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@ The minimization problem and classical solvers
© Previous contribution: LQN descent methods

e New contribution: Adaptive LQN descent methods
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The minimization problem and classical solvers

The minimization problem and classical solvers

f(xx) = mingegn f(x), find x,
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The minimization problem and classical solvers

The minimization problem and classical solvers

f(xx) = mingegn f(x), find x,

Descent methods
generate a minimizing sequence {xk}jif) by the iterative scheme:

xo € R",  go=Vf(x0), do=—go
For k=0,1,...
Xk+1 = Xk + Mede A >0
8k+1 = VF(Xk41)
Bk+1 = n X n matrix, positive definite (pd)
div1= —Bi 18kt
—_—

descent direction
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The minimization problem and classical solvers

The Newton descent method

® Biy1 = V3f(xk41)

@ A quadratic rate of convergence

e O(n%) arithmetic operations to compute xj;1 from xj
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The minimization problem and classical solvers

The Newton descent method

® Biy1 = V3f(xk41)

@ A quadratic rate of convergence

e O(n%) arithmetic operations to compute x4 1 from x

Quasi-Newton (QN) descent methods

Biy1 defined in terms of Vf

A superlinear rate of convergence

Convergence under weak analytical assumptions
O(n?) arithmetic operations to compute xj ;1 from xj

O(n?) memory allocations for implementation
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The minimization problem and classical solvers

The Newton descent method

® Biy1 = V3f(xk41)

@ A quadratic rate of convergence

e O(n%) arithmetic operations to compute x4 1 from x

Quasi-Newton (QN) descent methods

Biy1 defined in terms of Vf

A superlinear rate of convergence

Convergence under weak analytical assumptions
O(n?) arithmetic operations to compute xj ;1 from xj

O(n?) memory allocations for implementation

Main example: ~ the BFGS method (Broyden et al.'70)
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The minimization problem and classical solvers

BFGS

xo € R", do=—go
For k=0,1,...
Xk41 =Xk + Mdx A [ 8]y >0
Bii1 = ¢ (Bk, Xk+1 — Xk, 8k+1 — 8k)
—_— ——
Sk Yk

-1
diy1 = _Bk+1gk+1
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The minimization problem and classical solvers

BFGS

X0 € R", do=—8go
For k=0,1,...
Xk+1 = Xk + Axdg Ak | S[yk >0
Bir1 = ¢ (Bk; Xkt1 — Xk, Ek+1 — k)
—_— ——
Sk Yk

-1
diy1 = _Bk+1gk+1

(o properties =
e By inherites positive definiteness from By
Proof: B pd & s'y>0 = ¢(B,s,y) pd

® Bii1(Xk41 — Xk) = k41 — 8k
Proof: ¢(B,s,y)s =y
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The minimization problem and classical solvers

The updating function ¢ in Byxi1 = ¢ (Bk, Sk, Yk) is

1 T T
¢ (B;s,y) = B+ﬁyy — Tg s B

= BFGS is a secant method:
Bri1(Xk+1 — Xk) = 8k+1 — 8k Secant equation
H

Sk Yk

Proof (independent on B):

¢(B;s,y)s = (B + ﬁny — sTlBs BssTB> s
= Bs+ ﬁy(yTS) — 75 Bs(s" Bs)
=Y
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The minimization problem and classical solvers

Quasi-Newton (QN) descent methods for large scale problems

Biy1 defined in terms of V£
A fast rate of convergence

Convergence under weak analytical assumptions

less than O(n?) arithmetic operations to compute x 41 from
Xk

e less than O(n?) memory allocations for implementation

Classical example: the Limited memory BFGS method (Nocedal
et al. '80)
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The minimization problem and classical solvers

Quasi-Newton (QN) descent methods for large scale problems

Biy1 defined in terms of V£
A fast rate of convergence

Convergence under weak analytical assumptions

less than O(n?) arithmetic operations to compute x 41 from
Xk

e less than O(n?) memory allocations for implementation

Classical example: the Limited memory BFGS method (Nocedal
et al. '80)

A recent proposal: the LQN method (Di Fiore, Fanelli, Zellini
et al. '00)
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Previous contribution: £QN descent methods

Previous contribution: LQN descent methods

Replace the matrix By in

Bit+1 = ©(Brk,Sk:Y«)

with a matrix A, of a low complexity space L
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Previous contribution: £QN descent methods

Previous contribution: LQN descent methods

Replace the matrix By in

Bit+1 = ©(Brk,Sk:Y«)

with a matrix A, of a low complexity space L
Choice of £

By € sd U for some unitary matrix U, where

z7 0 - 0
0 pp) 0
sdU={Ud@2)U* : ze C"}, d(z)=| . _ .
0 0 Zn

= choose L = sd U, U =fast unitary transform (U = Fourier,
Hartley, ...)
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Previous contribution: £QN descent methods

Choice of Ay in L
Ay = the best least squares fitto By in L =sd U, i.e.
Ax = Lp, where

LB, — BkllF = )fpeig X — Bkllr

The L@N algorithm

Xp € Rn, dy = —£0

For k=0,1,...
Xk+1 = Xk + Medi Ak ’ s[yk >0
Bkt1=¢( LB, 5 Xk+1 — Xk, Bk+1 — 8k)

1 Sk Yk
dit1 = — B, 18k+1
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Previous contribution: £QN descent methods

Bik+1 = p(LB,, Sk, Yk)
e By1 inherites positive definiteness from By
Proof: B pd = Lp pd
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Previous contribution: £QN descent methods

Bii1 = ¢(Lp,; Sk, k)

e By1 inherites positive definiteness from By
Proof: B pd = Lp pd

o Biiisk =Yk, i.e. LON is a secant method
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Previous contribution: £QN descent methods

Bii1 = ¢(Lp,; Sk, k)

e By1 inherites positive definiteness from By
Proof: B pd = Lp pd

o Biiisk =Yk, i.e. LON is a secant method

e By 1 projected on L gives rise the Eigenvalue Updating Formula
U yi? d(z)*|U"si? (EUF)

1
Zpy1 =z + U yk
S, Yk

7 T T Us P
where Lp, = Ud(zx)U*.

(EUF) and the Sherman-Morrison formula imply that each step of
LQN can be performed via two matrix-vector products U -z and

some inner products
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Previous contribution: £QN descent methods

Bii1 = ¢(Lp,; Sk, k)

e By1 inherites positive definiteness from By
Proof: B pd = Lp pd

o Biiisk =Yk, i.e. LON is a secant method

e By 1 projected on L gives rise the Eigenvalue Updating Formula

* 1 *
Uyl = o d(2)*| U sil? (EUF)

1
Zit1 = 2k + ——
STy 2. T|U*si 2

k
where Lp, = Ud(zx)U*.
(EUF) and the Sherman-Morrison formula imply that each step of
LQN can be performed via two matrix-vector products U -z and
some inner products
Main result: U = fast transform =

Space complexity: O(n)= memory allocations for U

Time complexity (per step): O(nlogn)= cost of U -z
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Previous contribution: £QN descent methods

LQN rate of convergence
Theory : linear rate of convergence
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Previous contribution: £QN descent methods

LQN rate of convergence
Theory : linear rate of convergence
Experiments : fast rate of convergence, competitive with L-BFGS
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Previous contribution: £QN descent methods

LQN rate of convergence

Theory : linear rate of convergence

Experiments : fast rate of convergence, competitive with L-BFGS
e The lonosphere data set (n = 1408)

error function

seconds

Figure: LQN and L-BFGS applied to a function of 1408 variables
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New contribution: Adaptive £LQN descent methods

New contribution: Adaptive LQN descent methods

In the updating formula

Bi+1 = ©(LB,, Sks Yk)

adapt the space L to the current iteration
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New contribution: Adaptive £LQN descent methods

New contribution: Adaptive LQN descent methods

In the updating formula

Bi+1 = ©(LB,, Sks Yk)

adapt the space L to the current iteration

The adaptive criterion A LQN drawback with respect to BFGS is
that the updated matrix Lg, does not solve the previous secant equation
XSk—1 = Yk-1

Let Lsy be the matrix of £L=1sd U s.t.

Lsy Sk—1 = Yk—1 (csy # ['Bk)

= Ly = Udiag(%ﬁiﬁ:h}:) ur
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New contribution: Adaptive £LQN descent methods

New contribution: Adaptive LQN descent methods

In the updating formula

Bi+1 = ©(LB,, Sks Yk)

adapt the space L to the current iteration
The adaptive criterion A LQN drawback with respect to BFGS is
that the updated matrix Lg, does not solve the previous secant equation

Xsk—1 = Yk-1
Let Lsy be the matrix of £L=1sd U s.t.

Lsy Sk—1 = Yk—1 (csy # ['Bk)
= Ly = Udiag(%ﬁiﬁ:h}:) U*

AIM: Lp, close to Lsy during the minimization procedure
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New contribution: Adaptive £LQN descent methods

New contribution: Adaptive LQN descent methods

In the updating formula

Bi+1 = ©(LB,, Sks Yk)

adapt the space L to the current iteration
The adaptive criterion A LQN drawback with respect to BFGS is
that the updated matrix Lg, does not solve the previous secant equation

Xsk—1 = Yk-1
Let Lsy be the matrix of £L=1sd U s.t.

Lsy Sk—1 = Yk—1 (csy # ['Bk)
= Ly = Udiag(%ﬁiﬁ:h}:) U*

AIM: Lp, close to Lsy during the minimization procedure

[U*yk—1]i

>0
[U*sk_1]i

— Lsy positive definite like Lg, U =fast transform s.t.

Cortona, September 2004 C. Di Fiore, S. Fanelli, P. Zellini Adaptive Low Complexity Algorithms for Unconstrained Min



New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but
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New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but

...... Ak | sZ—yk >0
Bi+1 = o(LB,, Sk, Yk)
if L.y, is pd then{

-1
dit1 = =B, 18k+1

}
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New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but

...... Ak]s,z—yk>0

Bi+1 = o(LB,, Sk, Yk)
if L.y, is pd then{

-1
dit1 = =B, 18k+1
} else {
dey1 = —(EBHI)_lng «— temporary descent direction
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New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but

...... Ak]s,z—yk>0

Bi+1 = o(LB,, Sk, Yk)
if L.y, is pd then{

-1
dit1 = =B, 18k+1
} else {
dey1 = —(EBHI)_lng «— temporary descent direction

define a fast transform U s.t. Ly, is pd
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New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but

...... Ak | sZ—yk >0
Bi+1 = o(LB,, Sk, Yk)
if L.y, is pd then{

diy1 = _Bk__ilngrl
} else {
dey1 = —(EBHI)_lng «— temporary descent direction
define a fast transform U s.t. Ly, is pd
set £L=sdU
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New contribution: Adaptive £LQN descent methods

The adaptive LN algorithm
Like the LQN algorithm, but

...... Ak | sZ—yk >0
Bi+1 = o(LB,, Sk, Yk)
if L.y, is pd then{

diy1 = _Bk__ilngrl
} else {
dey1 = —(EBHI)_lng «— temporary descent direction
define a fast transform U s.t. Ly, is pd
set £L=sdU

How to define such U 7?
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New contribution: Adaptive £LQN descent methods

Definition of U

Loy = Udiag( [

)U* is positive definite iff

U is such that
(U yli

>0 Vi Crit
[U*Sk],' ( )
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New contribution: Adaptive £LQN descent methods

Definition of U
Lsy = Udlag<[U yk]’) U* is positive definite iff

[U*si]

U is such that
[U*yk]i
[U*Sk],'
Main results: Under our hypothesis on A\ (Ag | SkTYk >0) a

matrix U satisfying (Crit) exists and can be obtained as the
product of two Householder matrices:

>0 Vi (Crit)

2
U= H(uH(p), H@EZ)=1- sz*
(u, p suitable vectors), =
Space complexity: O(n)= memory allocations for U

Time complexity (per step): O(n)= cost of U-z (better
than LQN)
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New contribution: Adaptive £LQN descent methods

Rate of convergence of adaptive LQN
Experiments : fast rate of convergence, competitive with LQN
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New contribution: Adaptive £LQN descent methods

Rate of convergence of adaptive LQN
Experiments : fast rate of convergence, competitive with LQN
e The lonosphere data set (n = 1408)
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Figure: LQN and adaptive LQN applied to a function of 1408 variables
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New contribution: Adaptive £LQN descent methods

e The Iris plant data set (n = 315)

Number of iterations to obtain f(x,) < 0.1

f xé x% xg xé
LQN | 10930 | 13108 | 3854 | 7663
adaptive LN | 3430 1663 | 3647 | 1525
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New contribution: Adaptive £LQN descent methods

e The Iris plant data set (n = 315)

Number of iterations to obtain f(x,) < 0.1

T 7 3 7
f X X X3 X

LEN | 10930 | 13108 | 3854 | 7663
adaptive LQN | 3430 | 1663 | 3647 | 1525

Number of iterations to obtain f(xy) < 0.01
f x5 x3 x3 xg

LQN | 24085 | 42344 | 6184 | 33250
adaptive LQN | 19961 | 2886 | 8306 | 3111
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New contribution: Adaptive £LQN descent methods

Two strategies

o Secant equation: LgySkx = yx

o Best least squares approximation:
L8, — Bkllr = minxec || X — Bkl|F

How to apply both strategies ?

The adaptive LN algorithm illustrated is a
possible solution

Work in progress: look for other solutions
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