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Abstract

Linear differential equations P(D)x = Q(D)f with constant coefficients are considered
in the framework of signal processing theory. Necessary and sufficient conditions for the
existence of a continuous LTI system . which for every input f in L? (resp. in 2'1»)
gives an output Z(f) € 2’ such that P(D).Z(f) = Q(D)f are stated. The complete
landscape (with the exception of one pathology) of these systems is drawn. Properties
and conditions related to stability and causality are analyzed.

Keywords: continuous linear time-invariant systems, continuous-time signals, distri-
butional signals, linear differential equations.

1 Introduction

A signal defined on R is, from here on, a complex valued distribution on R, i.e. a member
of the space 2’. This assumption includes usual signals like continuous functions and
LP functions, as well as less usual signals like distributional derivatives of any order of
continuous functions and of L? functions.
Let P(D),Q(D) be two linear differential operators with constant coefficients in C, such
that
deg P(D) > 1, Q(D) # 0

and let

P(D)z = Q(D)f (1)
be the corresponding linear differential equation, in which f = f(¢) is a given signal and
x = x(t) is the unknown signal.

It is a classical result, developed in the nineteenth century and completed with the
coming of the Theory of Distributions, that for every f € &’ there exists at least one
solution £ € 2’ of Equation (1) and that the set S(f) of the solutions = € 2’ of Equation
(1) is

S(f):{x:£+n\ neC™ st. P(D)nzo}

Let .# (input space) be a linear space of signals defined on R (i.e., a linear subspace of
2'") closed under translation and equipped with a notion of convergence and limit (denoted
#-lim) for sequences, such that for every f € .# and every sequence fi € .# we have

f = f—klim fk = f = .@/—khm fk

Two sorts of systems with input space .# and output space 2’ can be related to Equation
(1) following two basic approaches to system theory.

In the first one, called behavioral approach (see [4, Chapter 3, Section 3]), the system
with input space .# and output space %’ related to Equation (1) is the subset #Z of .¢ x 9’
defined by

% ={(f;x) € 5 x 7' |P(D)z = Q(D)f}
Observe that, in this approach

o Z is linear, i.e., for every (f1,z1) (f2,22) € Z and every ¢ € C we have
(fi+ f2, 21 + 22), (cfr,cm1) € X

o % is time-invariant, i.e., for every (f(t),x(t)) € Z and every 7 € R we have

(ft—71),x(t—7)) € X



o Z is continuous, i.e., for every sequence (fx,zx) € Z and every (f,z) € & x 9" such
that f = ,ﬂ—klim fr, = .@/—klim xp it is (f,x) € Z.
—00 —0Q0

These systems have been widely studied in recent years (see [4] and [10]).

In the second approach, adopted in signal processing theory, a system with input space
& and output space 2’ is a map .£ : & — 2’ (possibly continuous, time-invariant, stable,
etc...). In this approach, a system related to Equation (1) is a map

L I -9

which for every input f gives an output .Z(f) such that

Every such a system will be called differential system related to P(D),Q(D) and defined
on ..

Notice that in the behavioral approach Equation (1) yields an unique system %, while
the landscape of all the systems obtained in the second approach is enormous. Furthermore,
whereas in the behavioral approach the unique system related to Equation (1) is linear, time-
invariant and continuous by its own definition, in the second approach the corresponding
properties are not always satisfied and it arises the problem of finding those systems which
are linear, time invariant (LTI for short) and continuous.

To illustrate the complexity of this problem and the information one can get from our
results let us point out the following three examples.

Firstly let us consider .# = L*™ and P(D) = D,Q(D) = 1. In this case, the differential
systems related to P(D),Q(D) and defined on .# are the

L L -9

of the form .
L2 ()](1) = /0 F(r)dr + c(f)

where ¢ : L — C is an arbitrary map. As we will see in Thm. 3.3 below, among them
there is no continuos LTI differential system.

Secondly let us consider .# = L' and P(D) = D +1,Q(D) = 1. In this case, the
differential systems related to P(D),Q(D) and defined on .# are the

LIt 9

of the form
(L)) = (e H(t)) * f(t) +c(f) e

where ¢ : L' — C is an arbitrary map, and H is the Heaviside function. Here the symbol
(e"*H(t))  f(t) stands conventionally for (g f)(t), where g(t) = e *H(t). In this situation,
as we will see in Thm. 3.5, there exists only one continuous LTI differential system related
to P(D),Q(D) and defined on L', obtained by ¢(f) = 0 for every f.

Thirdly let us consider .# = L' and P(D) = D? +w? Q(D) = 1, w being a positive real
number. In this case, the differential systems related to P(D),Q(D) and defined on .# are
the

L L' — 9

of the form

(L)) = (6 H (1) % (7 H ) * £(2) + e(f) e+ d(f) e ™!



where ¢: L' — €, d: L' — C are arbitrary maps. In this situation, as we will see in Thm.
3.5, there exist infinitely many continuous LTT differential systems related to P(D),Q(D)

and defined on L', obtained by ¢(f) = uf(w) and d(f) = vf(—w) with p,v € € (f being
the Fourier transform of f).

As far as we know, no results on differential systems related to P(D),Q(D) are known.

The purpose of this paper is to locate and to describe all the continuos linear time-
invariant differential systems when the input space .# is either the usual Banach space LP,
or the subspace P'7r of 2’ spanned by LP itself and by the distributional derivatives (of
any order) of its elements.

In LP the notion of convergence and limit (denoted LP-lim) for sequences is the one
induced by the usual norm

1l = (/Rmp)p 1<p < o

|| flloo = essentialsup ,cgr|f(t)] if p=o0

In 2'1» both the notions of weak and strong convergence and the corresponding notions of
limit (denoted w-2'p-lim and s-2'1»-lim) for sequences, are considered; a system

g:.@/[,pﬁgl

will be called weakly continuous (w-continuous) or strongly continuous (s-continuous) if it
is continuous with respect to the weak or to the strong convergence in 2'.».

The leading ideas we adopt to locate and describe all the continuos LTI systems are
listed below. These ideas are based on our previous results on continuous LTI systems (see
[2], [3]) and on some generalizations for distributional spaces of the notion of convolution
product (see [9]).

First idea. Let £ : LP — 2" or £ : D'1» — 2’ be a continuous LTI system. Then

e by [3, Section II] there exists the impulse response A € 2 of £, defined by
A= _@/— lim f(gok)
k—o0
where ¢ € & is any sequence such that
&'- lim pp =0
k—oo
where &” is the space of distributions with compact support;

e by [3, Thms 2.1 and 2.2] it is A € 2/, where as usual 1/p+1/p' =1

Second idea. Let £ : LP — D' or £ : D'1» — P’ be a continuous LTI differential system
related to P(D),Q(D) and let A € &,y be its impulse response. Let ), € Z be a sequence
such that 5’—klim ¢ = 0. Then

—00

P(D) (Z(pr) = Q(D)px
7'- lim P(D) (£ (¢x)) = 7"~ lim Q(D)px

and, since P(D),Q(D) are continuous,
P(D) <@’—klim X(gok)) =Q(D) <@’—klim cpk>
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Hence by the definition of A, we get
P(D)A =Q(D)o

Thus A must be a fundamental solution of Equation (1) in 2',,/, i.e. a solution of the
equation
P(D)x = Q(D)d
/ (2)
€Dy
Third idea. Let Z € 2’ be a solution of Equation (2). Then for every f € 2'» we have
by the properties of convolution product

P(D)(Ex* f) = (P(D)E) * f = (Q(D)0)  f = QD) f
hence Z* f € S(f). As a consequence the LTI system
L D — D'

defined, for every f € P'p, by Z=(f) = Z * f is a LTI differential system related to
P(D),Q(D) (for the continuity and causality properties of %=, see [3, Section IV]).

Here follows a brief summary of our results.

In Section 2, as asked by the first and second ideas, we consider the equation P(D)z =
Q(D)é and we find necessary and sufficient conditions for the existence of solutions in
92'1p; furthermore when the necessary and sufficient conditions hold we give an explicit
description of these solutions (we remark that there exists an unique solution, apart from
the case where the solutions are sought in Z2’).

In Section 3 we give necessary and sufficient conditions on P(D), Q(D) for the existence
of continuous LTT differential systems defined on LP or on Z'» associated to P(D),Q(D)
and, when these conditions are met, we characterize all such systems.

In Section 4 we give necessary and sufficient conditions of causality for the continuous
LTT differential systems defined on LP or on Z'» associated to P(D),Q(D) and moreover
we prove that all these systems have very good properties of “stability”.

We stress that the results of this paper rest on non trivial results on uniformly almost
periodic functions stated and proved in Appendix A. It is worth to mention that, although
their relevance does not appear in the statement of our main theorems, uniformly almost
periodic functions play an essential role in the proof of all the above mentioned theorems.

Notation
Throughout this paper we will deal with the following distributional spaces:
2’ the space of distributions
&' the space of distributions with compact support
' the space of tempered distributions
'» the natural extension of L? into &’

'/LOO the space of distributions null at oo

For a survey of the above mentioned spaces and their main properties we use in this paper
we refer to [3, Section 1].



2 Fundamental solutions

Let P(D),Q(D) be two linear differential operators with constant coefficients in C, such
that deg P(D) > 1, Q(D) # 0 and let P(X),Q(X) € C[X] be the associated polynomials.
Let deg P(X) = n and write P(X) in the form

P(X)=c(X —s1)P - (X — s.)P"

where s1 = 01 +tw1,..., 8 = 0 +iw, € C are pairwise distinct, and py,...,p, € IN are all
> 1. Let deg Q(X) = m and write Q(X) in the form

QX) = (X —s)T -+ (X = 5,)" Qu(X)

where ¢q1,...,q € N and Q1 (X) is relatively prime with P(X).
It is well known that Q(X)/P(X) may be uniquely written in the form

Q(X) P—a
PX) Z(Zth Z)>+R()

Lpi>q
where
0 ifm<n
m—n
R(X) = ZKhXh ifm>n
h=0

and Kj, K} are complex numbers that satisfy
o Kip #0for h=p —q;

e Ky Z0ifm=>=n

Let (@jr; +, *) be the ring of the distributions whose support is left bounded (notice that
no request of a common left bound is assumed), with the usual sum “4”, the convolution

Wy ”

product “«” and the identity element given by the usual Dirac impulse § = d(¢) (cf. |9,
Chapter VI, Section 5]).
In this Section we consider the differential equation

P(D)x(t) = Q(D)4(t)

finding the solutions respectively in 2, 2',.", P'1», .@'Loo Firstly, let us consider the dif-
ferential equation

{ P(D)x(t) = Q(D)o(t) 3)

z(t) € 7%,
Now, this differential equation may be written in the form
POW) x z(t) = Q(6W)

gn

and, since P(6(V)) is invertible in (2 ;+;*), taking its inverse it is immediately seen that
the unique solution of Equation (3) is

0 =[P (6W®) ] @ (sVw)

It is also well known that the use of the Laplace transform allows us to write £(¢) in the
form
= > NOEH(E) + A1)
Lpi>q
where



e for every | € {1, . ,r} such that p; > ¢, Ay(t) is the polynomial function of degree
p; — q; — 1 defined by

pPi—q th—l
A(t) = Z thm )
h=1
0 ifm<n
o A(t) = R(6W) = mi:n[(ha(h) t) ifm>n
h=0

As an immediate consequence the solutions of

P(D)x(t) = Q(D)é(t)

x(t)e 2
are parametrically described by

= X M0+ A0+ Y 0
Lp>aq
where the parameters M;(t) are polynomial functions of degree < p; — 1. Setting
~={l:p > qo0 <0} , Li={l:p > q,o0 >0} , Lo={l:p > q,01=0}

and letting

T(t) = Y MEMHE) = > A(t)e™ H(—t) + At) (6)
leL_ I€Ly

Ot) = > M) H(t) (7)
leLg

it is easily seen that the solutions of Equation (5) may be parametrically described by
z(t) = Z My(t)e™ + 3 My(t)e™ (8)
l:07= l: 0770

where the parameters M;(t) are still polynomial functions of degree < p; — 1; observe that

. Z Al sltH Z Al sltH ) el!
leL_ leLy

T(t) € P C Do C Dpe €.

o Q(t) € &, since it is a locally integrable function slowly increasing in the usual sense

Z M;(t)e™'t € & since it is a locally integrable function slowly increasing in the
l:oj=
ubual sense

Lemma 2.1 The solutions of

P(D)z(t) = Q(D)é(t)
z(t) € S



are parametrically described by
Qj‘(t) = Z Ml Zwlt
l.oy=

where the parameters M;(t) are polynomial functions of degree < p; — 1.

Proof. By Corollary A.4 in the Appendix, the summand
Z Ml<t)68lt
l:0;#0

in Equation (8) is a member of .#” if and only if it is null. |

Lemma 2.2 The following statements are equivalent:
a) the equation

{ P(D)z(t) = Q(D)é(t) (10)

z(t) € D'
has solutions
b) for everyl such that oy =0, itisq > p — 1
When one of the above condition is verified, the following statements subsist:

D) Q)= Y Kpe*'H(t)

l:0=0,q1=p;—1
where Kjy # 0 for every .

ii) Qt) € D'
iii) the solutions of Equation (10) are parametrically described by
B(t) =T+ Q1)+ Y e
l:0=0
where p; € C for every l.

Proof. a)=b). Let £(t) € P'L~ be such that P(D)&(t) = Q(D)d(t). Since D'~ C 7/,
by Lemma 2.1 there exist polynomial functions M;(t), with degree < p; — 1, such that

f(t) _ Z Ml zwlt

l:o=

Since £(t),T(t) € D', it is £(t) — T'(t) € D'~ hence

Z Al zwltH Z Ml zwlt € Do

€Ly l: o=

Since the w; such that o; = 0 are pairwise distinct, by Corollary A.6, A;(¢) and M;(t)
are constant functions. In particular, for every [ such that o; = 0, if p; > ¢ then it is
pr—q — 1 =degAi(t) =0, and hence ¢ = p; — 1. As a consequence, for every [ such that
or=0itisq >p — 1.



b)=1),ii). Obvious.
b)=+iii). Obviously all the

w(t) =T(t) + Q)+ > e
l:0=0

(where y; € C for every [) are solutions of the equation. Let £(¢) be a solution. Since
o C ', by Lemma 2.1 there exist polynomial functions M;(t), with degree < p; — 1,
such that

E6) =T() + Q)+ Y M)
0

l:o=
Since £(t),T(t) + Q(t) € D', also
> My(t)e* € Do
l:07=0

Since the w; such that o; = 0 are pairwise distinct, by Corollary A.5, M;(t) is a constant

function for every .
b)=-a). Now obvious. [

Lemma 2.3 The following statements are equivalent:

a) the equation
P(D)x(t) = Q(D)é(t)
z(t) € D)oo
has solutions
b) for everyl such that oy =0, it is qp = p;
When one of the above condition is verified, the following statements subsist:
i) Q) =0
i1) x(t) = T'(t) is the only solution of Equation (11) (remember that T'(t) € 2’11 ).

~ Proof. a)=b), i), ii). Let £(t) € 2"« be such that P(D)E(t) = Q(D)d(t). Since
D' o C D', by Lemma 2.2 there exist y; € C such that

E(t) =T(t) + Q(t) + Z et
0

l.og=
Since £(t), T'(t) € 9, we have
Q(t) + Z et € 9
l:0=0
Again by Lemma 2.2 we have

e for every [ such that o, =0,itisq > p — 1

Q)= > EKnpe™'H(t)

l:01=0,q1=p;—1
where Kj; # 0 for every I.



Hence

Z Kpe™ H(t) + Z we it € 9t

l:0=0,q;=p;—1 l:01=0

As a consequence of Corollary A.7 we obtain that
e there cannot exist [ such that
=0, qg=p—1

hence for every [ such that o; = 0 it is ¢; > p; (remember that, by Lemma 2.2, it is
qi = pi — 1). In particular Q(¢) = 0;

e 1y = 0 for every [ hence, in particular, I'(¢) is the only solution of Equation (11).
b)=-a). Obviously we have
P(D)(T'(t) +Q(t)) = Q(D)(6(t))

Hence, since by assumption it is Q(¢) = 0, and by construction it is '(t) € &, ., we conclude
that I'(¢) is a solution of Equation (11) |

Lemma 2.4 Let 1 <p < oo. The following statements are equivalent:

a) the equation
P(D)x(t) = Q(D)é(t)
.%'(t) S gle
has solutions
b) for everyl such that oy =0, it is q > py
When one of the above condition is verified, the following statements subsist:
i) Q) =0
ii) x(t) =T(t) is the only solution of Equation (12) (remember that I'(t) € P'11)
Proof. a)=b),i),ii). Since Z1» C ¥, the equation
P(D)x(t) = Q(D)(t)
x(t) € D)oo

has solutions. Hence the statements follow by Lemma 2.3.
b)=-a). By Lemma 2.3, the equation

P(D)x(t) = Q(D)(t)
z(t) € D'

has solutions, and z(t) = I'(¢) is the only solution. Since I'(t) € P11 C P'1», the statement
is proved. ]
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3 The landscape of continuos LTI differential systems de-
fined on L? and on %2,

We can now give a complete description (with the exception of one pathology) of the
landscape of continuous LTT differential systems

LI -9 LD — D

related to P(D),Q(D). Unfortunately our picture is not so short as we hoped, but in our
opinion now the results should be particularly clear and readable, such as their correspond-
ing proofs.

So, as in the previous section, let P(X), Q(X) € C[X] — the polynomials associated to
P(D), Q(D) — be written as

P(X)=c(X —s))P" - (X —s,)P"

QX) = (X =) -+ (X = 5,)" Qu(X)

where $1 = o1 +iw1,...,8 = o +iw, € C, and let I'(t) € 271,Q(t) € &', be the
distributions defined in Equations (6), (7). Finally remember that if 1 < p < ¢ < oo then
there are the following inclusions

"W C Dip C D'a C Do C D' €

As it is usual in studying LP and 2'7» we will distinguish between the case 1 < p < oo
and the cases p =1, p = co. Our first result is the following:

Theorem 3.1 Let1 < p < oo. The following statements are equivalent:

i) the rational function Q(s)/P(s) has no pole on the complex imaginary axis, i.e. for
every | such that op =0, it is q; = py

i1) there exists a w-continuous LTI differential system
LD — D
related to P(D),Q(D)
i11) there exists a s-continuous LTI differential system
LD — D
related to P(D),Q(D)
iv) there exists a continuous LTI differential system
L — 9
related to P(D),Q(D)

If one of the above equivalent conditions is verified then the following statements hold:

a) L1 : Do — 2 is the only w-continuous (resp. s-continuous) LTI differential system
defined on P'1p, related to P(D),Q(D)

b) the restriction of 4 to LP is the only continuous LTI differential system defined on
LP, related to P(D),Q(D)

11



c) for every f € P'tv, L1 (f) is the only distribution null at co (i.e. a member of .@’Lm)
which solves the equation

Proof. ii)=1i), iii)=i), iv)=1). Let .Z be a system as in ii), iii), iv). As pointed out
in Section 1, there exists the impulse response A € 2’ of .Z, and we have A € 2’/ (see
First idea), moreover P(D)A = Q(D)J (see Second idea). Hence the equation

{ P(D)x(t) = Q(D)d(t)
x(t) € D'y

has at least one solution (namely A). As a consequence, by Lemma 2.4, for every [ such
that o, =0, it is ¢; > p;.
i)=>a). Let us firstly consider the system

LD — D
f — DI f

Since T'(t) € P11 C 2',, by [3, Thms 4.2 and 4.3], 4 is a weakly (resp. strongly)
continuous LTI system. By Lemma 2.4 it is P(D)I' = Q(D)J; hence, as pointed out in
Section 1 (see Third idea), for every f € 2'1» we have

P(D)(T « f) = (P(D)T) « f = (Q(D)d) * f = Q(D) f

Thus 4t is also a differential system related to P(D), Q(D).

Now let & : D'1» — 2’ be a weakly (resp. strongly) continuous LTT differential system
related to P(D),Q(D), and let A be its impulse response. As above we obtain that A is a
solution of the equation

{ P(D)x(t) = Q(D)o(t)
z(t) € D'y
and then by Lemma 2.4 we have A =T'. By [3, Thm. 5.3] we obtain .¥ = 4.
i)=b). First note that the restriction of 2 to LP is a continuous differential system
related to P(D),Q(D).

Now let £ : LP — 2’ be a continuous LTT differential system related to P(D),Q(D),
and let A € 2’ be its impulse response. As in the proof of i)= a), we obtain A =T'. By
[3, Thm. 5.1] .Z is the restriction of .Zt to LP.

i)=c). SinceI' € 211, f € Pp and 1 < p < oo, by [3, Thm. 4.1] we obtain £ (f) €
Do C Dyoo. Now let g(t) € S(f) N D'y 0; we can write

g(t) :gp(f)—k Z Ml(t)eiwlt—l— Z Ml(t)eslt

l:09=0 l:077#0
where M;(t) are polynomials (see Equation (8)). Thus since the first and second summands
€ ., then

> My(t)et €.
l:017#0

and hence, by Corollary A.4, we obtain that for every [ such that o; # 0 it is M;(t) = 0.

As a consequence
> M(t)e !
l:09=0

12



is a distribution null at co. By Corollary A.5, for every [ such that o; = 0, there exists
K; € C such that M;(t) = K;. As a consequence we have that

Z Kleiwlt
l:01=0

is a distribution null at oo; by Corollary A.2, for every [ such that o; = 0 we have M;(t) =

K; = 0. Hence g(t) = Z1(f). To prove that i)=ii), i)=iii), i)=-iv), merely observe that

a)=i), a)=ii), b)=iv). [ |
Now we analyze the case p = cc.

Theorem 3.2 Let p = oo. The following statements are equivalent:

i) the rational function Q(s)/P(s) has no pole on the complex imaginary axis, i.e. for
every | such that op =0, it is q = py

i1) there exists a w-continuous LTI differential system
L Do — D
related to P(D),Q(D)
If one of the above equivalent conditions is verified then the following statements hold:

a) L : D' — D' is the only w-continuous LTI differential system defined on P,
related to P(D),Q(D)

b) for every f € D', A
Zr(f) + (€™ 2 1 such that o; = 0)

is the set of all the bounded distributions (i.e. members of D'p) which solve the
equation

Proof. ii)=i). Let .Z be a system as in ii), and let A € 2’ be its impulse response.
As in the Proof of Theorem 3.1, we obtain that A is a solution of the equation

{ P(D)x(t) = Q(D)4(t)
.T(t) S _@/Ll

As a consequence, by Lemma, 2.4, for every [ such that o; = 0, it is q; > p;.
i)=a). Let £ : P~ — 2’ be a weakly continuous LTI differential system related to
P(D),Q(D), and let A € 2’ be its impulse response. As above we obtain that A is a

solution of
{ P(D)x(t) = Q(D)4(t)
z(t) € P’
As a consequence, by Lemma 2.4 we have A =T". By [3, Thm. 5.6] we obtain . = Zt. To
show the existence, as in the proof of i)=-a) of Theorem 3.1, we obtain that 41 : P« — &’
is a weakly continuous LTI differential system related to P(D),Q(D).

i)=b) Same argument of the Proof of i)=-c) of Theorem 3.1.
To prove that i)=-i), merely observe that a)=-ii). ]

Theorem 3.3 Let p = co. The following statements are equivalent:

i) the rational function Q(s)/P(s) has no pole on the complex imaginary axis, i.e. for
every | such that o7 =0, it is q; = p;
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it) there exists a s-continuous LTI differential system
L Do — 9
related to P(D),Q(D)
i11) there exists a continuous LTI differential system
L L* -9
related to P(D),Q(D)
If one of the above equivalent conditions is verified then the following statements hold:

a) L1 : D' — D' is a strongly continuous LTI differential system defined on P,
related to P(D),Q(D)

(the pathology of D'~ doesn’t allow us to say that £ = 47)

b) the restriction of £ to L™ is a continuous LTI differential system defined on L,
related to P(D),Q(D)

(the pathology of L doesn’t allow us to say that £ is the restriction of £t to L™)

c) let £ : D' — 2" be a s-continuous LTI differential system related to P(D),Q(D),
then for every f € 9’ « we have

L(f)=%(f)=Txf

d) let £ : L>®° — 9’ be a continuous LTI differential system related to P(D),Q(D), then
for every f € €, (where €, is the space of the C° functions null at infinity in the
usual sense) we have

ZL(f)=2(f)=Txf

Proof. ii)=1). Same argument of ii)=-i) in the Proof of Theorem 3.2.
i)=-a). Already proved in the Proof of Theorem 3.2.
i)=b). Merely observe that i)=-a), and that a)=b).
i)=c),i)=d). Let A be the impulse response of .Z. As in i)=-a) of Theorem 3.2 we obtain
A =T. Hence, the statements follow by [3, Thms. 5.2, 5.7]
i)=-ii), i)=-iii). Merely observe that a)=-ii), b)=iii). |
We remark that the analysis of the case p = oo does not give a complete description
of the corresponding continuous LTI differential systems since on one hand it shows the
typical pathology of strong convergence, while on the other hand it gives no evidence of the
meaning of £ (f).
At last we consider the case p = 1.

Theorem 3.4 Let p = 1. The following statements are equivalent:

i) the rational function Q(s)/P(s) has no pole on the complex imaginary axis, i.e. for
every l such that o7 =0, it is q = py

i) there ezists a w-continuous LTI differential system
L 9D -9
related to P(D),Q(D)

If one of the above equivalent conditions is verified then the following statements hold:
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a) L1 : D' — 2 is the only weakly continuous LTI differential system defined on P'r1,
related to P(D),Q(D)

b) for every f € P11, £1(f) is the only distribution null at oo which solves the equation

Proof. ii)=i). Let £ be as in ii), and let A € 2’ be its impulse response. By [3, Thm.
2.3] we have A € ' .., hence the equation

{ P(D)x(t) = Q(D)4(t)
z(t) € D

has at least one solution (namely A). As a consequence, by Lemma 2.3, for every [ such
that o7 =0, it is ¢; > p;.

i)=a). Let & : 21 — 2’ be a weakly continuous LTI differential system related to
P(D),Q(D), and let A € 2’ be its impulse response. As above, we obtain that A is a

solution of
{ P(D)z(t) = Q(D)s(t)
z(t) € D

hence, by Lemma 2.3 we have A = I'. By [3, Thm. 5.4] we obtain .2 = 4. As in the
proof of statement i=>b) of Theorem 3.1, we obtain that 4 : 271 — 2’ is a w-continuous
LTT differential system related to P(D), Q(D).
i)=b). Same argument of i)=-c) in the Proof of Theorem 3.1.
i)=-i). Merely observe that i)=-a) and that a)=-i). [
Studying continuous LTI differential systems defined on L' and s-continuous LTI dif-
ferential systems defined on 2’11 is quite subtle and needs the notion of distributions null
at —oo.
Let f(t) € 2'; f(t) will be called a distribution null at —oo if it verifies one of the
following equivalent conditions:
e - lim f(t—7)=0

T—+400

e for every p € 2, it is tlim (fxp)(t)=0
——00

(the proof of the equivalence is straightforward).
Obviously

e every locally integrable function f(¢), null at —oo in the usual sense, is a distribution
null at —oo

o cvery f(t) € 9, is a distribution null at —oo
e every f(t) € Pr, with 1 <p < o0, is a distribution null at —oco

Handling this concept, a little attention must be used: there are functions non null at —oo
in the usual sense, which are distributions null al —oo; for instance f(t) = it (for the non
trivial proof see [9, Chapter VII,Section 5]).

Remark 3.1 Let f(t) € P, and let wo € R. Since f(t) € 7', we may consider the
Fourier Transform f(w) of f(t).! The following statements hold

'For every f(t) € L', the definition of Fourier Transform we adopt is the following: f(w) = / e ()t
R

15



a) f(w)eC?
b) et (1) = Fln)et
Proof. Writing f(¢) in the form

with fy(t) € L' for every h, we obtain

a) Since f;,(w) € C for every h, also f(w) € C°.
b) By [3, Section III] we have

i p
etk f(t) = Z (Dh Zwmf) s fr(t) =) (iwn)"e™0" x fi(t) =

h=0

_ Z Zu)o /fh uuo (t—T) _ lwotz Z(,d() A f( ) iwot

Remark 3.2 Let wy,...,w, €R, c¢1,...,¢, €C, f(t) € D'p1. Then

(}:qawwﬂ@>*f@)

=1

1s a distribution null at —
Proof. Let wy € R, g(t) € L, and let

G(t) = (ei“’otH(t)) * g(t)

Since .

G(t) = /g(T)e’wO(t_T)H(t —7)dr = eiwot/ g(T)e_i“’OTdT

—o0
then G(t) is a continuous function, bounded and null at —oco in the usual sense. As a
consequence, G(t) is a distribution null at —oo
Let h € IN; by [3, Section III] we have

(0 H (1) » 9 () = ¢ (1)
hence, for every ¢ € &, we have

lim <G(h) * gp) (t) = lim (G * cp(h)) (t)=0

t——00 t——00
As a consequence, (ei“’otH (t)) « g (t) is a distribution null at —oo
Since f(t) may be written in the form f(t) Z fhh) with f,(t) € L! for every h, the

statement follows by the above argument. ]
With the help of the notion of distributions null at —co and the above results we obtain
the following theorem.
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Theorem 3.5 Let p = 1. The following statements are equivalent:

i) the rational function Q(s)/P(s) has no pole of order > 1 on the complex imaginary
axis, i.e. for everyl such that oy =0, itisq > p; — 1

it) there exists a s-continuous LTI differential system
LD -9
related to P(D),Q(D)
i) there exists a continuous LTI differential system
L L' =9
related to P(D),Q(D)

If one of the above conditions is verified then

a) Qt) = Z Kpe™'H(t) € L*®, and Ky # 0 for every 1.

l:0y=0,q1=p;—1
Furthermore for every family of complexr numbers
= (w € C:1l such that o, = 0)

let
Q,(t) =T(t) +Q(t) + Z ettt
0

lioy=

Then we have:
b) ©,(t) € D' for every p
c) the family (depending on )
L=, V' — 7'

is the family of all s-continuous LTI differential systems defined on 9D';1, related to
P(D), Q(D); in particular

.,%0 = $F+Q) . .@lLl - .@/
is a s-continuous LTI differential system related to P(D),Q(D)

d) the family (depending on ) of the restrictions of the £, to L' is the family of all
continuous LTI differential systems defined on L', related to P(D),Q(D)

e) for every p and every f(t) € P11 it is

Luf(1) = Ly (FO) + D mf (@r)e!

l:01=0

f) for every f € P, L(f) = Lria)(f) is the only distribution null at —oco and
bounded which solve the equation



Observe that the families of systems described in c) (respectively d)) reduces to one
element if and only if P(s) has no roots on the imaginary azis.

Proof. ii)=i),iii)=1). Let £ be as in ii) or as in iii), and let A € 2’ be its impulse
response. As in the Proof of Theorem 3.1, we obtain that A is a solution of the equation

{ P(D)z(t) = Q(D)s(t)
2(t) € Do

Hence, by Lemma 2.2, for every [ such that oy =0, it is ¢ > p; — 1.
i)=a), i)=b). See statements i), ii) of Lemma 2.2.
i)=c). Let £ : 971 — 2’ be a s-continuous LTI differential system related to P(D), Q(D),
and let A € 2’ be its impulse response. As above we obtain that A is a solution of the
equation
{ P(D)x(t) = Q(D)s(t)
z(t) € D'

As a consequence, by Lemma 2.2, there exists p such that A = ®,,. By [3, Thm. 5.5], we
obtain . = .Z),.
As in i)=-a) in the Proof of Theorem 3.1, we obtain that .Z}, : 271 — 2’ is a s-continuous
LTT differential system related to P(D), Q(D).
i)=d). Same argument of i)=b) in the Proof of Theorem 3.1.
i)=-¢). Follows by Remark 3.1.
i)=f). Obviously L q)(f) is a bounded distribution. Moreover by Remark 3.2 it is a
distribution null at —oco
Now let g(t) € S(f) be a distribution null at —oco and bounded. There exist polynomials
M;(t) such that

9(t) = Lirra)(f(t)) + Z M, (t)e™* + Z M (t)e™t
l:op= l:071#0
Since g € ./ and
B%FJrQ) Z M zwlt e .7
l:oj=

then
> M)t e
l:017#0

hence, by Corollary A.4, for every [ such that o; # 0, we have M;(t) = 0. As a consequence
Z My(t)e™" = g(t) — ZLrya)(f(1)
l:09=0

is a distribution null at —oco and bounded. By Corollary A.6, for every [ such that o; =0
there exist K; € C such that M;(t) = K;. As a consequence

Z Klezwlt
l:o)=

is a distribution null at —oo; hence, by Corollary A.2, for every [ such that o; = 0 we have
M(t) = K; =0.
i)=i), i)=-iii). Merely observe that i)=-c), i)=d), and that c)=-ii), d)=iii). [
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4 Properties and conditions related to stability and causality

In the above section we have just seen that every continuous LTI differential system £ :
L - 9 L : P'p — 7', can be identified with systems of the form 2t or .Z),.

In this section we analyze some interesting properties of these 4t and .Z,.

We recall that a system .Z : & — 2’ is said to be causal if for every tg € R and for
every f,g € . with supp (f — ¢g) C [to, +00), it is supp (Z(f) — ZL(g)) C [to, +00).

The notion of stability for a continuos LTI system

LI -9
relies on requests of the following form:

e particular classes of input signals (for instance L*°-signals) must have outputs in
particular classes of signals (for instance L*°-signals).

e sequences of input signals converging in a suitable sense (for instance in L°) must
have outputs converging in some suitable sense (for instance still in L°).

Notice that the conditions outlined as an example in the above parentheses concern the
notion of L*°-stability, often denoted BIBO-stability.

In the following theorems we do not refer to any explicit definition of stability but we
give results of the above form, which can be used in the different situations one need to
consider.

So, as in the previous sections, let P(X),Q(X) € C[X] be the polynomials associated
with P(D),Q(D):

P(X)=c(X —s)P - (X —s.)P"

QX)) = (X —s)" (X —5)" Q1(X)

let Q(s)/P(s) be the related rational function and let I, Q2 be the distributions defined in
Equations (6) and (7).

The following theorem gives the answers to the problem of causality and stability related
to Theorems 3.1, 3.2, 3.3, 3.4.

Theorem 4.1 Let 1 < p < oo. Assume that Q(s)/P(s) has no pole on the complex imagi-
nary azis (i.e. for everyl such that oy =0, it is q; = p;) and consider the LTI differential
system related to P(D),Q(D)

G D — 9
f = Dxf
The following statements hold:
a) T € P C Dyee
b) L (D'rr) C Do

c) L1 D'rp — D'pe is continuous with respect to the strong convergence in both spaces,
and with respect to the weak convergence in both spaces

d) 2 (LP) C LP < deg Q(D) < deg P(D)
Under this assumption 41 : LP — LP is continuous with respect to the usual norm in
both spaces

e) Lp: D'» — D' (respectively: its restriction to LP) is causal < Q(s)/P(s) has no
pole in the complex halfplane {5 € C: Re(s) > O} (i.e. for everyl s.t. op >0 it is
a = pi)
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Proof. a) See Equations (6)—(8) and relative comments.
b) It follows by [3, Thm. 4.1].
c) It follows by [3, Thms. 3.1, 3.3].
d) If degQ(D) < deg P(D), then I'(t) = T'g(t) + A(t), where (setting, as in Section 2,
Lo={l:p > q,00<0}, Ly ={l:p1 > q,01>0})

Fo(t) = Z Al SltH Z Al SltH ) e L'NL>®
leL_ leLy

A(t) = Ko(t) with K €C
As a consequence, for every f € LP, we have
Zr(f)=Toxf+Kf
By Young’s Theorem we obtain
L(f)=Toxf+KfelL?
10 (), = 1T * f + K £, < (ol + K1) [1f1lp
Suppose that deg Q(D) = deg P(D) + v with v > 0. Then I'(¢) = T'o(t) + A(t) where

To(t) € L' (see above)

=> Kps™(t)  with K, #0
Let f(t) = x(-1,1)(t) € L, then

Lr(F(0) = T+ 1) (1) + Kof())+ Y Ky (50D + 1) — 600t - 1))

h=1

Since (I'p x f) (t) + Ko f(t) € LP and K, # 0, we obtain 21 (f(t)) & LP.

e) By [3, Thm. 4.6] 4t is causal if and only if supp I' C [0,+00); thanks to the
definition of I'(¢), this happens if and only if there doesn’t exist [ such that o; > 0 and
pr > q. Obviously, if supp I' C [0,4+00) then the restriction of Z1 to LP is causal. If the
restriction of % to LP is causal, write § = &'- hm gok where @i € 2, supp @y C [0, 4+00);

by [2, Theorem 2.1] we obtain I' = &”- hm jfp(gok) since supp Zr(pr) C [0,+00) then

supp I' C [0, 400). [ |
The following theorem gives the answers to the problem of causality and stability related
to Theorem 3.5.

Theorem 4.2 Let p = 1. Assume that Q(s)/P(s) has no pole of order > 1 on the
complex imaginary axis (i.e. for every l such that oy = 0, it is qg = p; — 1), and consider
the family (depending on p) of the LTI differential systems

Ly=%s,: I — I
f — <I)/J*f

related to P(D),Q(D). The following statements hold:
a) ®, € P’
b) £, (P'1) C Do
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c) L D' — D' is continuous with respect to the strong convergence in both spaces

d) £, (L") C L™® < degQ(D) < degP(D)
Under this assumption £, : L' — L™ is continuous with respect to the usual norms
in both spaces

e) In the family £, : P11 — ' (or respectively in the family of their restrictions to
L') there exists a causal system < Q(s)/P(s) has no pole in the complex halfplane
{s € C:Re(s) > O};
under this assumption £y = Zriq) : D't — D' (resp. its restriction to L) is the
only causal system in the family

Proof. a) Already stated in b) of Theorem 3.5.

b) It follows by [3, Thm. 4.1].

c) It follows by [3, Thm. 3.1].

d) If degQ(D) < degP(D), as in the first part of the Proof of d) of Theorem 4.1, since
I' =Ty € L' N L™ we obtain that Z (Ll) C L™ and that .Z), : L' — L is continuous
with respect to the usual norms in both spaces.

If deg@Q(D) > deg P(D), as in the second part of the Proof of d) of Theorem 4.1, we
obtain that %, (x_,,(t)) & L.

Finally let deg Q(D) = deg P(D), and let f(t) € L' be such that f(t) ¢ L. It is easily
seen that £, (f(t)) & L.

e) By [3, Thm. 4.6] £, is causal if and only if supp ®, C [0,4+00); by the definition
of ®,, this happens if an only if the following two conditions are verified: i) p = 0, ii)
there doesn’t exist I such that o; > 0 and p; > ¢;. Moreover if supp ®,, Z [0, +00), as in
Theorem 4.1 it is easily seen that the restriction of .Z), to L' is not causal. [ ]

A Appendix: Uniformly almost periodic functions

Let f(t) : R — C be a function, and let € # 0. In this Section we call almost period of f(t)
relative to € a real number 7" > 0 such that for every to € R, there exists 7 € [to, to + T
satisfying

|f(t+7)—f(t)] < ¢ foreveryteR

The function f(t) is be called uniformly almost periodic if
o f(t)eC®
e for every ¢ > 0 there exists an almost period T" of f(t) relative to e
The following results are well known (see [1])
e every continuous periodic function is uniformly almost periodic
e the set of uniformly almost periodic functions is a vector subspace of C°
e every linear combination of continuous periodic functions is uniformly almost periodic
e if f(t) is uniformly almost periodic then

— f(t) is bounded and uniformly continuous
— Re f(t), Im f(t) are uniformly almost periodic
— for every A € R, f(At), f(t+ A) are uniformly almost periodic
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The following theorem proves that every non null uniformly almost periodic function
cannot be null at infinity.

Theorem A.1 Let f(t) be an uniformly almost periodic function; the following statements
are equivalent:

a) lim f(t)=0

t—-+o0
) tim f() =0
c) f(t) =0 for everyt € R

Proof. a)=-c). Let n > 1. By the assumption there exists a real number ¢,, > 0 such
that
|f (tn +1t)] < 1/n foreveryt > 0

Let T}, be an almost period of f(t) relative to 1/n. Then there exists
Tn € [-n —ty — T, —n — ty)]

such that
|f (t+m)— f(t)] < 1/n for everyte R

Writing 7, = —n — t,, — oy, with 0 < 0, < T,,, we obtain
lf(t—n—t,—0,)— f(t)] < 1/n foreveryte R
Substituting ¢ with ¢,, + ¢ we obtain
lf(—n—on+1t)— f(t,+1t)] < 1/n for every t € R

and hence
lf(—mn —on +1)| < |f(tn +1)|+1/n forevery t € R

As a consequence it is
|f(—m —on +1)] < 2/n foreveryt > 0

and hence
If ()] < 2/n foreveryt > —n

b)=-c). Let ¢g(t) = f(—t) and apply the previous result to g(t).
Obviously c¢)=a), c)=b). [
The following theorem proves that every regularization of an uniformly almost periodic
function is uniformly almost periodic.

Theorem A.2 Let f(t) be an uniformly almost periodic function, and let o(t) € &. Then
(f *)(t) is uniformly almost periodic.

Proof. If p(t) = 0, the statement is obvious. Let ¢(t) # 0, and let u = / lp| > 0.

Let ¢ > 0,let T > 0 be an almost period of f(t) relative to €/(2u), and let tg € R.
There exists T € [to, to + 1] such that

lf(t+7)— f(t)|] < €/(2u) for every t € R
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Write f(t) = f(t+ 7). For every t € R it is

(Fro)t+7)— (Fr@)(O)] = [(Fr0)(0) — (F * )] =
(s~ ) o) |—'/ b ) @l — z)da| <

~X

< / @ +7) — F@)] - o(t - 2)|dz < (/) / pl=c/2 < ¢

As a consequence T is an almost period of (f * ¢)(t) relative to e. [
As corollaries of Theorem A.1 and A.2 we can now state the results used in the proofs
of the theorems of Sections 2 and 3.

Corollary A.1 Let wy,...,w, € R be pairwise distinct, and c1,...,c, € C be not all equal
to 0. Then there exist p > 0 and two sequences 1,7, € R such that

14
Z Cleiwl'r];

e lim 7/ = 400, > u for every k

k—o0
=1
v
: 1
. khm T = —00, chewﬂk > u for every k
— 00
=1

Proof. Simply observe that Z ¢!t is uniformly almost periodic (as a linear combi-

=1
nation of continuous periodic functions), and non-zero (since the family e, [ =1,... v
is linearly independent); then apply Theorem A.1. ]

Corollary A.2 Let wi,...,w, € R be pairwise distinct, and let c1,...,¢c, € C. The fol-
lowing statements are equivalent

v
a) cheiwlt is a distribution null at co
=1

v
b) chei“”t is a distribution null at —
=1

c)cr=-=¢=0

Proof. Obviously a)=-b), and c)=-a).
b)=-c). Let B € R be such that

s

0 < B < min{4 : lsuchthatwﬁéO}

i

and let p(t) € Z be such that supp ¢ C (=B, B), ¢(t) > 0 for every t € R, /(p #0. A

straightforward argument proves that ¢(w;) # 0 for every [ (here p(w) denotes the Fourier
transform of ¢(t)).
Observe that

v v
<Z z) wp(t) = D_ap(w)e !
=1 =1

is a function null at —oo in the usual sense. As a consequence, by Corollary A.1, for every
[ we have ¢;p(w;) = 0, and hence ¢; =0 [ |
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Corollary A.3 Let wy,...,w, € R be pairwise distinct, and Mi(t),..., M,(t) be polyno-
mial functions not all constant. Then there exist two sequences 1,7, € R such that

v
. . 4 /
o lim 7, = 400, lim g M; (13) €7k | = 400
k—o0 k—o0
=1
v
. . ; 1
e lim 77 = —o0, lim E M, (17) €47k | = 400
k—oo k—o0 =

p
Proof. Write the polynomial functions M;(¢) in the form M;(t) = Z mypt", with p > 1

and at least one of the coefficients my,,...,m,, non null. By Corolla;y A1, there exists
p > 0 and two sequences 7,7, € R such that

v
; /
§ : mlpezwlrk

e lim 7, = 400, > p for every k

k—o0
=1
v
. . 1
e lim 7/ = —o0, g mpe™ k| > p for every k
k—o0 =1

Then observe that for every k it is

14 14 14 14
/ iy T ! / iy T " i T " " iwy T
S M () €% = (57 ( + zm) Y () = ( + zm)
=1 =1 =1

=1

where lim o) =0 and lim o = 0. [ ]
k—o0 k—o0

Corollary A.4 Lets), =01 +iwr,...,8, = 0y + iw, € C be pairwise distinct, My (t), ..., M,(t)
be polynomial functions not all null, and Py(t) be a polynomial function. If oy # 0 for every
l=1,...,v then

v
a) ZMl(t)eslt + Py(t) is not a slowly increasing function in the usual sense
=1

b) Z My(t)est ¢ .
=1

Proof. Changing, if necessary, the family of indices, we may assume M;(¢) not null for
every [.
a) Assume first that there exists an [ s.t. oy > 0, and let

U:max{al,...,al,} > 0

Then it is

v

STM)et + Po(t) = et [ alt) + Y My(t)e !

=1 l:oj=0

where lim «(t) = 0. By Corollaries A.1 and A.3, there exist ¢ > 0 and a sequence 73, € R

t——+o0

such that

e lim7, =+
k—o0
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Z M (3,) ™| > for every k

l:oj=0

As a consequence, Z M;(t)e®!* + Py(t)| cannot be bounded by any |F(t)| where F(t) is a

=1
polynomial function.

Assume now that o; < 0 for every [, and let ®(¢ Z M;(— sty Py(—t); by the

previous result ®(¢) is not slowly increasing in the usual sense; as a consequence, also
14

—t) = Z M;(t)e®t + Py(t) is not.

) Let f(t) ZMl )estt; by [9, Chapter VII, Thm. VI] f(t) € .#” if and only if there
exist n € IN, ¢(t) 6 CO such that
e ¢(t) is slowly increasing in the usual sense
. J(t) =g (1)

It is well known that every g(t) € 2’ such that f(t) = ¢(™(t) may be written in the form
v
t) = Z Ni(t)e*! 4+ Qo(t)
=1

where Nj(t) and Q(t) are polynomial functions. Obviously there exists N;(t) # 0. By a),
g(t) cannot be slowly increasing in the usual sense. [ ]

Corollary A.5 Let F(t Zt f1(t) where fi(t)’s are uniformly almost periodic functions,
P21, fylt) £0. Then F(t), F(OH(), F)H(~t) ¢ Fioe.

Proof. Changing if necessary F'(t) with ¢F'(t), we may assume Re f,(t) # 0. Changing
if necessary F(t) with —F'(t), by Theorem A.1 we may assume that there exist a real number
p > 0 and a sequence 7, € R such that

lim 7, = +00, Re f,(1x) > p for every k

k—o0

Let T be an almost period of Re fy(t) relative to u/8.
For every Ty, there exists a real number —7y + o, € [—7%, —7% + T (i.e. a real number
ok € [0,T7]) such that

|Re fp(t — i +0k) —Re fp(t)] < 1/8 for every t € R
and hence, changing ¢ with ¢ 4 7%, such that
|Re fp(t + o) —Re fp(t+7)] < p/8 for every t € R (A.1)

Since every oy € [0,T], changing if necessary the sequence 7, with a subsequence, we

may assume that there exists o € [0, 7] such that klim o = 0.
—00

Since Re fj,(t) is uniformly continuous, there exists a real number ¢ > 0 such that for
every pair (¢/,t”) such that [t" —¢| < (it is |[Re fp(t") — Re fp(t')] < p/8. Changing if

25



necessary the sequence 7, with a subsequence, we may assume that |0y —o| < ( for every
Tk, and hence

Re fp(t+o0x) —Re fp(t+0)| < p/8 for every t € R (A.2)
As a consequence of Equations (A.1) and (A.2) it is

|Re fp(t+0)—Re fp(t+ )| =
= |Re fp(t +0) —Re fp(t+ ox) + Re fp(t + o) — Re fi(t + 7%)] (A.3)
<2-pu/8=p/4 for every t € R

Taking ¢ = 0 in Equation (A.3) we obtain |Re f,(0) — Re f,(1%)| < p/4. SinceRe f,(1x) > p,
it is Re fp(0) > p—p/4 =3p/4. Then there exists a real number B > 0 such that

Re fp(t+0) > 3u/4 for every t € (—B, B)
As a consequence of Equation (A.3) it is also

Re fp(t+76) > 3p/4—p/d=p/2 (A4)
for every t € (—B, B)

Last, observe that, for every ¢ # 0, F(¢t) may be uniquely written in the form
F(t) =7 ((t) + fp(t))
with 1 (t) continuous on R\ {0}, and such that there exists a real number C' > 0 s.t.
|Y(t)] < w/4 for every [t| > C
Let ®(t) = F(t)H(t).

Let ¢(t) € 2 be such that supp ¢ C (=B, B), ¢(t) > 0 for every t € R, /go = 1. For
every 7, > C + Bitis

Re (@ * ) (1) =

Tr+B
N / _B t7 (Re (1) + Re fp(t)) ¢ (tp — 1) dt =

B
_ /_B(Tk+t)p (Re (7 + ) + Re fo (e + 1)) o (—t) dt

Since for every t € (=B, B) it is
o (e +t)P > (= B)F > 0
e since 7, +t > C, Re Y(1; +t) + Re fp(mp +t) > —p/d+p/2=p/4 > 0
e p(—t)=0

then
Re (@« o) (1) = (7o — B)P - (1/4) - / ¢ = (u/4) - (e — B)

As a consequence (@ x ¢)(t) is not bounded in R, and hence ®(t) = F(t)H(t) ¢ D'
The proof for F(t) and F'(t)H(—t) are straightforward consequences. |

p q
Corollary A.6 Let F(t) = Ztlfl(t), G(t) = Ztlgl(t) where fi(t)’s ,qi(t)’s are uni-
1=0 1=0

formly almost periodic function. The following statements are equivalent:
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a) F(t)H(t) + G(t) € D'
b) for every l #0 it is fi(t) =0, g/(t) =0

Proof. a)=b). Assume for a contradiction that g;(t) # 0 for some [ # 0. The argument
adopted in the Proof of Corollary A.5 may be used to prove that F(¢t)H (t) + G(t) ¢ P

(simply use a sequence 7 such that klim T, = —o0) which is absurd. Hence it is g;(t) = 0
— 00

for every [ # 0. In particular G(t) = go(t) is an uniformly almost periodic function, and
hence G(t) € P'pe.

As a consequence F(t)H(t) € P, and hence by Corollary A.5 it is fi(t) = 0 for every
I #0.

b)=-a). F(t)H(t)+G(t) is a locally integrable bounded function; hence F(t)H (t)+G(t) €

/

00 ]

Corollary A.7 Let F(t), G(t) be uniformly almost periodic functions. If F(t)H (t)+G(t) €
", then F(t) = G(t) = 0.

Proof. Let ®(t) = F(t)H(t) + G(t), p(t) € 2, and ¢(t) = p(—t). By the argument

pointed out in the last paragraph of [9, Chapter VI, section 8] it is ‘llim (P x@)(t) = 0.
t|—00
Obviously there exists g < 0 such that for every t < tgitis (P*@)(t) = (G*®)(t), hence

tlim (G*p)(t) =0.
——00

By Theorem A.2, (G * ¢)(t) is uniformly almost periodic, hence by Theorem A.1, (G *
©)(t) = 0 for every ¢t € R; in particular

(Gt 60) = [ GFO - 7)dr = (G 2)(0) =0

Hence for every ¢ € 2 it is (G(t),p(t)) = 0. As a consequence G(t) = 0 and ®(t) =
F(t)H(t). Let again ¢(t) € 2, and ¢(t) = p(—t). Observe that there exists tg > 0
such that for every t > tg it is (P * @)(¢t) = (F * @)(t), hence , li+m (F*xp)(t)=0. As a

consequence, the argument previously applied to G(t) proves that F(t) = 0. [ |
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