (local) analytic solution of (2) defined on
some strip [0, T[xR", and let A;(t) = A;(|lur (D)3, ..., lun(@®)]3), F=1,....,n.
Since the A;’s are bounded, we can apply Lemma 1 to extend u on the closed strip
[0,7] x R™ as an analytic periodic function. Thus we obtain the global existence
of u. ]

Proof of Theorem 2. Let T be such that Problem (4) has a local solution defined
on [0, T[xR2.
If ¢1, 2 are bounded functions we can conclude the proof as in Theorem 1, by
using Lemma 2.

In the other case, there exists a conserved energy for our Problem (4). Indeed
if we define:

E(t) = L@, lw®)*)

we have:
oL [?" oL [*7
E'(t) = 25-/0 vvtdm+2£~/o wwy dx
L 27 L 27
= 28— ~801/ 'medx+28_ '902/ UIdeZO'
or 0 ds 0
Hence:

e if holds (8) there exists a constant K = K (vg,wp) such that

I + [w®l* <K on [0,T];
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e if holds (9), there exists a constant K = K (vp,wg) such that
@I <K, on [0,T],
so that A(]|v(t)]|?) is bounded.

But therefore (9) implies that ¢1, @2 are bounded, and we can conclude the
proof as above. ([

Proof of Theorem 3. We shall follow an argument similar to [6].

We recall that ||¢||?, (¢, %) denote the L?-norm and the L2-inner product in
L?(0,2m).

Let (v, w) an analytic periodic solution of (4) on [0, T[xR?2. It is not restrictive
to suppose that for all 0 <t < T

2m 2m
/ v(t,z)de = / w(t,z)dz = 0.
0 0

Indeed the average

satisfies

21
2 (8) / wilt, @) de
0
2

27
2 2 2 2
wawnwmm>£ vﬂt@dx+wﬂMHJWH)A walt, z)
f— 0’

and the same is true for

Hence the functions

27 27
Q:v—/ vo(t, x) dz, w:w—/ wo(t, z) dx
0 0

are solutions to system (4) with null average.
Now we have

E(t) = L([lv@®)]? [lw(t)[[*) = constant,
thus by (13), (14), there exist two constants C, Cy such that:

lv@®1* < C1, - eallv®? w®]*) <C2 on [0,T1.
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On the other hand, if z(¢,z) denotes the unique periodic function with null
average in x, such that
Zy =W

(we recall that w has null average in =) we have

2tz = pa(||v[|%, [l vz + Yo (0], [Jw]|*)w,,
hence also
_ 2 2 2 2
ze = pa(|[v[|%, [[w]|F)v + P2 ([Jo]|%, [w][*)w.

Observing that
(w,z) = (22, 2) =0,

we then find
=P = @2(llvl? fwl]?)
< VCi1Gellz],
and hence

|z(t)]] < C3 on [0,T].

Moreover we have:

(e, 2) = Dol lwll*)(ve, 2) + er(llv]f?, [w]*) (wa, 2)
=[], [wl®) (v, w) = @1 (llo]]?, [lwll*)[lw]?,

and

(. ze) = @l Il + g2l [lw]*) v, w).

From this, recalling (15), we obtain

e1([[ol? [wlP)lwl? = —(v,2)" + (v, 2e) — a([[o]|?, w]|*) (v, w)

< —(v,2) +C1Cy +
+ [ (o)1, [lw]1?) = w2 (o)1, [[w]?)] - [(v, w)]
C10s — (v, 2)" + VCpr(JJv]|2, w][2)v/Ci[|w]

IN

and hence
o101, lwl®)llwl* < Cy = (v, 2)".

for some constant Cy. Integrating on [0, ¢] we find
t
/0 pr([v(s)I?, lw(s)IP)lw(s)|* ds - < CaT + {vo, 20) — (v(t), 2(t))

§ C4T+ |<’Uo,Zo>| + 0103,
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in particular

1ol lwl*)lwl* € L1(0,T).

Hence:

T
/ e1(los)?, w(s)I*) ds = / er(lloll?, lwl*) ds +
0 0<t<T, [lw|[<1

+/ er(llo]%, w]?) ds
0<t<T, ||lw|>1

T
MT+/0 er(llvl1?, lwl*)[[w]* ds < +oo,

IN

where we have put

M :=sup{pi(r,s): r<Ci, s<1}.
In conclusion we have proved that

At) = er(lv@®]1? lw(®)]?) € L0, T)

and
p(t) = p2([lo@®)|1? [[w(®)]?) € L2(0,T),

and therefore we can apply Lemma 2 to conclude that the solution v(t, z), w(t, z)
can be continued behind t = T. O

Proof of Corollary 2. We have only to remark that all the hypotheses of Theorem
3 are satisfied with:

L) = [ oo+ [ alo)ds 0
Proof of Corollary 3. We rewrite system (16) in the form

K
Wy

%(IIUQ% IIwII%)va: +2a(||w\|§)9(\|vll2§, ||w||2§)wz
BUwI2)0Iv[I3, lwliz)ve + a(llvllz, w]3)ws

where
0(r,s) = a1 (r)Ba(s)p(r, s),
and
als) = 22(8) NG
(s) 5a(5)’ B(r) (1)

Then we are reduced to the cases of Theorems 2, 3. O
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Proof of Remark 4. The proofs are similar to those of Theorems 1, 2, 3. We
only remark two facts.

e One can easy prove the existence of a local solution by using a version of the
abstract Cauchy-Kowalewsky Theorem (see [8]).

e For all g € A, (R™) there exists some ry > 0 such that

| eelate)de < +x. O

Proof of Example 1. We have:

(lwl®) = o,

“+o0
(lll?) = =2(ol* + 1) Y h Im (@ in),
(@ndn) = ihonin — ih([lol]? + Dlanl?,

and hence
Vh UA}h = elht ﬁO,h UA}OJL — Zh/ Gzh(tis)(H’UH2 + 1)|dlh|2 dS
0

By this, if the initial data satisfy 0o pwon =0 for every h, we get:

(lol) = 2(JlvlI* + 1) ZhZ/ cos ((t = s)h) o *(v(s)]|* +1) ds.

Let us now suppose that w5 # 0 only for a finite number of h. For 7 sufficiently
small with respect to wq, say 7 < 79, we have:

—+oo

Zhgcos (Th)|wo.n|* > Zh2|w0 nl?

— 00

so that for ¢ < 7q:

(vl = (loll* + 1)||(wo)ac|\2/O (lv()]I* +1) ds.

In conclusion, if ||(wp)z||? # 0, we can find some vy in such a way that ||v(t)||?

blows-up in a time T < 7.
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A Appendix
Denoting by M the linear space of N x N matrices, we have the following
Proposition 1 Let A:[0,T] x R™ — My such that:

o A(t, ) is integrable in t and continuous in &,

o A(t, &) has real eigenvalues for all (t,£),

e A is homogeneous in & of order one and

[A(E,§)] < A(D)IE];
for some A € L*(0,T).

Then there exists a family {Q:(t,€)}, & > 0 of N x N matriz valued smooth
functions such that one has on [0, T[xR" :

vl < Qa(tvf) = QZ(tvg) <I (28)
A(t,)Q:(t,€) — Qe(t, ) A (¢, €) < el€|Ac(1)Qe(t,€) (29)
with .
| awas<c
0
and

|QL(t, )] < Cx, (30)

for some positive constants v, Ce, C independent on (t,§).

Proof. We shall use the following lemma of real Analysis (cf. [12])

Lemma Let S be a compact subset of R™ and f(t,€) : [0,T[xS — R a Carathéo-
dory function, i.e. integrable in t and continuous in &, such that:

[F(8 )] < A(#)

with A € L}(0,T).
Then for all § > 0 there exist Is C [0,T], As € L*(0,T), and fs(t,&) contin-
wous on [0,T] X S in such a way that:

i f(t7£) = f&(t>§) fOT t ¢ Is,
o |fs(t, )] < As(t) for t € Is,

o/(A(t)+A5(t)) dt < 6.

Is
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Now, let o = 0(6) > 0 be such that

|fs(y) = fs(y')] <6 for |ly—y| <o

and let us consider a finite covering {Bi,..., By} of [0,7] xS by open sets with
diameter < 0. We can assume that for some m’ < m one has

B, ClIsx S < k:m’—l—l,...,m.

Thus, taking a partition of the unity {xx} with supp(xr) C B, we obtain the
following

Corollary There exist some nonnegative, smooth functions x1(t,€), ..., Xm(t, &)
on D =1[0,T] x S such that, for some m' < m and some (t,&) € supp(xx), one
has

. ZXk(t,g) =1 on D;
1

’
m

b ZXk(t»'fﬂf(taf) - f(tkvgk)l < (Pﬁ(t)

1

o > xk(tLOIFEO] < ps(t)

m’+1

T
where/ ws(t) dt <.
0

Now we can prove Proposition 1.
For any constant matrix A with real eigenvalues, it is easy to construct (see
[9] and [7]) a family of matrices Q. = Q-(A), € > 0, with the following properties:

VEISQEZQzélv

AQE - QEA* < CO|A|5Q8~

Now let us set S* = {¢£ € R" : |[¢| = 1}, and for § > 0 (§ will be chosen
suitably small with respect to €) let us consider a smooth partition of the unity
{xk(t,€) }1<k<m of D =[0,T[xS', as in the previous Corollary. Then we define

Ak? = A(tk:aé-k:)y Qk)g = Qg(Ak;) for k = 17 .. .’m/

and )
Qoc(t,€) =D Xkt Qe+ > Xkt 1.
k=1 m/+1

Clearly, the family ()s . satisfies conditions (28) and (30) on D, as soon as v, < 1.
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As to (29), we have the equality:

m

AN Xkt O)Qne + AE) D xa(t, €I
k=1

A(ta f)QtS,E (t’ 5) =
k=m'+1
= D xk(BOARE) — Ar)Qre +
k=1
+2Xk(t7£)Aka,s +A<ta§) Z Xk(t7£)]
k=1 k=m/+1
and a similar equality holds for Qs A*.
On the other hand, by the Corollary we have:
D> Xk (AkQre — QreAr) < Coe Y Xkt €)Qrcl Al
k=1 k=1
< COEZXk(t7§)|Ak _A(t,g)‘j+
k=1
+Coe Y xk(t,§) Qe |A(t, €|
k=1
t
< e (294 40) sett0)

Hence using again the Corollary, we get
A(ta g)Qé,E (tv g) - Q&,E(ta £)A* (ta 5) S

S COE <(,0;S/—<t) + A(t)) Q&,E(t7€) + 2906(75)17

€

which gives (29) for
ps(t)

A(t) = Co (“0‘5—(” +A5(t)> +288%,

€

T
ps(t) dt < §; thus if we take ¢ small enough with respect to & we see

But /
0

that -
/ A(t) dt < C < +oo.
0
Finally we extend Q.(,€) = Qs(c),(t,&) on [0, T] x R™ as a homogeneous function
[l

in £ of degree zero.
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