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Abstract

Poiseuille flows in infinite cylindrical pipes, in spite of their enormous simplic-
ity, have a main role in many theoretical and applied problems. As is well known,
the Poiseuille flow is a stationary solution of the Stokes and the Navier-Stokes
equations with a given constant flux. Time-periodic flows in channels and pipes
have a comparable importance. However, the problem of the existence of time-
periodic flows in correspondence to any given time-periodic total flux, is still an
open problem. A solution is known only in some very particular cases, for instance,
the Womersley flows. Our aim is to solve this problem in the general case.

The above existence result opens the way to further investigations. As an exam-
ple of this possibility we consider the extension of the classical Leray’s problem
for Poiseuille flows to arbitrary time-periodic flows.

1. Introduction

We start by discussing the motivation that led us to consider the problem below.
Let Q2 be abounded, regular, connected open setin R”, n > 1, and consider a cylin-
drical (n + 1)-dimensional pipe A} = © x R, where R, denotes the positive
real line. We denote by I' the boundary of Q2. We setx = (x1, ..., x,) and denote by
z the longitudinal coordinate along the axis of the pipe, say z = x,+1. We denote
by x the component of the velocity v in the axial direction z. Note that the physical
dimension is N = n + 1. By assumption, the fluid adheres to the lateral boundary
of the cylinder.

Assume that a viscous incompressible fluid is pumped into the pipe A with a
given inflow velocity vo(x, t) = v(x, z, t)|;=0. The pointwise values of the inflow
velocity are unknown, and not necessarily time periodic, but the total flux g(¢) is
a time-periodic function, i.e., fQ xo(x,t)dx = g(t), where xo = x|;=0. Note
that the inflow velocity can be pointwisely quite “chaotic”, but the total amount
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of pumped fluid by unit of time is not. Note that this is a very natural situation in
many physical problems (the blood pumped by the heart, for instance). Clearly, the
incompressibility of the fluid implies that

fﬂx(x,z,t)dx =g, ey

z 2 0, for each cross section 2(z) = {(x, z) : x € Q} and at any time ¢ = 0. We
call the flux g(¢), in the cross sections of the pipe, the fotal flux. It may be possible
that after a long time, in a very long pipe, the outflow velocity “forgets” the partic-
ular point wise distribution of the inflow velocity vy, and merely “remembers” the
total flux g(¢). If we assume that a unique limit solution exists, in correspondence
to a given g, than the solution must be independent of z. In spite of the recognized,
theoretical and applied, significance of this very basic problem, a positive answer
is known only in a very few cases: for instance, the classical Poiseuille steady flow,
when the flux is constant; and the Womersley flow, which corresponds to a quite
particular but important class of periodic sinusoidal fluxes in circular pipes, see [26].
The central position occupied by periodic flows in pipes leads us to consider the
possibility of replacing Poiseuille and Womersley flows by flows with an arbitrary
time-periodic total flux g(¢). Now, the basic open problem is to prove the existence
of a time-periodic flow with a given time-periodic flux g(¢). As we will see, this
leads to a non-standard variational problem. Contrary to the stationary case, the
main open problem is now whether there exists, in an infinite pipe A = Q x R, a
periodic flow with a given time-periodic flux g(¢).

As in the Womersley paper, we also have in mind flows in large arteries. Here,
the heart beat gives rise to a periodic variation, the pulsatility, and hence to a time
periodic total flux g(¢). However, this flux is far from being of sinusoidal type. Nev-
ertheless, in many blood flow simulations, the Womersley model is used; this may
be due to the lack of information on more general periodic solutions. Concerning
blood flow problems see, for instance, [22].

Another motivation for our study is the extension of the famous Leray prob-
lem to periodic flows. In the classical formulation, two cylindrical semi-infinite
pipes, A1 and A», are connected by a reservoir Ag. We consider the problem of
the existence of a viscous, incompressible fluid flow, subjected to convergence to
Poiseuille flows, in both pipes, as the distance goes to infinity. A constant flux g is
assigned. A fundamental contribution to Leray’s problem is that given by AMICK in
[1], dedicated to Leray himself, and in [2], to which we refer the interested reader.
Leray’s problem seems to have been proposed, see [1], by Leray himself to LA-
DYZHENSKAYA, who in [13] attempted an existence proof under no restrictions on
the viscosity. As referenced in [1], this problem is also mentioned by FINN in the
review paper [7]. For the Leray’s and related problems we refer, in particular, to
[9], Vol.I, Chap. VI, Sections 1 and 2, and Vol. II, Chap. XI, Sections 1, 2, 3 and 4.
Other main references are [3, 6, 8, 11, 12, 14-16, 18-20, 24]. For the Leray prob-
lem concerning non-Newtonian fluids we refer the reader to [21] and the references
therein.

Note that, due to the arbitrariness of the connection reservoir Ag, the “inflow”
velocity vg(x, t) at the second pipe is essentially arbitrary, except for the given
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constant total flux. Consequently, an intimately related problem, in semi-infinite
pipes, is that of the convergence, as the distance goes to infinity, to a Poiseuille
flow when a constant (total) inflow flux is given.

In this paper we shall prove that each periodic g(¢) corresponds to one and
only one periodic flow, parallel to the axis, with a given periodic flux. Once the
existence of these basic periodic flows is proved, further developments can be done
by adapting to the periodic case the known proofs done for the stationary case
(see, for instance, [1] and [9]). For this reason, and also to avoid more technical
proofs, we will merely take into account the above application to Leray’s problem,
and leave to the reader further developments, in particular more stringent results
on the asymptotic behavior of the solutions at infinity distance. Other interesting
extensions concern problems with more than two exits to infinity and applications
to more general fluids.

Summarizing: The main problem is the following: Consider an infinite pipe A =
Q x R with boundary ¥ = I' x R. Let a T-periodic function g(¢) be given. We look
for T-periodic solutions v(x, z, t) in A x R of the Navier-Stokes equations which
are parallel to the z-axis, independent of z, vanish on the boundary X and satisfy the
flux constraint (1). We give a positive answer to this question in Theorem 1 below.

After this first result, we consider the Stokes equations (54) and prove the exis-
tence and uniqueness of the solution of Leray’s problem for an arbitrary given
time-periodic flow g(r), see Theorem 4. Finally we assume that n < 4 and prove
the existence of the solution of Leray’s problem for the Navier-Stokes equations if
the viscosity v is sufficiently large, see Theorem 5.

Without loss of generality, we assume below that

|Q=1, andthat T = 2m, 2)
where |2| denotes the Lebesgue measure of 2.
In order to avoid misunderstandings between z and 7, we denote by R; the real
line R when referring to the time variable 7.
It is worth noting that if we replace the adherence boundary condition by a

Neumann-type boundary condition ( for instance, a slip type boundary condition;
see, for instance, [4]) then the above problem becomes trivial.

2. The existence theorem in infinite pipes

Let 2 be as above and consider the Navier-Stokes equations in the cylindrical
domain A under the non-slip boundary condition on the lateral boundary, namely

%—II’ —VvAv+ (v-V)v+ Vp =0,
V-v=0 inA xR, 3)

v

0 onXx R;.

Here the differential operators A and V act on all the variables (x1, ..., xX,, 2).
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Since we are looking for solutions parallel to the axis of the pipe, we merely
consider the longitudinal component x of the velocity. Moreover, independence of
the velocity on z easily implies that the Navier-Stokes equations reduce to

dax ip _
3t vA X + 3_1 =0 s

d

<
|

0 fork=1,...n, “4)

w
|

Xk

x=0 on X x R;.

Hence we are looking for solutions x of the problem (4) satisfying (10) below and
also x(t+ T) = x(1). /

From the first equation (4) it follows that %—f is independent of z since x and
its derivatives do not depend on z. Hence p(¢, z) = a(t) — ¥ (¢) z. Since the term
a(t) does not affect the velocity field, we may assume that the pressure has the form

pt, )= —v(@)z. ®)

Note that the significant quantity is here V p = —(¢) e,, where e, denotes the
unit vector in the z direction.
The full problem becomes

X _ YAy =v@t) inQxR,
x=0 onI" xRR,, (6)

x@t+T) x (1) VieR;,

together with the constraint (10). The unknowns are x (¢, x) and 1 (¢). Note that
problem (6) is independent of z. The function x (¢, x, z) = x (¢, x) for each z and
the function p given by (5) are a solution of problem (4). Actually, until the end of
Section 5, functions and equations will not depend on the variable z.

Integration of equation (6) in €2 shows that we must have

Y =g®—v /QAxdx- )

See the Remark 2 at the end of this section.

Summarizing: Let g(¢), t € Ry, be a given real 2 w-periodic function. A 2 7 -peri-
odic solution v of the Navier-Stokes equations (3) in the infinite cylinder A, with
v of the form

v(t, x,2) = (0,.... 0, x(z, x)) ®)
and satisfying the flux condition (1) for each ¢ € RR;, exists if and only if x is a
solution of the problem

3—X—vAx+vaAxdx

=2 g inQ xR,

x=0 onl' x R,, )

xt+T)= x@) ViekR,,
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for which
/Qx(x,t)dx = g(0), (10)

for each ¢.

The following existence and uniqueness result of the above solution v is a cor-
ollary of Theorem 2 below. For notation, see the next section. The symbol # denotes
2 mr-periodicity.

Theorem 1. Let Q2 be an open, bounded and connected set in R" and consider the
infinite cylinder A = Q2 x R. Let g € H# (Ry) be given. There is a unique solution
v of the Navier-Stokes equations (3) in A which satisfies the adherence boundary
condition vz = 0 for each t, and such that:

(1) v is (2 w)-time periodic,
(ii) v has the form (8),
(iii) The total flux satisfies (10).

Moreover, x satisfies the estimates

2 2 ¢ 2
1A X,y S N8N 2, + o3 1812, - (1)

A

2 2 2 2

and

Il I Sc+v gl +c L Ig'II% (13)
XlicpR;v) = 8l (w,) b 2 )8 lm,

Remark 1. If Q is locally situated on one side of I' and if I" is a differentiable
manifold of class C-!, or if Q is convex, then, by well-known elliptic regularity
results,

2 ~ 2

Moreover, well-known regularity results for the heat equation, yield regularity re-
sults for x and v, depending on the regularity of I" and g (). In particular, if I" and
g(¢) are infinitely differentiable, sois vin A x R.

Clearly, partial derivatives of v of any order vanish if they include differentiation
with respect to z. Otherwise, derivatives are not integrable (with any exponent) in
the whole of the cylinder A.

Remark 2. If we assign the pressure gradient — () instead of the total flux g(¢),
see (6), existence, uniqueness and estimates for the solution are immediate. How-
ever, it is worth noting that an estimate of g(¢) simply follows from the knowledge
of the volume of fluid pumped into the pipe. On the contrary, ¥ (¢) is a typical
“outflow product”, that cannot be measured at the inflow, at least in real problems.
This simple fact is connected to the difficulty of obtaining an explicit functional
relation between v and g alone; see (7).
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Remark 3. By applying the change of variables t = 2% t, it readily follows that
all the results proved below still hold if we replace the period 2 & by an arbitrary
period T'. It is worth noting that the estimates (17), (18) and (19) (hence (11), (12)
and (13)) hold with the same constants on the right-hand side. In particular these
constants do not depend on the period 7'. We believe that our results can be extended
to the almost periodic case.

3. Functional framework — an abstract result

The above problem can be easily seen, and solved, as a particular case of a more
general class of problems. In our opinion a more “abstract” presentation, in a wider
framework, helps in the understanding of the problem.

Let H and V be real separable Hilbert spaces, with V densely and compactly
embedded in H, and denote respectively by (, ) and | || the scalar product and the
norm in H. We identify H with its dual H'. Wehave V. C H >~ H' C V' where V'
denotes the dual of V. Define an operator A by means of (Au, v) = a(u, v), wherea
is any symmetric, continuous, bilinear, V -elliptic form over V x V. We take a(u, v)
as the scalar product in V, and set ((u, v)) = a(u, v). Hence, (Au, v) = ((u, v));
moreover,

(Av,v) = [[vll5,
for each v € V. Note that A is an isomorphism between D(A) and H, where
DA)={veV:Ave H}

and the norm of an element v € D(A) is given by ||A v||.

Denote by e a fixed element e € H, such that e ¢ V. Without any loss of
generality, we normalize e by assuming that ||e|| = 1. Finally we define w € D(A)
as the unique solution of the equation

Aw=ce. (14)
We set
Cl= (Aw,w) = |wl?,
and
Cj = llwl*.

Below we shall solve the following problem.

Problem. Let H, V, A and e be as above and let g(#) be a given real, 2 r-time
periodic function. We look for solutions x of the linear problem

X'+ vAx —v(Ax,e)e=gt)e,
x@+T)= x@),

15)
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such that

(x(@),e) = g(). 16)

The problem (9)—(10) is a particular case of the problem (15)—(16) as shown
by setting (note that classical and universally accepted notations will be used with-
out definition) H = L2(Q), V = H}(Q), A = —A with domain D(A) =
{fve V: Av e H}, and by denoting by e the constant function e(x) = 1 for
each x € Q. Note that

D(A) = HX Q)N H(),

if Q is of class C!-1, or convex.

It is worth noting that the case ||e|| = 1 is the borderline case. In fact, if we
assume that ||e|| > 1 then our problem has, in general, no solution. On the other
hand, if |le]| < 1, the existence and uniqueness of the solution is trivial.

Remark 4. In the two last sections the notation (, ) and || || will be used to denote
the scalar product and the norm in functional spaces related to n + 1 dimensional
domains.

We set LZ(R,) = L3(R;; R) and H}(R,) = H}(R;; R).
The next two sections are dedicated to proving the following theorem. Recall
that the symbol # means 2 i -periodicity.

Theorem 2. Let g € H# (R;) and e € H, |lell = 1and e ¢ V, be given. Then
there is a unique solution x of the problem (15) such that (16) holds. Also, x €
L;(R;; D(A) N Cy(Ry; V), x' €, Li(R;; H) and

~

~

C
2 < 2 ~ 2
X138, pay S Collgllz g, + =5 1812, - (17
Moreover,

"2 < Q& 20,02 =\ o112
X125, S 8C0V 82 + 4 80) I8/, (8)

where C is the constant that appears in equation (29) and Co = max {5 , C 1_4 ]

In particular,

llx1I% < U4 ) lglPam +c (=4 =) g2 (19)
Xllcy®,;vy = 82w, o T2 ) 18w,y

Note that the map x — vA x — v (A x,e)e is not defined on V, since in this
case A x € V' and e ¢ V. However, even if e should belong to V, the canonical
variational techniques, in the functional framework of V, are not recommended
here. In fact, the usual scalar multiplication in H of the first equation (15) by x
does not yield a useful estimate.
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Scalar multiplication by A x gives

1 d 2 2 2 1
§EIIXIIV+ VIAXIT—v(Ax, e)” =g (e x). (20)
Note that
(Ax, &> < AxI>.
However coercivity fails, even in this last context, since (A x, e)? = ||A x||* for

x = w. More precisely, VA x — v(A x,e)e= 0,since Aw = e.
Also note that || f||> = (f,e)? if and only if f = ce for some constant c.
Consequently,

IAxIP= (Ax,e)> &  x=cuw.

The uniqueness of solutions is obvious. In fact, let x be a periodic solution of
the homogeneous problem

X+ vAxy —v(Ayx,e)e=0. 1)

Scalar multiplication by A x followed by integration on (0,2 w) shows that
A xII2 = (A x,e)? ae.in (0, 2 ), as follows from

1 d
XA =5+ IxlI3

and from the periodicity of | x ||v. Hence x = c(¢) w. If, moreover, x satisfies (16)
with g = 0, then c(#) must vanish identically.
We state the following Lemma in the form needed for later on

Lemma 1. If
v' e L?((a,b); H) and v e L*((a, b); D(A)), (22)
thenv € C([a, b]; V). Moreover,
2 < 8 2 /
leqasivy = 8| g = I0l2@pm + 102 b iy | 112w ea) -
(23)

If
b
/ v(t)dt = 0, (24)

then

I qasivy S 24110120 ) 10122000 DY) - (25)
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Proof. The fact that v € C([a, b]; V), together with a suitable estimate, is a very
particular case of some well-known results, see [17], Chapter 1, Section 3.1 and [5],
Chapter XVIII, Section 1.3. Here, we just want to show the estimate (23). It is well
known, (see [17], Chapter 1, section 2.4, Proposition 2.1) that [D(A), H]i2 = V.
Moreover,

1d

T Ivlly = ', Av). (26)

If v(0) = O, it readily follows that

2 1
Ivllcqasivy S 210120y TA VI 20, 1) -

In the general case we apply the above estimate to the functions « v and (1— &) v,
where the real function & belongs to C*°([a, b]), vanishes near a and takes values
in [0, 1].Since v = o v+ (1 — «) v, the estimate (23) follows. Finally (25) follows

from (23) together with
b
/ﬂ u(t)dt
a

2

b 2 b
/uu(r)n%,drg— +<b—a>/ a3 dr. @7)
a H a

b—a

O

4. An auxiliary problem

This and the next section are dedicated to proving Theorem 2. We look for the
solution y € L%(Rt; D(A)) of the problem (15)—(16) into the form (41), where
the unknowns a; and by belong to D(A). This leads to studying the stationary
systems (44) in H, for each positive integer k (for a better understanding of this
point, see the very beginning of the next section) or, equivalently, to studing the
basic system

kv+vAu —v(Au,e)e=kgqge,
(28)
—ku+vAv —v(Av,e)e= —kpe,

where k = 1, p and ¢ are given reals. In this section we prove the following
result:

Theorem 3. Problem (28) has one and only one solution (u, v) € D(A) x D(A).
Moreover,

2
lAul® + JAv]? < & (1 + (%) ) P+ ¢?). (29)

where C depends only on Cy and C1 (a simple explicit expression is easily obtained).
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Proof. Since A~! is compact, the eigenvalues of A form an increasing sequence
of strictly positive reals, A;, j = 1,2, ...,
A wj = )\.j wj .
The eigenfunctions w;’s are a Hilbertian basis in H; moreover, we can assume
(wi, wj) = 8 ;.

Note that the w;’s are an orthogonal basis in V. More precisely, ((w;, w;)) =
BijAiAj.
We set V,, = span {wq, wa, ..., wy} and look for u,,, v,, € V), such that

kv +vAuy, —v(Auy,e)e, d) = kq (e, @),
(30)
(_kum+ VAUm - V(Avﬂ”lve)e9¢) = _kp(ev¢)

foreach ¢ € V;;,. Since the A; w;, I = 1, ..., m form a basis of V,,,, the problem (30)
is equivalent to the system of 2m equations obtained by replacing the ¢’s by the
above A; w;, I = 1, ..., m. Note that, formally, this corresponds to multiplication
of the equations by A w; (and not by wy, as usual). Clearly, we look for u,, and v,
of the form

m m
=Y ajwj, vu= Y Bjw;. 31)
1 1

Straightforward calculations show that (30) is equivalent to the 2m dimensional
system

kq (e, wp),

kx B+ v Z’;’Ll [6j1— (wj,e) (e, w)] Ajaj
(32)
_kp(e’ wl)a

—kdpar+ v YT [81— (wj,e) (e, w)] A Bj

where [ runs from 1 to m. Recall that (w;, w;) = §;;. It is convenient to interpret
(32) as a system on the unknown 2m-dimensional column vector

X = o, o oy, A B, o A B) = (X1, X2).

Sety;j = 8;j — (wj,e) (e, w;), j, | = 1,...,m,and denote by M the correspond-
ing m x m matrix. The 2m x 2 m matrix of the system (32) has the form

M kI
M:[—kl M]

Since XT M X = XlT M X, + XZT M X it follows that M is positive definite if
and only if M is positive definite. Let’s prove that this last property holds. Denote
by e the orthogonal projection in H of e onto V,,,. Then, with clear notation,

Doyt =EF - GoE £ = (- el gl
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for each & € R™. Since e ¢ V,, it follows that |le|| < 1. We have proved that
problem (30) admits one and only one solution in V,;, X V,,,.

It is worth noting that the strict positivity of M follows here from the fact that
e ¢ V. Since ||e|| converges to 1 as m goes to infinity, the behaviour of the system
as m goes to infinity is not obvious.

To obtain a suitable estimate, we multiply the first m equations (32) by A; «;,
the last m equations by A; §;, and sum up for [ = 1, ..., m. This is equivalent to
multiplying the system (32), on the left, by the transpose of X. We obtain

m

v [8j,1 — (wj,e) (e, wp] ((hjaj) M)+ (AjB)) (i B))

Jj.l=1

=k Y le.w)(gar— pB). (33)

=1
Equation (33) can be written in the equivalent form
VAU 4+ v A vl = v [Aun, 0 + (Avm0?] G4
=kq(Aupy,e) — kp(Avy,e). (35)
Hence,
2
TAun* + 1A val? £ 25 P?+ g7 + 2 [(Aum, €)* + (Avm, )] . (36)
On the other hand, for each ¢ € V,,,,
(Agp—(Ap.e)e, w) = (9,0) — C (A, e),
and also
IA¢ — (A e)el> = [AgI* — (Ag.e)*.
Consequently,
Clag, 0 < 29,02+ 2C3 [I14gIP = (4,07 . (37
Hence, from (37), and by appealing to (35), one proves that
C} [Aun, e + (A vy, )]
2 2 2 k
< 2 € + (0 @02 +2C3 = [ (At ©) = p(Avy. )] . (38)

Now, we turn back to system (30). By setting ¢ = e in both equations, straightfor-
ward calculations show that

=2
(V. ©) = g llel> — v (A, o),
(39)

_ T
(Um,e) = plle)? + v (A, e).



12 H. BEIRAO DA VEIGA

By appealing to (39) (note that (¢ lel> + B)? £ 2¢% + 2B?) we easily show
from (38) that

o g (LY [ 2 ;
[ —4v — (Auy,e) +(Avm,e)]

k2
<402+ qH+ G {57 P+ D)+ e [(Aun, 7 + (A vm,e)z]}

for each positive real €. Note that ||e|| converges to 1 as m goes to co and that
k = 1. Hence, on the left-hand side of the above inequality, we may replace k by 1

and assume that m is sufficiently large so that the coefficient under square brackets
4

. ct . c
is larger than —-. Hence, by setting ¢ = W, we show that

4 2 2 Co\* (kY 2 2
C [Aum )+ (Avn, 0?2 16 |14 (2 (— (P + 4. (40)
c v

1

From this last estimate, together with (36), we easily obtain (29) with # and v
replaced by u,, and v,,, respectively. From this estimate follows the weak conver-
gence in D(A) x D(A) of the pair (u,,, v;) to a solution (u, v) of (28). Clearly,
(29) holds. O

5. Proof of Theorem 2: the existence of the periodic solution in an infinite
cylinder

In the following we look for the solution x € Lﬁ (Ry; D(A)) of the problem
(15)—(16) in the form

o0 o0
X(t)=ao+ Y ay coskt+ Y bysinkt, (41)
k=1 k=1

where the unknowns ay and by belong to D(A).
The data g € Lﬁ (R;) is written in the form

o0 o0
g(t)=po+ Y picoskt+ Y gesinkt, (42)
k=1 k=1

where the p’s and ¢’s are constants.
Substitution in equation (15) yields

Aayg— (Aap,e)e= 0, (43)
together with

kby + vAar, — v(Aag,e)e = kqre,
(44)
—kay+ vAby— v(Abg,e)e = —k pre,
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where k runs from 1 to co. Equation (43) is equivalent to
ag=cw, (45)

where € is an arbitrary constant. We anticipate that the value of the constant ¢ will
be uniquely determined by the constraint (16).

On the other hand, each of the infinite systems (44), k € N, has the form (28).
Theorem 3 shows that the coefficients a; and by, are uniquely determined. Moreover,
the estimate (29) shows that

~ k2
IAap® + |Ab > £ C <1+ (;) ) (Pi + 40) (46)
for each k € N. On the other hand,
o0 o0
Ax(t)=TCe+ Y (Aay) coskt+ Y (Aby)sinkt. (47)

k=1 k=1
It readily follows from (47) that

2
2 _

oo
=27+ 7y (Il + 1462 .
k=1

Finally, by appealing to (46),
o o
X2, pay S 27E + Cm Y (pi+ ai) + Cv™ 3 k2 (F + 4) -
k=1 k=1 48)
Now we impose (16) by choosing the value of the arbitrary constant ¢. By scalar
multiplication of both sides of equation (15) by e we show that

00— g1 =0, (49)
On the other hand, by (41) and (45) it follows that
o0 o0
(x(1).e) = C(w.e) + Y (ar.e) cos kt + » (b, e) sinkt. (50

k=1 k=1

Differentiation with respect to ¢ of this last equation and of equation (42), and
appealing to equation (49) show that we must have

(ar,e) = pr and (bg,e) = qx.
Hence, from (50) and (42), it follows that

(x(t),e) = ¢c(w,e) — po+ g(1). (51)
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Consequently, to get (16), we have to impose that ¢ = %. This shows, see (45),
1
that (16) holds if and only if in (41) we set

ayg = 2 w.
i
Finally, from (48) we get
P~ C
X122 @, ey S 27 C_% +Cn ];(p% + @)+ SR, (52

This proves (17). The estimate (18) follows from (17) together with the first equa-
tion (15). Finally, the estimate (19) follows from (17), (18), (23) and (25). We
obtain (19) by decomposing x into the time-independent component ag and the
time-dependent component. This last one, see (41), has vanishing mean-value in
each period.

6. The Leray’s problem—Stokes case

The aim of this and of the next section is to show that the results proved in
the previous sections can be applied to extend and solve Leray’s problem in the
periodic case. More sophisticated results, as well as extensions to more general
cases, can possibly be done by adapting the known proofs in the stationary case. In
particular, this may include more stringent results on the asymptotic behavior as z
goes to infinity, the extension to more then two exit pipes, and the consideration of
non-Newtonian fluids.

Here ® is an unbounded, connected open subset of Rt locally situated on
one side of its boundary, consisting of a “reservoir” Ao with two cylindrical exits
to infinity, namely A and A;. We denote by X = (x1, ..., X, X,+1) the system of
space coordinates in R”*!. The two semi-infinite pipes can be described, possibly
in two different systems of coordinates, in the form A; = ; x Ry, where the
sections €2; may have different shape and measure. In this framework, we denote
by z € R the axial coordinate in both cylinders and set x = (x’, z). Obviously, in
this last case x’ = (x1, ..., x,) does not denote the same (xi, ..., x,) that appears
in the above definition of x.

We set

Al ={(x,2) e A z<r},
and
©, = AgUA, UAS.
We define

V={v€C8°(®):V-v=0},



Time-Periodic Solutions 15

and denote respectively by H and V the closure of V in L?*(®) and H'(®). The
scalar products in the spaces H and V are denoted respectively by

(u,v):/u- vdx and ((u,v)) = (Vu,Vv):[Vu~Vvdf.
o) Q)
In particular,

V= [veHol(@): V-v:O}.

Due to the structure of the unbounded set ©, Poincaré’s inequality |[v|| < ||V v
holds for each v € H& (®). In particular,

Ivlim = Cllvllv (33)

for each v € V. Hence, in V, the Dirichlet norm ||v|y = +/((v, v)) is equivalent
to the the canonical H'(©) norm.

Denote by x; (x, 1), fori = 1 andi = 2, the basic time-periodic flows described
in Theorem 2 in connection with the sections 2 = €2; and with a given, arbitrary,
periodic flux g (7). Set x; (x, z,t) = (0, ..., 0, x;i (x, t)). For convenience we denote
xi(x, z, 1) simply by x; (x, ).

We look for solutions to the following problem:

Problem PL. Given a real (2 m)-time-periodic function g(¢) find a (2 m)-time-
periodic function v (¢, x, z) of the Stokes evolution problem
W A+ V p=20,

t

Vev=20 in ©xR;;

(54)
v=20 on (00)x R;,
vit+2w)=v(@) Vitelk,,

such that

sup |lv(t) — Xi(t)||H1(Ai) < constant, i=1,2. (55)

teR;
Remark 5. We will show that (69) holds, where u(t) = v(t) — x;(¢t), i =1, 2,1in
A;.

The constraint (55) implies convergence of v to the x;’s, as the coordinate z go to
infinity, uniformly with respect to ¢. In fact, a straightforward argument (see, for
instance, [9]) shows that
li 1 — xit =0 56
Jim @ = kOl o (56)
uniformly with respect to ¢.

The solution v of problem (54)—(55) has the form v = vg + u, where vy is an
auxiliary flow which coincides on the exit pipes A; with the basic periodic flows
Xi,and u is a perturbation of vg that goes to zero when the distance z along the exit
pipes goes to infinity. More precisely, we have the following result:
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Theorem 4. Let g € H# (R;) be given. There is a unique solution v of problem
(54)—(55). The solution v can be written in the form v = vy + u, where vy is a
solution of the problem (58) and u solves (61). The flows vy and u satisfy, respec-
tively, the estimates (59) and (69). Moreover, u = v — x; in A;, = 1,2
satisfies the asymptotic estimate (56).

Remark 6. Further regularity results are easily proved. In particular, if €2 is regular
(say, of class C L1 or convex), then

D(A) = H*(©)NV(O), (57)

and if ® and g are of class C* so is v. For the definition of A see the end of this
section.

It is worth noting that the convergence of the solution v to the limit functions y;,
as z goes to 0o, is stronger than that implied by (55) alone. If the data are regular,
exponential decay should occur, as for the case of the Poiseuille flow. See [1] and
[9], Sections VI.1 and VI.2.

For convenience, when writing some of the main estimates, we consider the
explicit case in which (57) holds. However, the results below hold in the general
case, by merely replacing H2(®) by D(A).

The first step of the proof of Theorem 4 consists of constructing a time-periodic
vector field vg in ® such that

vo € LE(R,; H*(O))),
vy € LIR; L2(©1));
V.vy=0 in ©® xR,,
(58)
vo=0 on (00) xR,,

vo(t + 2m) = vo(t) Vit € Ry,

vo = Xi in A,’XR,, i=1,2.

The construction of the vector field vy is done by freezing the variable . This con-
struction is done by following that of the extended Poiseuille vector field g in [1].
See also [24] and [9], Chapter VI, section 1 for details. Following the notation in
[9], we chose the truncation functions ¢;(z) € C(‘)>o (R*™h, i =1, 2, equal to 1 in
A — Ai1 and vanishing on ® — A;. The map (x1, x2) — vo is linear, moreover

||v0||H2(®1) é C(”XIHHZ(A]I) + ”XZ”HZ(A%)) .

Similar estimates hold by replacing H? by HO1 or by L?. These facts show that

2
2 < 112
190172 5, 120, = € Z} X122 @, br2a -
1=
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The linearity of the map (x1, x2) — vo yields

2
/112 < "2
ol ;1201 = € >l Ira@ir2aty -
i=1

By appealing to (11), (12) and (13), it follows that

2 < -2 2
100 3 g, 2oy S €A+ V2 15

101, 1oy < €O+ Vgl g, (59)

= e+ )1l ) -

/2
VoIl 1201
Next, we look for solutions of problem (54) in the form

V= g+ Uu. (60)
By setting f(¢) = — (3—”;’ — vAvo),the problem (54) becomes
u —vAu+ Vp= f),
V-u=20 in O xR;;

(61)
0 on (00) xR;,

S
Il

u(t+ 2m) = u) VteR,.

Next we exploit the fact that v9 = y; in A;, where the functions y;(x, z,t) =
xi (x, t) satisfy (6) with ¢ () = v;(¢) and v; (¢) satisfies (7) with x (t) = x; (t).

Byadding V ), (z i (z) i (1)) to the pressure term that appears in the left-hand
side of the first equation (61) we show that we can replace f(¢) by

d d
ft)=— (a—”f — VAU()) + Z 57 Ca@ ).

Since vg = y; in A;, the first equation (6) shows that f(¢) vanishes on A} U A%,
ie.,

supp f C Op. (62)
Furthermore, the estimate (59), together with (7) and (11), shows that
||f||L§(R,;L2(®])) S c(l+v) ||g||1-1;([[g[) . (63)

Let us set the problem (61) in a variational form.
We look for u € L%(R,; V) such that

d
d—t(u, v) + v ((u, v) = (f@), v) VveV (64)
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in the distributional sense. We denote by f () the orthogonal projection of the above
f(t) over H. Note that the orthogonal projection of f(¢) over H is a gradient,
which does not affect the solution of equation (64). We have

||f||L§(R,;]HI) Sc(l+v) ”g”H;(R,) . (65)

Under the estimate (65) it is known that problem (64) admits a unique solution
u e Lﬁ(Rt; V). In fact, due to (53), the existence and uniqueness of a solution
u € L20, 27; V) of the Cauchy problem u(0) € H is well known. In particular,
u' € L*(0, 2; H). Straightforward calculations show that the map S : u(0) —
u(2m) is a strict contraction in H. Moreover S(B) C B for a sufficiently large
ball B C H. This proves the existence of a unique fixed point #(0) = u(2 7). The
proof of the above result is a simplification of the one given in the next section for
solutions of the system (73). It is worth noting that the assumption (84) is due to
the presence of the nonlinear terms in the left hand side of (73). The simplified
system (61) does not require this assumption.

Canonical devices (formally, scalar multiplication in H of both sides of the first
equation (61) by u, followed by integration in (0, 2 7)) show that

v ||u||L§(R,;V) Sc “f”Lﬁ(R,;H) ,
where we have used Poincaré’s inequality (53). Finally, by (65),
vllull e, vy S €A+ ) gl e, (66)

This same bound holds as well for ||u’|| LR, V') » @S easily seen from (64) and (66).
Further regularity: Following a classical technique, we define an unbounded oper-
ator A in H by setting

(Au, vy = ((u,v))y.

The domain D(A) of A consists of the set of elements u € V for which the map
v — ((u,v))y is an element of H'. Hence Au € H' = H. The equation (64)
gives rise to the equation

u'+vAu= f(). (67)
Scalar multiplication by .4 1 and integration over (0, 2 ) show that
VA ull 3, S 0+ ) gy, - (68)

We have used here the periodicity of the solution and (63). The periodicity of the
solution shows that the integral on (0, 27) of the scalar product (u', Au)g =
% % ||u||%/ vanishes. A similar estimate for u” follows directly from the equation
(67), by appealing to the above estimate for .A u. Finally, from these two estimates
it follows that

1l e + 07+ V) ey vy + v 1AM 2 )
(69)
Sc(l+v) ||g||H#1(R,) :
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Note that the estimate for the second term on the left hand side of (69) follows by
appealing to (23), with H replaced by H and so on. Note that V = [D(A), H]; )5,
independently of (57). See [17], Chap.I, Eq. (2.42).

The uniqueness of the solution in the class Lﬁ (Ry; V) follows by setting f = 0
in equation (64), and by following standard techniques.

Finally, if €2 is regular, (57) holds. This can be seen by arguing as in [1]. See
also [9], VL.1, Lemma 1.2. A main point here is that the sections €2; do not depend
on z.

Remark 7. We may also start by considering problem (64) in the truncated domains
®; by replacing everywhere ® by ©,.). This problem admits one and only one solu-
tion u, . For a very elementary proof see, for instance, [23], Chap. 7, problem 7.1-2.
We can easily verify that the main estimates do not depend on the parameter . We
denote by u, the extension by zero of u, to the whole of ®. Since the estimates do
not depend on r, we may extract an increasing sequence r,, converging to oo, and
such that the sequence u, = u,, converges weakly in L?(R;; V) to some element
u. Moreover, u), converges weakly to u’ in L*(R,; H). By choosing test functions
v € V, passing to the limit in the variational equation as n goes to oo and, finally,
appealing to a density argument, we prove that the limit function u satisfies the
variational equation for any test function v € V.

7. The Leray’s problem in the Navier-Stokes case (N < 4)

In the following we assume that the dimension N = n + 1 satisfies N < 4.
Note that the physical meaningful situation corresponds to n = 2. For brevity, we
assume here that the €2;’s are regular.

In the case of the Navier-Stokes equations, we look for solutions v of the fol-
lowing problem:

Problem PLNS. Given a real (2 m)-time-periodic function g(¢) find a (2 7)-time-
periodic function v(¢, x, z) of the Navier-Stokes evolution problem

g—l; —VvVAv+ (v- VY)v+ Vp=0,

V-v=0 in O xR,

(70)
v=0 on (00) xR,
vit+ 2m) = v(t) Yt eRy,
such that, fori = 1, 2,
lv— Xi||L§O(R,;L2(A,-)) + v — Xi”Lﬁ(R,;Hl(A,-)) < constant. (71)

The constraint (71) implies convergence of v, in a weak sense, to the x;’s, as the
coordinate z go to infinity. See the end of this section.
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Theorem 5. Let g € H# (Ry) be given. There is a positive constant cy, that depends
only on ®, such that, if (84) holds, the problem (70)—(71) has at least one solution v.
The solution v can be written in the form v = vo + u, where vy satisfies (58) and
(59) and u satisfies (87) and (73). In particular,u = v— y; in A;, i=1,2,
satisfies the asymptotic estimates (89) and (90).

As in the previous section, we look for solutions v in the form
V= v+ U. (72)
Now the problem (61) is replaced here by
a—’j —vAu+ (- Vyu+ (vo- V)u+
(u-Vivg+Vp= [,
V-u= 0 in 0xR;; (73)

u= 0 on (00) xR,

u(t+ 2m)= u(@) vt eR;,

where

a a
f=- (a_vto —vAuv+ (v V) vo) +> 7 @E@ Vi)

1

satisfies (62). This last property follows from (6), since (x; - V) x; = 0.
By appealing to the Sobolev embedding theorem H'(©1) C L*(©1) it readily
follows that

) 2 < 2 2
||(UO v) vo”Li(R,,L2(®1)) = ||v0||L§C(Rl’H1(®])) ”vO”Li(RhHZ(@l)) .

Hence, by (59), we have
I(vo - V) vO”Lﬁ(R,;LZ(@l)) Scvv4 v ”g”iI#(R,) . (74)
Consequently, (65) is replaced here by
12 S €A+ W8l e, + Vv + v lglga, - 79
We look for u € Lﬁ(R,; V) such that
d
E(u, v)+ v, v) + ((u- Vu, v) + ((vo- V)u, v) + ((u- V)vg, v)

= (f(t),v) YveV, (76)

in the distributional sense.

For N < 4, the proof of the existence of, at least, one periodic solution of the
problem (76) follows well-known techniques. The problem can be treated by adapt-
ing the classical variational approach, followed in the case of bounded domains, to
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the domain ® . The situation is very similar, since Poincaré’s inequality holds in ® .
We construct Faedo-Galerkin approximate solutions and show the existence of the
limit solution (possibly not unique). Due to the “extra terms” containing the vector
field vg, we have to assume that the viscosity v is sufficiently large with respect to
the H# (R;) norm of the periodic flux g(¢).

Since the technical aspects are well known, we merely present the main formal
calculations.

By setting v = u in equation (76) we have

%%nuuz + v IVull> = (- V)u, vo) = (ft), u). (77)

By appealing to Holder’s inequality, the Sobolev embedding theorem H'(®1) C

L*(©1) and Poincare’s inequality we show that

(u-Vyu - vodx
S]]

< cllvollgion IV ullz2 @, - (78)
Hence, by (59),

(u-Vyu - vodx
C)

On the other hand,

< eVt v 2 gl IV, (79

Al(u~ Vu - vodx

+00
< / dz/ [(u- V)u - voldx, (80)
z=1 Q

where A! represents A% or Aé, and €2 represents €2 or 25. Recall that the sections
2; do not depend on z.
Furthermore,

/Q|(u~ V) - voldx £ ¢ llvoll s 1V ulsq,

By taking into account that HY Q) < LA(Q;) and vy = Xxi in A;, and also by
appealing to (13), it follows that

/Q|(u- Vyu - vpldx £ evot 02 gl IV ulag,

for each 7.
Finally, by integration with respect to #, we show that

| V) vod < Vv v 2 lgl gy IVulaqny - 8D
From (79) and (81) we obtain

(@ Vyu, v0)] S oo+ b2 gl 1V 022 - (82)
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From (77), (75) and (82) it follows that

1 d
5 g+ vIVul® S o Vv 4 v gl IV ul® + 11l (83)

Hence, if
Vv + 2 gl < 3 (84)
then
%nuuh vIVaul® < 20 £l ful . (85)
In particular,
%nun2 +ocvful® £ %‘ IF12. (86)

Consequently,

t
_ C1 _ _
lu@®* < e u0))* + = /0 e~ F ()7 ds .

It readily follows that the the map u(0) — u(2 ) has a fixed point in the ball
B C H centered at the origin with radius

o« I 112

T v 1 — exp{—2mcv}’

For details see, for instance, [25] page 60 and [23] page 180. If, as in these ref-
erences, we use the classical Faedo-Galerkin method, the approximate (periodic)
solutions remain inside the ball B. This fact leads to a convergence of a subsequence
to a weak solution u of problem (73),

u € LPR,; LX(©) N Li(R,; H'(©)). (87)
Since
v=xi+u in A;,

the solution v of problem (70) satisfies (71).

The convergence of v to x;, in A;, i = 1,2, as z goes to oo, is equiva-
lent to the convergence of u to zero. As shown below, this last property follows
from

u € LRy L2(A) N LI(R,; HY(A)). (88)

Asymptotic behavior. For convenience, we drop in the sequel the index i, i = 1,2,
from notations.
We set

Q@)= {(x,2): x € Q},
and

Ar={x,0)eAN:z2>71}.
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We have the following result:

Proposition 1. Set p = 2/s and let u satisfy (88). Then,
i fuf , =
=00 LERGHT 2(Q()
foreach s € [1/2, 1]. In particular

z]fo‘o lullLp g, Loy = 0

where g = 2n/(n + 1 — 2s).

23

(89)

(90)

Proof. From (88) it easily follows, by interpolation, that u € Lﬁ (R;; H(A)) for

eachs € [0, 1]. If s > O then
Jm el g s s a) = 0-
Since

el

< cllullgsaly
w @) = el s a,)

the conclusion follows. 0O

We assume now that s = 0 and prove that (88) yields

im flell g, r2ca,y = 0-

oD

This estimate can be proved for regular functions and then extended to u by a

density argument. Starting from

) +00 ou
lu(z, x)|” = lu(s, X)| |- (s, x)|ds,
Z BZ

we easily show that

2 2 2
”u”LZ(Q(Z)) g ”u”LZ(AZ) ”VM”LZ(AZ) s

a.e. in R;. The conclusion follows by a straightforward argument.
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