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Abstract

We study the partial regularity of suitable weak solutions to incompressible
non-Newtonian fluids in the shear-thinning case p < 2. For the shear-thickening
case p > 2 this problem was previously considered in 2002 by Guo and Zhu (J.
Differ. Equ. 178 281-97). By partially appealing to some of their ideas, we show
that in the p < 2 case the singular points are concentrated on a closed set whose
one dimensional Hausdorff measure is zero.

Keywords: partial regularity, non-Newtonian fluids, shear-thinning
Mathematics Subject Classification numbers: 35Q30, 76A05, 76D03.

1. Introduction

In this paper, we are concerned with the following modified Navier—Stokes equations which
describes the dynamics of incompressible mono-polar non-Newtonian fluids:

u—V -1 +u-Vu+Vr =0, in Q x (0,7),
div u =0, in Q x (0,7),
(1.1)
u(x,1) =0, on 9N x (0,T),
u(x,0) = a(x), in €,
where
v = (1o + 1 \e(u)\”_z) e(u), (1.2)
and 1 (0w O
(.. B —— uj uj
) = (e ), e = 3 ( ot 8xi> . (1.3)
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1361-6544/21/340561+16$33.00 © 2021 IOP Publishing Ltd & London Mathematical Society Printed in the UK 562


https://doi.org/10.1088/1361-6544/abcd06
https://orcid.org/0000-0001-9393-9145
mailto:hbeiraodaveiga@gmail.com
mailto:yjqmath@nwpu.edu.cn
mailto:yjqmath@163.com
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6544/abcd06&domain=pdf&date_stamp=2021-1-21

Nonlinearity 34 (2021) 562 H Beirao da Veiga and J Yang

Here, € is a domain in R?, u = u(x,7) = (u; ,u», u3)' is the velocity and 7 is the pressure. v
denotes the viscous part of the stress tensor which depends only on the rate strain tensor e(u).
Furthermore, 4, (4, are positive constants.

When p; =0 or p=2 the system reduces to the famous Navier—Stokes equations.
Navier—Stokes equations has been studied by many mathematicians. Leray [17] (unbounded
domain) and Hopf [6] (bounded domain) showed the existence of weak solutions. But the
global regularity and uniqueness are unknown until now. In a series of papers, Scheffer [24—27]
studied the partial regularity of solutions of the Navier—Stokes equations which satisfy a local
version of the energy inequality. Later on, Caffarelli et al [4] improved Scheffer’s results. They
proved that the set of possible interior singular points of a suitable weak solution is of one-
dimensional parabolic Hausdorff measure zero if the force satisfies f € L3+9 for some § > 0.
A simplified proof was proposed by Lin in [19]. Concerning the restriction of the force f,
Ladyzhenskaya and Seregin [16] proved the CKN partial regularity result under the condition
that the force satisfies a Morrey type condition

1 2
sup m/ f < o0
0r(x,nCQx(0,T) Qr(x.1)

with § > 0. Kukavica [9] proved that the CKN partial regularity result holds under the

assumption f € L3 where § > 0. Furthermore, see [10—12].

This paper focuses on the incompressible non-Newtonian fluids. It is worth noting that the
literature on this subject is extremely wide. It would be out of place, even not possible, to try
here such an engagement. The first mathematical investigations go back to Ladyzhenskaya’s
lecture at the International Mathematical Congress in 1966, where she proposed to study the
system (1.1) with p = 4. Later on, these first results were extended, and presented in fur-
ther contributions of Ladyzhenskaya, see [13—15]. Combining monotone operator theory and
compactness arguments, she proved the existence of weak solutions to system (1.1) for the
periodic boundary condition if p > % and their uniqueness if p > %, see also [20]. For more
results about this subject one can refer to the monograph Malek et al [21]. When one imposes
the Dirichlet boundary condition Mdlek et al [22] established the existence of weak solu-
tions for p > 2. Later on, Wolf [30] extended this result to p > % Concerning the regularity
of weak solutions, the global strong solutions were obtained by Malek er al [21] with the
periodic boundary condition when p > % Later on, Mélek er al [22] proved the global exis-
tence of strong solutions under the Dirichlet boundary condition for p > % Under this last
boundary condition, in reference [2] regularity results up to the boundary were established,
forp>2+ % , by following ideas introduced in reference [1], for slip and non-slip boundary
conditions.

Itis natural to consider the partial regularity of the non-Newtonian system (1.1) by appealing
to the Caffarelli-Kohn—Nirenberg results. An attempt in this direction is done in reference [5]
where it is claimed that the set of singular points of the suitable weak solutions to the non-
Newtonian system for p > 2 is of 5 — 2 p dimensional Hausdorff measure zero ([5, theorem 1.1,
item (i)]). See a related note in section 3.

2. Partial regularity for p < 2

From now on, without loss of generality, we assume that ;i = p; = 1. Standard, or clear,
notation will be not defined.

In this section, we consider the shear-thinning fluids, i.e., p < 2. We will prove that the
singular points are concentrated on a closed set whose one dimensional Hausdorff measure is
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zero. Our main idea is to treat the term div(|e(u)|”‘2e(u)) as a ‘special force’. Note that we
cannot regard this last term directly as a typical external force since it lacks the necessary
integrability. So we adopt the argument developed by Kukavica in reference [9], where partial
regularity is proved under a quite weak assumption on the forces, namely f is divergence-free
and f € LY(D),q > 3.

We first give the definition of a suitable weak solution. Let D = € x (0, T). The pair (u, 7)
is called a suitable weak solution to the system (1.1) on D if the following conditions are met:

(@) u € LXLX(D)N L? (W;*2 N W;*P) (D)and 7 € L%(D).
(b) The non-Newtonian system (1.1) is satisfied in D in the weak sense, i.e. for every ¢ €
Cy(D),

/a,u = @@ u): Vp + (o + pile@)|”?) e(u) : e(yp)dx df = /w div ¢ dx.
D Q

(c) The local energy inequality holds for any ¢ € (0, 7), i.e.

/\ulz¢\zdx+2/ / (IVul? + le()|?) ¢ dxds
Q 0 JQ
</ /|u\2(¢s+A¢)dxds+/ /(\u|2+27r)u-V¢dxds
0 JQ 0 JQ

-2 / / le(u)[P2e(u) : (u ® V) dx ds 2.1)
0 JQ

for all ¢ € C3°(D) such that ¢ > 0in D.

Remark 2.1. Let’s recall that the local energy inequality for the classical (Newtonian)
Navier—Stokes equation with a force term f is as follows:

1
/|u\2¢\,dx+2/ /\Vu\qudxds
Q 0 JQ

g/ /|u\2(¢s+A¢)dxds+/ /(|u\2+27r)u.v¢dxds
0 JQ 0 JQ

+2/t/ (f -u)¢pdxds. 2.2)
0 Ja

Note that in equation (2.1) the term div(|e(u)|"2e(u)) gives rise to two integral terms. The first
one (last term on the left-hand side of equation (2.1)) is a positive, helpful (even crucial) term.
On the contrary, the second one (last term on the right-hand side of (2.1)) should play, roughly,
a role similar to that played in (2.2) by the force term f. However, by regarding |e(u)|"2e(u)
as a force f, and by considering the last integrals on the right-hand sides of (2.1) and (2.2),
we show that the other terms in the two integrals are still different. One is u ® V¢, another
is u¢. Moreover, in our case, —Am = div(u - Vu) — div div(|e(u)|" 2e(u)). So the pressure’s
expression has an additional part —(—A)~! div div(|e(u)|”‘ze(u)). Hence we need a more deli-
cate procedure with respect to the classical one. This is the reason why we call the originating
term div(|e(u)|P~2e(u)) a ‘special force’.

In the sequel, we denote by B,(x() the standard euclidean ball with the centre xy and the
radius 7, and by Q,(xo, to) = B.(x¢) X [ty — %, 1] the parabolic cylinder labelled by the top
centre point (xg, #p) € D. For simplicity, we write Q, = Q,(0,0) and B, = B,(0).
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We say that a point (xg, 7o) € D is semi-regular if u € L’(Dy) in an open neighbourhood
Dy C D of (xg, ty). According to Serrin-type criterion, see [29], the solution is strong in D; for
D, C D (note that Serrin-type criterion is valid for the system (1.1), since p, = 1 > 0). Here,
by strong solution, we meanu € LZW22(Dy) N L (W2 N WEP) (D) N LYW P(Dy) and u, €
L212(Dy). We call a point (x, ) € D singular if it is not semi-regular.

Remark 2.2. Unlike the Navier—Stokes equations, we don’t know if the strong solution of
system (1.1) has C'* regularity. This is the reason why, by following [21] p 214, we appeal to
the terminology semi-regular instead of regular.

An interesting result to guarantee the local Holder continuity of the velocity gradient for
strong solutions to system (1.1) has been presented by Seregin in [28].

Next we give some notation: for (xo, o) € D, and all » > 0 such that Q,.(xo, #p) C D, set

-1 2
A(.X(),t())(r) = Sup r / |M‘ dx’
By (x0)

(tg—r?.19)

By () = 1! / / |Vul* dx dt,
Or(x0,t0)

G = r_z// |uf® dx dt,
Or(x0,t0)

-2 3
Dy i)(r) =1 // 7|2 dx dt.
Or(x0,10)

Theorem 2.1. Let Q =R3, 1 < p <2, and assume that uy € WH(R3) with divuy = 0.

Then there exists a suitable weak solution (u, ) of the modified Navier—Stokes system (1.1)
on D.

The result also holds for bounded, smooth, domains ) under the additional assumption

e Li(D). (2.3)

The proof of theorem 2.1 is similar to [4, 19] (see also [5]), we omit its details, and give the
following remarks.
Remark 2.3. When 2 has the boundaries, even for p > 2, the authors do not know how to
prove (2.3) since in this case we merely know that 7 is a distribution. This is the reason why
in theorem 2.1, we have restricted ourselves to the whole space.

Remark 2.4. The proof of theorem 2.1 refers to [4, 19]. Actually, following the arguments in
[4, appendix] and [19, theorem 2.2], the suitable weak solutions of the modified Navier—Stokes
system (1.1) can be constructed a priori estimates to the weak solutions obtained in references
[23]. Furthermore, we remark that if 11, = 0, one has to restrict p > % since the corresponding
estimates hold only when p > g in this case, see the references [23, theorem 4.84]. However,
for our case 11, > 0, one has an independent estimate in L>W!*(D) for any p > 1, and one

2
can get that fOT ||Vu\|ﬁ dt < oo for any 7 > 0 as [23, theorem 4.86]. It follows from the
arguments in [4, 19] that these priori estimates are sufficient to construct the suitable weak
solutions, and therefore our theorem 2.1 is true for p > 1.
Our main result is as follows.

Theorem 2.2. Let 1 < p < 2. There exists a sufficiently small universal constant ¢y > 0
with the following property. If (u, ) is a suitable weak solution of the system (1.1) near
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(x0,1) € D, and lf
1
lim sup B(zxoqto)(r) < €0, 2.4)
r—0-+

then (xo, to) is a semi-regular point. In particular, the one dimensional parabolic Hausdorff
measure of the set of singular points equals 0.

Now, we focus on the proof of theorem 2.2. The second part of the theorem follows from the
first, see [4], pp 776-777. Hence it is sufficient to prove the first part. Asin [9]let0 < r < &,
and set K = ;, and

1 1 2
O (r) = A (r) + BZ (1) + K7*DE,, (1).

Then we have the following lemma.
Lemma 2.3. Assume (0,0) € D. Set 0(r) = O, (r). Then we have

0(r) < Cri0(p) + Cr B (p)0(p) + Cr ' > 705 (p) + Co* k307 1(p), (2.5
and
6r) < Cr30(p) + Cr6%(p) + Ci ' p? 0% (p) + Cp* i 3607 1(p), (2.6)
forO<r< %3 such that Qp C D, where C > 0 is a universal constant.

Proof. Noting that B2 (p) < 0(p), it follows that (2.5) implies (2.6). So it is sufficient to prove
(2.5). Asin [9], we set

(x, 1) =r*G(x,r* —1), for (x,1) € R x (—oc0,0),

3 2. . . .
where G(x,t) = (4nt)" 2 exp(—%) is the Gaussian kernel. For convenience, we list some
estimates on the function v (see [9] for details on the proofs)

YD L, (nneo,

C

'(/J(X, t) < 7 s (X, t) S Qpa
C
r2’

Vx| < =, (0 e€Q,, 2.7)
C 2
Px.0) < p—Z (0 €0,\ Oy,
C 2
Vab(x, )] < 7 (51 € 0,\ Q-

In addition, let 1 : R?* x R — [0, 1] be a smooth cut-off function such that n = 1 on Q,/, and
n = 0on Q) with

C(lao|, b)

b Q)
|at a.x 77| < p‘aO‘JFZb ’

() ER* xR, be Ny, ap € N}.
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Substituting ¢(x, 1) = P (x, )n(x, 1) in the energy inequality (2.1), we get for any s € [—r2, 0],

ke +2 [ (v s lecor) v

</ Iu\2(¢t+A¢)+// u[*u- Vo
Qp Qp

+ 2// wu- Vo — 2/ le(u)|"%e(u) : (u® V)
Qﬂ Qﬂ

=L +L+ 5L+ 1 (2.8)
Estimates of I, I, and /5 are as follows, see (2.14)—(2.16) in [9],
I, < CK*A(p),
L < Ch2AZ()B2(p)G3 (p), 2.9)
I < CED3 ()G (p).

For 14, by Holder’s inequality,

C 50-3p - C . .\
L < 2P 5 [|Vul Zz(Qp)”“”ﬁ(Qp) < ﬁpb BT (p)G3 (p)
= Ck 20 BT ()G (), (2.10)

where we have used V| < || V| + [Vl < 5 on Q,.
From (2.7), we have

sup ||, > CA(r) (2.11)
se(—r2 0)/ B,
and
2/ |Vu|*y) > C'B(r). (2.12)
0

By equations (2.8), (2.11), and (2.12) one shows that A(r) + B(r) < C(; + I, + I3 + 14).
By appealing to the estimates (2.9) and (2.10), one has

A(r) + B(r) < Ck2A(p) + Cr A3 (p)B} (0)G (p)
+ CRDI()GY (p) + Cr 2B ()G (),
which implies that
AZ(r) + B2(r) < CrAZ(p) + Cr 'A% (p)BH (p)G¥ (p)
+ Cr DY )G (p) + Cr P PBIE (0)GE (p).
It is easy to show that

Cr'D3(p)G3 (p) < Ck DI (p) + CkG3 (p),
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and from Gagliardo—Nirenberg inequality,
G (p) < CA*(p)B (p) + CA* (p).
Hence, we have
A(r) + BEH() < CrAY(p) + Cr ' AR (0)B3 (p) + Cr AL (0)B ()
+ ChD3(p) + CrAL (0B (p) + Cr ™' o> 7B (p)
< (A¥pBY ) + 4% (). (2.13)
Next, we focus on the pressure estimates. Using the equation Am = 0;;U;;+
8,~j (\e(u)\”‘ze,-j(u)), where U,‘j = —U; (uj — \B,,|_lpruj), we get
A(rm) = 0;j(Uy)) + (0D U;j — 0;(Uy;0im) — 0i(U;;0,1)
— TATG + 20,0 + O3 (7]e(u)|” e (u))
+ (D) e(w)|P2ei(u) — O.((0;7)]e()|P2e;j(u))
— 0, e()"ej(u)),
where the function 7 € C3°(R?) verifies the assumptions 77 = 1 in a neighbourhood of Bss
7] = 0 in a neighbourhood of B 0)5 and
C(lao))
p\ao\

|0“0n(x)| < xeR, ap € Ng.

>

Further, we denote by N the kernel of A", One has
Nm = —RiR (MU;j) + N x ((0;mU;;) — O;N * (U;;j0;1) — OiN x (U;;0;m)
— N # (TA7) + 20;N % (D)) + RiR (7]]e()|”e;(u))
+ N+ (@yiDle)|” i) — 0N + (|e@)|P e, )i
= O *(le()|"e;j(w)dm)

=m + 7+ m3 + Ty + W5 + 76 + W7 + TR+ W9 + o, (2.14)

where R; is the ith Riesz transform. Estimates of 7| —m¢ are as follows, see [9],

1

1 L1 i
— 2 < C™2A%(p)B7(p),
(Fiml,zg,) < cntatonio

1 1 1
< T2A% 1
Il 3, ) < CR2AT(BI(p),

o=

< Ch 1A% (p)BH (),

1 Lol i
(Flml,zg,) < Cn tatoBio.
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1

2 11
< Ck3D3(p),
<r4 ” SHLZ(Q)) X (p)

1

2 1 1
< Cr¥D}(p). 2.15
(iml1,) < CxiDi @15)

For 77, by the Calderén—Zygmund theorem, one has

3(p=1)
T

3 3(p-1) 3(7-3p)
I, < / Va5 ax < 2 [ wupar)
L2y Ja, 5,

which yields

p—1

ot
5(7-3p) 16—6, —1
Imall 3 <p / Vuldx|] < pTB (p),
L2(Qr) 0,

1
1 2 P\ F et
(Fimla,,) <7 7(8) 8% 0 216

For 7, since |[N(x)| < ﬁ, one has

so we have

|ms(x)| < C | (le@)|["2e;jw)d;7) ()| dy] .

foreach x € B,. By noting that 9;;7) = 0 on Bs,,s and onBj s, and that |x —y| > 353 —r>= %g

ifx € B,andy € B4p/5, it follows that

C
(|78 || o8,y < _H|e(”)|p 2eu(“)atﬂ?||L1(B,,) p3|H€(“)‘p ”LI(B,))

p_z_ HV“”Lz(B )

forall € (—r2,0). Hence

Imsll, 3., < P mslloeisy < o2 [ Vullzg, .

Thus it follows that

3 2
'%

(lmlsg,) <ce(2) 8% 0, 1)

Similarly, we have

1 p %
_ <C 2*P( )
(Fiml,zg,) < (%) 550,

1 . 2 p( P %
p <crr(l) B
(r% ”monLg(Qo) P\ (p)
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From (2.14), and by appealing to (2.15)—(2.18), one gets
Di(r) < Cr 2 A (0)BH(p) + Cr3D3 (p) + Cp* 73BT (p), (2.19)

forO < r < % .
Now (2.19) and (2.13) imply that

0(r) < CRA® (p) + Cr'AR (D)B3 (p) + Cr A (0)B* (p) + CrA* (9B (p)
+ O Ak (BT H (o) + Cr P A (BT (o)
+ CrAN()BE(p) + Cr S D3 (p) + Cp* k3BT (p)
_1pl ipd
< Crl(p) + Ck~ "B (p)0(p) + Cr~ "B (p)0(p) + Crb(p)
+ Cr' P05 (0) + CHSBE(0)0(p) + Cri0(p) + Co 2Pk 207 1(p),  (2.20)

which gives (2.5). O

By the same argument of lemma 2 in [9], we can prove the following lemma. Since the
proof is essentially same, we omit its proof.

Lemma2.4. Let0<r < Randt <t,besuchthat Bg x [t; ,t:] C D. Then we have

lim  sup lu(x,n[*dx < sup |u(x, 1)|* dx. (2.21)
020+ 1e(1y, 1461 B, t€lty, 1 By

Next, we prove the following lemma.
Lemma 2.5. There exists a sufficiently small universal constant €y > 0 with the following
property. If

1
lim sup B, ,(r) < €,
r—0-+ ’

then for every § € (0, 2) there exist r»,r3 > 0 and M > 0 such that

1

1 1 2 _
max {Agm(r) B2, G&J)(r)} < M

for (x,1) € By (r2) = {(x,0) i |x — xo|* + |t — o[> < 3} and r € (0, r3).

Proof. Recallthat x = i . Without loss of generality, we assume (xo, fo) = (0, 0). Let 9~(r) =

W, then by lemma 2.3, we have

6(r) < CkI%0(p) + Cr 5 BY (p)(p) + Cr 192 01-5g ()
4 CpIRP =3 =0gr=1( ), (2.22)
which implies that
i < CKE500) + Cr=* B ) + 00
+ (,;ﬁ(%w " ,;2%””) , (2.23)
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Similarly, from (2.6), we have

- _ - 1-
0(r) < Cor?~0(p) + Cr > 0%(p) + <0(p)

2(1+0)
bl (F;ﬁ@“) L ) (2.24)

Having obtained the estimates (2.23) and (2.24), by lemma 2.4, by the smallness assumption
(2.4), and by following the inductive argument in the proof of lemma 3 in [9], we can prove
the lemma. For the sake of completeness, we give some details.

Letk = min{% , (6Co)‘5’% }. Then we have Cofi%"s < % and r < 4. Next, by choosing ¢y <
%, one has ;;% < é From assumption (2.4), there exists a sufficient small r, > 0, satisfying
0., C D, and such that

1
Bi(r)<e, 0<r<my,

1 8 s 2040
and max{2Cr2 "’k 510 20 kT 2 CriRmOT) < +. Now set

+1

p=R,=:k"ry, r=R,p1 =:K"""ry4.

Note that & = £ . Define 0, =:0(R,), n=0,1,2, ... Note that 6y = 0(r4). Then by (2.23) it
follows:

- - ~ A I
Ot = OR™) < Cor¥ 0, + Cr > "BX R, + 20,
2(14-8)
+ C(/{"r4)2_5/<;_%(§+6) + C(K"r)* 0k T
EA1+A2+A3+A4+A5. (225)
Furthermore,
1-
Al < 66}1’
. 1
Ay < gk 0, < gan,
1-
A3 < 66}1’
_ 2 (845 (o 1 1
Ay < CrPM . i 231’(§+0)ng RS 1_6’{(276)'1 < 16’
1 1
As € —p@ <
5SS 16" 16
In estimating A4 we took into account that x?~" < 1, since § < % .
The above estimates show that
~ 1 1 1\ ~ 2 1~ 1
0}1 < = = = 0}1 e < _en o’ :Oa172a~'~7
+ <6+6+6> Tg S ity
which gives
R T B G 1) A |
en\* *7<*9 o :1,2,....
2T )2 poty
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1

Hence, there exists g € N such that 0, < 1, i.e. 000)(k"0rs) < L.

We have obtained 5(0,0)(/4‘0 ry) < %, i.e.,

1 1
(K"r4) " B0.0)(K"0r4) = (K"r3) " [Ay0)(K"74) + B )(K"074)
—4 % noy 1
+ K D(’O’o)(li ry)] < 3
Next, we will prove that, there exists 7, > 0 and r3 € (0, r4) such that
~ 1
Ouen("0r3) < 5, forany (x,0) € Booy(ra) = {1 [x = O] + 1 = 0" < 13},
i.e., for any (x,1) € Bo0)(r2), we have
1 1
(57073)0eny = (5"0r3) ™ [AZ o (5"0r3) + B, o (K"°r3)

2 1
-4
+ K D&t)(fi"om)] < X
Next, for convenience, we set 74 = k™0r4 and 73 = Kk"0r3. First, for any 73 € (0, 74), choose 1,
such that 0 < r, < 73 — 73. Then for any (x, 1) € Byo)(r2), we have t — 73 > 0 — 74, hence

1

_ 1
Aup(F3) = sup — lu(y, s)|* dy < ;3

s€[t—13 1] 3 /85,0

sup / |u(y, 5)|* dy.
By, (x)

2
se[—r4 |

From lemma 2.4, if B,,(x) C B,,(0) = B,,, then

lim sup/ \u(y,s)|2dy< sup / \u(y,s)|2dy,
B;?(X) 3;4

PO 72 sel-72 0]

which implies that for any e > 0, there exits . > 0, such that for any |t — 0| < 4., we have

sup/ u(y, $)|*dy < sup / Ju(y, $)[* dy + €.
Bz, (%) By,

sE[-72 1] sE[-72 0]

Now choose 7, such that |r — 0] < r, < 0 and r, < 74 — 73 such that By, (x) C B, (0) = Bj,.
Then

1

7 1
A(x,t)(r3) < 7 sup / |u(y’ S)‘Z dy + %6

3 se[-73,01YB
T4

1 1 74 ~ 1
= sup — lu(y, s)|2dy + —e= —Ao)(fs) + —¢.
"3 se(-2 .01 T4 /By, "3 "3 "3

Hence, we have
-0 1 1 1
?;514(20,0)(?4) + TMeE. (2.26)
r3

=

sy 74
75 OA(ZXJ)(I‘:),) < <;>
3
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On the other hand, for B, ;(73) and D, ;(73), we argue as follows. By the continuity of
the integral, for any € > O there exist J. such that, if Qy (x,#) C Q5 (0,0) and |Q7,(0,0) \
Oy, (x,1)| < I, then

By (73) = ;»;‘// |Vul* dydr < 75" // |Vul*dydr+€ |,
NER) 74 (0,0)

D(_X,,)(h):f;z// 7|2 dydr < 752 // 7|2 dydr + € | .
7y (1) 07,(0.0)

If we choose 0 < 7, < |F4 — 73], and 3(7; — ) < dc, then Oy, (x, 1) C Q7,(0,0)and |Q7,(0,0) \
Os, (x, 1] < é.. Hence

and

1

Sy o~ 4\ 2 - Sy o~ 1
73°BE,(F3) < <;> P4 Blogy(Fa) + 1€, 227
3 ;«32
and
2
N
s a3 a3 s 42 |
73 KD, () < <%> P KD 0 (ra) + Beeld 4e2, (2.28)
3

From the above analysis, choose r, and 73 € (0, 74) such that
ry < min{7; — 73,74 — 73, 0.}, 37 — 73) < 0.

Then, collecting (2.26)—(2.28), we have

NG SN ) 1
5 T4 T4\~ G 1 4 L
O (K1) < max <~—> , (7) 00.0)(K"rs) + — €2 + 5k dea.
"3 "3 ?37+ "3

Now, let € and &, be sufficiently small, such that

1 2
(7 270 R\ _10 2 4, by ]
X = s | = S — € K €2 .
7‘3 r3 9 ;,%Jr‘) ?;-&-6 10
3

Then for any (x,1) € B)(r2) = {(x,1): |x — 0]*> + |t — 0]> < 3}, we have

5 10 ~ 1 1
ax 1o < _9 ng L < 1Y R
wn(8003) S g boo(Pr) + 95 S 57+ 75 < 3
From (2.24), by setting r = x"*'r3 and p = K"r3,
é(x,t)(/ﬁﬂ+1r3) < Colﬁ%féé(x,;)(/ﬁ"ﬁ) + C57576(5n73)59~(2x’t)(I{nr3)
1 H —_— (=
+ ge(x,z)(mnm) + C(K'r)* K 753 +9)

2040
+ C(K"r3)* k™ 2p

EA1+A2—|—A3+A4—|—A5.
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Similar to (2.25), we have

- 1-
A < ge(x,z)(ff"’%),
A, < L (K" )<1lé (K" )<lé (K"r3)
2\8/€ K T13) X 82"5 xR 13 \8 xn\K13),
- 1-
ge(x,t)(/‘dn’%),
~ 2 (8.5 (o 1 1
A, < CREm . g 23,,(§+o>r52 b < 1_6,{@_5)" < =
~ 1 1
A < _ 2—d)n < .
5SS 16" 16
Hence,
n n+1 1 n 1 N2 n 1
O (K" r3) < Ee(x,z)(ff r3) + ge(m(fﬁ r3) + g M=noano Tt L.
Since
- . 1
Oy (K"0r3) < 3 (x,1) € B,oy(r2),
we have
~ 7 1
O (KT ) < — < =. 22
e (K07 r3) 16 < 2 (2.29)
By induction, we have
n n+1 1
O (K" 13) < 5> N=ro.no +1,..,
for (x, 1) € B,0)(r2). Note that (see [9], (2.23))
1 4
_ 3t0 30\
Oun(p) < C ((pz) + (pz) ) Oun(p2), 0<pr <pa.
p1 p1
Hence
On( < C, re(0,r)
for (x, 1) € Bo)(r2). Thus, we have proved the lemma. O

Lemma 2.6 (proposition 6 of [18]). Let V C R? x R be a bounded domain. Assume
that

(@ U0y 50,10 9~ [ e 180597 dy ds < 00 and
(b) g€ L"(V)

forsomem > q > 1,and 0 < \ < 5. For o > 0, define

_ 8(y,s)
h(x,t) = //v(‘x Y U0 dyds.

Then for all m € (m, 00) such that

1 1 qo
> —(1l-——,
m m( 5—>\>
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we have h € L™(V).

Proof of theorem 2.2. From lemma 2.5 it follows that there exist 75,73 > 0, and M > 0,
such that

1 1 2 _
max {Agm(r) (Bl (1), Dfx’t)(r)} <M, (2.30)

for (x, 1) € By, (r2) and r € (0, r3). Without loss of generality, we assume that r, = r3. Note
that

1 1 1 _
Gi.y(r) < CAL, (DB (1) < CMF° 2.31)
for (x, 1) € By, 4)(r2). Now let be
t
u(x, 1) = / / 0,G(x — y,t — s)N(y, HHu(y, s)u(y, s)dy ds

+ / /BkG(x —y,t— )Ny, s)m(y, s)dy ds

+ / / 8;G(x = y,1 = )n(y, 9)|e(w)|" e x(w)dy ds,

where 1 € C°(R%) is a function identically to 1 on a neighbourhood of By, )(3r2/4) and
identically to 0 on a neighbourhood of B, ,,(9r2/10). Clearly, u — v € C* (B, (3r2/4)).
Note that [VG(x, )| < C(|x| + /1)~* for all (x, 1) € R3 x (0, 00). By (2.31), we have

1
3
sup supm// lu|” < oo,
(x.Dey >0 T Br(x,)NV
5

where V = By, 4,)(r2). By lemma 2.6, note that u € L%)(D), by letting g = %, a=1m= 3
A=2+30withd > 1, we getv” € L3(V). Similarly, we have v® € L3(V). Concerning v,
by appealing to (2.30), we show that

1
sup supm// |Vul* < oc.
(x.pey >0 - (x.)NY

By lemma 2.6, note that Vu € LP~ (D), by letting g = 1%, a=1,m= p%l, and A = 1 + 26,
we get v® € L™(V), where

2
11 2
— > —(1--2zL ).
rh>m( 4—25)

By choosing § > 2 — £, we get v € L(V). Hence u € L’ (V). O

3. Final remarks

We start by noting that, as long as the proofs depend heavily on CKN’s argument and the term
div(|e(u)|P~2e(u)) is regarded as an external force, the strict positiveness of the parameter i,
looks essential (concerning the singular case j1, = 0 we refer the reader to [3], where the local
in time existence of strong solutions for % < p < 2 was established).
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In [19] the author appeals to the following property: for suitably small ¢, there exists a
constant Cy such that A(r) + D(r) < ¢ implies |u(x, 1)| < %

Unfortunately, this property seems not applicable to non-Newtonian fluids since one has
not the scaling invariance property. The lack of this property could be a high obstacle to prove
sharp results in non-Newtonian cases.

In our proof of lemma 2.5 the positivity of the power of p in (2.22) is crucial. This leads
to assumption p < 2. We are not able to overcome this condition. This point seems in some
contrast with calculations in reference [5], p 293 up to equation (4.14).

In any case, when p > %, the Hausdorff dimension of the set of singular points of the
suitable weak solutions should be zero since in this case global strong solutions exists. We
expect that one can verify this fact from the point of view of partial regularity.

Another interesting problem is the regularity of strong solutions. As still noted in remark
2.2, we do not know if the strong solutions of system (1.1) are necessarily smooth. The
results on this subject are not too many. It is worth noting that, in dimension two, it was
showed in reference [8] that strong solution are C'* regular. But extension to three dimen-
sions has not been made so far. Recently, an interesting result was obtained by Kang et al [7].
They considered existence of regular solutions for non-Newtonian fluids in dimension three,
and proved local existence of unique regular solutions, and global existence for small initial
data.

Acknowledgments

Hugo Beirao da Veiga partially supported by FCT (Portugal) under the project:
UIDB/MAT/04561/2020. Jiaqi Yang supported by the Fundamental Research Funds for the
Central Universities under Grant No. G2020K'Y05205.

ORCID iDs

Jiaqi Yang ‘© https://orcid.org/0000-0001-9393-9145

References

[1] Beirao da Veiga H 2005 On the regularity of flows with Ladyzhenskaya shear-dependent viscosity
and slip or non-slip boundary conditions Commun. Pure Appl. Math. 58 55277

[2] Beirao da Veiga H 2009 On the Ladyzhenskayai—Smagorinsky turbulence model of the
Navieri—Stokes equations in smooth domains. The regularity problem J. Eur. Math. Soc. 11
127-67

[3] Berselli L C, Diening L and RuZicka M 2010 Existence of strong solutions for incompressible fluids
with shear dependent viscosities J. Math. Fluid Mech. 12 101-32

[4] Caffarelli L, Kohn R and Nirenberg L. 1982 Partial regularity of suitable weak solutions of the
Navier—Stokes equations Commun. Pure Appl. Math. 35 771-831

[5] Guo B and Zhu P 2002 Partial regularity of suitable weak solutions to the system of the incompress-
ible non-Newtonian fluids J. Differ. Equ. 178 281-97

[6] Hopf E 1950 Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen. Erhard
Schmidt zu seinem 75. Geburtstag gewidmet Math. Nachr. 4 213-31 (in German)

[7] Kang K, Kim H K and Kim J M 2017 Existence of regular solutions for a certain type of non-
Newtonian Navier—Stokes equations (arXiv:1705.02805)

[8] Kaplicky P, Mdlek J and Stard J 2002 Global-in-time Holder continuity of the velocity gradients for
fluids with shear-dependent viscosities Nonlinear Differ. Equ. Appl. 9 175-95

[9] Kukavica I 2008 On partial regularity for the Navier—Stokes equations Discrete Contin. Dyn. Syst.
21717-28

576


https://orcid.org/0000-0001-9393-9145
https://orcid.org/0000-0001-9393-9145
https://doi.org/10.1002/cpa.20036
https://doi.org/10.1002/cpa.20036
https://doi.org/10.1002/cpa.20036
https://doi.org/10.1002/cpa.20036
https://doi.org/10.4171/jems/144
https://doi.org/10.4171/jems/144
https://doi.org/10.4171/jems/144
https://doi.org/10.4171/jems/144
https://doi.org/10.1007/s00021-008-0277-y
https://doi.org/10.1007/s00021-008-0277-y
https://doi.org/10.1007/s00021-008-0277-y
https://doi.org/10.1007/s00021-008-0277-y
https://doi.org/10.1002/cpa.3160350604
https://doi.org/10.1002/cpa.3160350604
https://doi.org/10.1002/cpa.3160350604
https://doi.org/10.1002/cpa.3160350604
https://doi.org/10.1006/jdeq.2000.3958
https://doi.org/10.1006/jdeq.2000.3958
https://doi.org/10.1006/jdeq.2000.3958
https://doi.org/10.1006/jdeq.2000.3958
https://doi.org/10.1002/mana.3210040121
https://doi.org/10.1002/mana.3210040121
https://doi.org/10.1002/mana.3210040121
https://doi.org/10.1002/mana.3210040121
https://arxiv.org/abs/1705.02805
https://doi.org/10.1007/s00030-002-8123-z
https://doi.org/10.1007/s00030-002-8123-z
https://doi.org/10.1007/s00030-002-8123-z
https://doi.org/10.1007/s00030-002-8123-z
https://doi.org/10.3934/dcds.2008.21.717
https://doi.org/10.3934/dcds.2008.21.717
https://doi.org/10.3934/dcds.2008.21.717
https://doi.org/10.3934/dcds.2008.21.717

Nonlinearity 34 (2021) 562 H Beirao da Veiga and J Yang

[10] Kukavical2008 The partial regularity results for the Navier—Stokes equations Proc. of the Workshop
on ‘Partial Differential Equations and Fluid Mechanics’ (Warwick, UK) ed J C Robinson and J
L Rodrigo pp 121-45

[11] Kukavica I 2008 Regularity for the Navier—Stokes equations with a solution in a Morrey space
Indiana Univ. Math. J. 57 2843-60

[12] Kukavica I 2011 Partial regularity for the Navier—Stokes equations with a force in a Morrey space
J. Math. Anal. Appl. 374 573-84

[13] Ladyzhenskaya O A 1967 On some new equations describing dynamics of incompressible fluids
and on global solvability of boundary value problems to these equations Trudy Steklov’s Math.
Inst. 102 85—104 (http://www.ams.org/mathscinet-getitem?mr=226907)

[14] Ladyzhenskaya O A 1968 On some modifications of the Navier—Stokes equations for large gradi-
ents of velocity Zapiski Naukhnych Seminarov LOMI 7 12654 (http://www.ams.org/mathscinet-
getitem?mr=241832)

[15] Ladyzhenskaya O A 1969 The Mathematical Theory of Viscous Incompressible Flow (London:
Gordon and Breach)

[16] Ladyzhenskaya O A and Seregin G A 1999 On partial regularity of suitable weak solutions to the
three-dimensional Navier—Stokes equations J. Math. Fluid Mech. 1 356—87

[17] Leray J 1934 Sur le mouvement d’un liquide visqueux emplissant I’espace Acta Math. 63 193-248
(in French)

[18] O’Leary M 2003 Conditions for the local boundedness of solutions of the Navier—Stokes system in
three dimensions Commun. PDE 28 617-36

[19] Lin F 1998 A new proof of the Caffarelli-Kohn—Nirenberg theorem Commun. Pure Appl. Math. 51
241-57

[20] Lions J L 1969 Quelques Méthodes de RMésolution des Problemes aux Limites Non LinMéaires
(Paris: Dunod)

[21] Malek J, Necas J, Rokyta M and Ruzicka M 1996 Weak and Measure-Valued Solutions to
Evolutionary PDEs (Boca Raton, FL: CRC Press)

[22] Malek J, Necas J and Ruzicka M 2001 On weak solutions to a class of non-Newtonian incompress-
ible fluids in bounded three-dimensional domains: the case p > 2 Adv. Differ. Equ. 6 257-302
(https://projecteuclid.org/euclid.ade/1357141212)

[23] Pokorny M 1996 Cauchy problem for the non-Newtonian viscous incompressible fluid Appl. Math.
41 169-201

[24] Scheffer V 1976 Partial regularity of solutions to the Navier—Stokes equations Pacific J. Math. 66
535-52

[25] Scheffer V 1977 Hausdorff measure and the Navier—Stokes equations Commun. Math. Phys. 55
97-112

[26] Scheffer V 1978 The Navier—Stokes equations in space dimension four Commun. Math. Phys. 61
41-68

[27] Scheffer V 1980 The Navier—Stokes equations on a bounded domain Commun. Math. Phys. 73 1-42

[28] Seregin G A 1999 Interior regularity for solutions to the modified Navier—Stokes equations J. Math.
Fluid Mech. 1235-81

[29] Serrin J 1962 On the interior regularity of weak solutions of the Navier—Stokes equations Arch.
Ration. Mech. Anal. 9 187-95

[30] Wolf J 2007 Existence of weak solutions to the equations of non-stationary motion of non-
Newtonian fluids with shear rate dependent viscosity J. Math. Fluid Mech. 9 104-38

577


https://doi.org/10.1512/iumj.2008.57.3628
https://doi.org/10.1512/iumj.2008.57.3628
https://doi.org/10.1512/iumj.2008.57.3628
https://doi.org/10.1512/iumj.2008.57.3628
https://doi.org/10.1016/j.jmaa.2010.08.031
https://doi.org/10.1016/j.jmaa.2010.08.031
https://doi.org/10.1016/j.jmaa.2010.08.031
https://doi.org/10.1016/j.jmaa.2010.08.031
http://www.ams.org/mathscinet-getitem?mr=226907
http://www.ams.org/mathscinet-getitem?mr=241832
http://www.ams.org/mathscinet-getitem?mr=241832
https://doi.org/10.1007/s000210050015
https://doi.org/10.1007/s000210050015
https://doi.org/10.1007/s000210050015
https://doi.org/10.1007/s000210050015
https://doi.org/10.1007/bf02547354
https://doi.org/10.1007/bf02547354
https://doi.org/10.1007/bf02547354
https://doi.org/10.1007/bf02547354
https://doi.org/10.1081/pde-120020490
https://doi.org/10.1081/pde-120020490
https://doi.org/10.1081/pde-120020490
https://doi.org/10.1081/pde-120020490
https://doi.org/10.1002/(sici)1097-0312(199803)51:3&tnqx3c;241::aid-cpa2&tnqx3e;3.0.co;2-a
https://doi.org/10.1002/(sici)1097-0312(199803)51:3&tnqx3c;241::aid-cpa2&tnqx3e;3.0.co;2-a
https://doi.org/10.1002/(sici)1097-0312(199803)51:3&tnqx3c;241::aid-cpa2&tnqx3e;3.0.co;2-a
https://doi.org/10.1002/(sici)1097-0312(199803)51:3&tnqx3c;241::aid-cpa2&tnqx3e;3.0.co;2-a
https://projecteuclid.org/euclid.ade/1357141212
https://doi.org/10.21136/am.1996.134320
https://doi.org/10.21136/am.1996.134320
https://doi.org/10.21136/am.1996.134320
https://doi.org/10.21136/am.1996.134320
https://doi.org/10.2140/pjm.1976.66.535
https://doi.org/10.2140/pjm.1976.66.535
https://doi.org/10.2140/pjm.1976.66.535
https://doi.org/10.2140/pjm.1976.66.535
https://doi.org/10.1007/bf01626512
https://doi.org/10.1007/bf01626512
https://doi.org/10.1007/bf01626512
https://doi.org/10.1007/bf01626512
https://doi.org/10.1007/bf01609467
https://doi.org/10.1007/bf01609467
https://doi.org/10.1007/bf01609467
https://doi.org/10.1007/bf01609467
https://doi.org/10.1007/bf01942692
https://doi.org/10.1007/bf01942692
https://doi.org/10.1007/bf01942692
https://doi.org/10.1007/bf01942692
https://doi.org/10.1007/s000210050011
https://doi.org/10.1007/s000210050011
https://doi.org/10.1007/s000210050011
https://doi.org/10.1007/s000210050011
https://doi.org/10.1007/bf00253344
https://doi.org/10.1007/bf00253344
https://doi.org/10.1007/bf00253344
https://doi.org/10.1007/bf00253344
https://doi.org/10.1007/s00021-006-0219-5
https://doi.org/10.1007/s00021-006-0219-5
https://doi.org/10.1007/s00021-006-0219-5
https://doi.org/10.1007/s00021-006-0219-5

	On the partial regularity of suitable weak solutions in the non-Newtonian shear-thinning case
	1.  Introduction
	2.  Partial regularity for 
	3.  Final remarks
	Acknowledgments
	ORCID iDs
	References


