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2. A coveriNg THEOREH For NULL SETS

Netalk 5
et y  TURS)  y EZT.9)

= 4(0v) " P
) s =
Ij Yi%) l E: WI

.llll
hovizontsl veytical hovijonfal vertical
gvaph gvaph Strip strip
e guaph of 3 T (#,9):= { - fe0] <3
PumeGlon Y=£(x) Lie (2)
with L«"nd;u:f}
Camstant Lip (£) < 8. thickwess of the stvip

/l
inf 3Lt 1960-$6)) < Lix-vl ""'7} 2.1

THEoREN. 7 i.e. LYE)=0

Let E be a (Cpmrad’) null set uv R

Then E can be decemposad 3s E = ER v EY
Se +that :

(¢) Veso, E% can be Covered La _heviz. stvips

TE=TE (6 &) st (38 s¢;

(ii) Vero, EYV can be coveved 133 vertical strips
T}’ = Tv(ﬁin”li) s.t. [T s¢gl

Remark. Thig statewmesnt can be viewed os =
refinemeut of TFubini‘s theorem.

2.2



3. DiFFERENTIABILITY oF LiPschiTz MaPs
Let £ R">R" be a Lirsclnﬂ'} map.
Bg Rodemacher theorem, f ic differeutiabe s.e.

>
JIs thic theorew sharp ? w.rt. &"

Q uestiom (strona veysion)
Given E nul get w R" (&f“(E):o) is there
a L\'psdmlf';} mop f:R"—= R"™ cwlhick ig not
diffeveuTlable at ana xe E ?

Quesion (weak version)
Givew a positive ~ simguwlar measuve . an R”
is theve 3 ULipscWits msp £ R"—> R" whick
is not diffeveutisble M- a-e. 7
3.

Remarks
(i) R positive snswer Yo @S implies positive avs. To QW.
(i) For n Qixed, the answer b QS may depeud on m.
(iii)) Tov n fired, the answer & QW does ot depend onm.

(iv) What Bbout the dittonce fumctiom le-assme
_fcx);z dist (xlg) 7 ECrme@cf

Note that £ ic not diff. at xeE iff x is a
povesily point of E (Fuox, =0 s.t. BOw,n) NE=S
and ‘Kn—XI=O(Vn)).

The problem is, theve exist campaet null sets whicl

ave vt poveus at Shy point.

Evew Wovse , theve are singuldr Measures M

st W(E) =0 for @evy poveus set £E. 32



Answers (so for... )

N=1: the answer to QS (and QW) is posilive .
Classical Construction .

CPr. 2. R3horski, Bull. Soc.Nats. France 74 (Iﬂt.()

nN=2, m=t : the gnswer b GS may be negative .
D. Preiss , T. Tumet. Anal, 91 (1999).

N=2, m any : the Inswer & GS (ond QW) is positive .
A-C.-P.

h>2: very little Is Kuowmn...

3.3

A conetruclon for h=|

We 3dssume Thet E ie e.ovn‘;ac'l‘.

Since Q'(F_) =0, theve exist opew sets Ap s .t
e ANE

. o({'(ﬂ“) < in‘@'(l) VI COhn.Ccmp.de -

For evewy 1, take 9, s-t. 31. = iﬂh
and Sel

fx= 2 E0"g, 6
h=0

3.4



do

30-8l+82
b Rl

And n dimension Two?

. Govevinz E with discs does not mally WorkK...
e instead we <cover € with thin stvips T;‘)TJ.V

for each hori3onfa\ strip T;h we Consider

as building block the functom Q7 defired by
29,
_3_ = i-rh
oy {

- and then....
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[ANGENT FieLD To A NULL SE€T

Dedinition
Given 3 set E in R",
given 3 map T : E—> {“hes inR"} = G(Z,l),
we say that « is Tahsen'\' T E if
for %'-3' cuvve C of class C! in R? there holds

THx) = TO-UCCM) for d.e. xe CNE

w.rt N
C ‘end'l'k)

4.1

Remarks

Q) IP E isa € eurve thew There exisTs a Tongeut Beld
and &)= Tauw(E,x) for s.e.x.

@) If E is puvely_unvectifable (i-e. H'(EnE)=0
for evevy curve C of elass @') then every T is
=4

(iii) The tougent field T (if any exi.srs) is unigue,
Up te a Puvelsd bnrectfiable subeet o.fE.

(v) If L*(E)>0, thew ho T is ToangeuT.

Theorem
I¢ gl(E) =0, then there exists a fanJer field z.

4.2



Aux}liava definition. EECR?, B:E — §cones wR* with ceuter st o}
Thew & is tangeut & E if for Wevy Cuvve C there

hold
ores Tow(C,x) C @M  for ae. xe CNE.

Proof of the theorew.
Stepd
Decampose £ as EMUEY
The come-field B&) =M Vx
IS tongent o E%.
The me QRield 86 :=C¥ Y¥x
Is Tahswf b EY.

STep 2 W "
C if xe E ,
The come-field B :={ IS tanjad' b E.
c¥ ifxeEY\E
4.3
STep 3

For e\levtd ahsle. ® rotete the axeg bae , repeat
the comshructiion of Step 2 and obtain awother
tangeut ceme -@ield By -

Step 4

Set

o) = N ?96‘)
0 ational

“Thew T is 3 Tau geut Cove - Field and T) is
(comtained in) & live for everyx.

4.4



An 3pplicatiom (Rahk—one pvoperﬁd of BV maps)
Let '3 =} f:R>Rsk Lir({‘)c:l} £ v=F6]

For &rewa fe? , let Hé":-_— ’H‘]_Svapho.fﬁ.
let

Given i pva‘oabiel‘f's messuve on 'F
b= h dP =
h j? (P dPE)  (E) J’g K(E) IP()

Let }kv be conmstvueted in the Same way and
then 'rotsted’ L‘d Joe° .

Proposiion.
Tg A& p* and AW then Ak&?
Remark.
This statement is equivalent to the So-cslled Vank-oné
prope rty for maps with bounded vaviations L5
:Prooe,

Take E s.t. ZL*(E)=0. We claim that A(E)=o.
Indeed , let Eh:= %er: ‘tE(x) € Chj,
Ev:z {XGE: 'CE(x)ecvi.

By the definition of Te }AE(EV):O VEeFh,

Then W™ (Ev) =o.

Then A (E) zo0.

3:w..'|avlc1 A(Ey)=o0.
Then A(E) = A(E,uE/) =0.

4.6



5. LAaczkovien’'s PRoBLEH

G uesTion.
Let E be 5 set with positive measure w R,
Is theve 35 Lipscity map §: R"=>R" s.t.
¢ (E) contains a ball‘?

Answers (so far..)
N=1 : The answer is positive. (And easyl)

N=2 : The answer Is positive, (But net So easyl)

D.Preiss. Unpulished.
J. Hatou¥ek . mgoviﬂths Combin. 14 (1993).

nzs3: No{-hinj 15 Kwown.

5.1

6. PROOF OF THE COVERING THEOREHN

Progosition (Dl worth's lem ma)
Let E be a finite set W R*, n:=#E.
Then E can be coveved by n verlcal

gvaphs and Vi horigental graphs. 1
Remark.

This is 8 geomelvic version of Evdde - Szekeves
theovem o monelope Subseq-u.eums.

<.l



Proof of Dillwevth's lemwma

STEP 4. On E consider the partsl order PLQ &

STEP 2. Remove Crom E chains wity atleastvn P
points  3s lowng as it s possible
STEP 3. Rewme ve from what is left+r +he Cirst
stolum (set of minima), theu the second,
etc. Lirst ewaln
_ _ 7 secowd chain
STEPL. Each chain is contaived 7 tiivd stvatum
m 3 vevlical gvaph . There /
ave at most Vn chains. ¢ &j
STEP 5. Each stvalum 1s ceontained second Etv.
in an horizontal graph. Ej
Theve ave at mest VW strata. ol
the fivet stralivm
6.2

P\roo? of the Cmvevins theorem (-Fov E cgmpad)

&
STEP L. Fix $>0. Choose 3 sSquare — |
3via\ with size . Let Es ve < ':_’""5
the set of the centers of the _ Aé -
Squaves that uitersect E. Kl i "iE
Thew #ES = O('/gz)-

STEP 2. Cover Eg by VEg= 9(Vs) horiz. gvaphs £;
and o(\/g) Veyliica| gvaphs ﬁ, u.s\'uj Dillpserth’ s lemma.

STEP 3. Covev E by the stvips T"(f;,28) 3ud TY(3;,%).
Thew
; Sc= 25- o(fs) = o)
Choose § so that o@) <<.

STEP 4. Awd to conclude .... ¢.3



7. ExTENSION To HIGHER DIMENsion (n=3)

Notation - ‘\‘/’:éc,g) (Y,Q -__.°§ &)

X x=f(y,2) T o A

/ g
\
§3
z /—»z > 2
y Y Y '

Suvface of fype x Sleb of type x Cuvve flypex Tube of Typex
and Lip. comst. L 3nd Lip.canst. L awd Lip.Cmst. L and Lip. Gmst.L

groph of X=Fr,8) V() graph of the V*(4,9)
with Lip (f) €L i map (v2)=&60
fl-fogles] @ Lp@)SL §|ga-30)<§]

Similar definitioms fov suvface, cuvves,ete. of Type yYande.

F.1

Proposiﬁm\ :

Let E be 3 null gset tu R®. Then E =E*UF* where

(i) Ve>o, E* can be covered by slabs V*(fi, %)
with Lip. amst. 1 so that |Z 5 < €.

(ii) Yero, F* can be Coveved by tubes U*(§ 1)
with Lip. const. 4 so that Zﬂ]}l<£ .

But the vesl Question is:
Can we Covev E with slabs V) of type X,y,2
Lipscitz canstant L, and thickness & so that

2 8 sS& ?

independait of E |

We do not knoco the snswer!
+2



The corvect generalizalim of Villworth's lemma
does hot hold |

In [AC.P] we prove thst

Statement A, VL,M<ton , 3 3 finite s+ ECR® 5.t
E cownct be Covered by HM.n'"3 suvf.of type x,y,2
and Lip. comst. L. N ni=H#E

Statement B. V L<too, §30,3 EcR?® st

K S« L(E) ; & (E) ; G5, (E) < Sn¥3.

\_l &, (E) 1= mox { #(ENS): S suf. c?'l'spe)(}
g and Lip. canst. L

StatementC. VI_<+oo, 3 ECR3 s.t.
Gx. (E) ; 6, () ; s, (E) < n?3,

Statement D, YL<+oo, 3 ECR? st

G“'L(E) * GY,L(E) '81,'_ (E) < hl ?3

£as(d example that a3 I m o st proves D.

Ama p\rodw\-d‘ set E = £,x% E,xE; wirth Ex,E, Es<R
Satisfles , for evevy L,
Gx’]_ (E) = # Ey # Eé
SyL (E) = #Ex #E;
Sa,L (E)=#Ex-#Ey
and 'Hﬂerc-povc,
&y, (E) - 6, (F) - & () = (FES(HE))" (FE) = (# E)* = n2

The @exdmple pvom‘us'b IS obtained as & suitsble
pevluvbation  of one of these proouct sets.

Note thst this example cannct be used
to disprove. t+he Covjedlinved CQVevth theavem

. »
for null sets wm R [ -



Tangevd' field t6 a null set n R3

onpositﬂm.
Given E cR}, &Z3(E)=o, there exists a m3p
T E— E planes mR’j = GG st Por Ruevy_
suvface S o class C'

Tow (S,x)=Tx) for s.e. xeSNE,
w.et H?

Gpen problem.
Can we find ¢ : E— G(3,1) st for Luevy_

Curpe C of clsss C!

Tam (¢,x) € ex) for a.e. xeCNE ?
w.v.t. Y
¥.5

Ave ther open pvolalem

Let F:-= z é :R—R?* s.+. Li.P @)<,} . ECYJE)=§OI)E
For evevy $ €¥, let Fi: = H'L graph of B

Given B prob. meas. on 3, let
o= [ AR
y @

Construct W' and n® in the same Wy ...

Q ueston .
I AW, W, 2 s it true that A< &? ?

¥.€



