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4,Mof{ valions

Construchon of |l a r ge classes
of wmaps for which the Jacobkian
Is well-defined (in some weak Sense)

Tor U:R"=>R" the Jacobian Is Jus‘l‘ det (Vu)

blevae,, means lavse Enoush © here 3000\
(ompactness proporties (in the spivil of
Sobolev eww;cns)

We e.ss%t.al.hé works  with dietvibutions)
definiloms ...

The problem oﬂsinafed Prom queslms i the
Oaleubus of Vevistiome ...
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2. Basic selligs

e Maps and sels are Borel mMmeasuroble

¢ “Meacure, means measuve on Bovel cefs
usu.a\\cs bounded, possibly vectow -vslued

e Le,‘l' UL R'— R , (zh.,n . We s3y ot
'I'he (distvi buxd o-nal) partial devivative Diw = ==
‘odowss o LP i Heve exists % € LF (TEd)

s j Dcpu&x-—jn‘o%tdx
[R'\

Ve CTRY. We devné“— giby Diw et

AL & | { I "}
e ™ i

Wwe

e Scbolev Spau'.e. W"P (‘Rd‘) = z'u(:DLlLGLP VL}

Sobelev funclions ave a.e. differentishlel!
‘ 2.



3. Funclions with bounded vaviat;im
Cin the seunse of distvi bulims)

oo »

. aisTvibulLemal

Y': al devivaloye.
. n
—Depih'lbaw. BVECR) = if\&_ : -Du is Ameasure
M

w) {0

Diw is 5 measure Lor (<. m

J

d veal-volwed meas. host

j Dip wdx= —-f ¢ d;% Ve...
R R"

3.1

Reloiom To the clascical definilion

o Let W - ROR be 3 funcEm with boumded vayiatim
(in e classical sente).
Then there exists a fwile measwe (o suck that

W)= f&((-%,x]) b 'L(—m)

for M(a x whee 1S Covtvuet .

Thew M€ BVy(R) and  Du=p

o Viceverss, if we BV,(R) then there exists
A with B.V. v the classical Sense  Suck that
LV s '\Ai a.e.
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Finite pervimeter sefs
_ch EcR" is s Pinite Pewlme‘fer et tf’ iE € RY

R-QVY\BVK Chord *""‘11 L'e :Nd ¢ ﬁ’.‘:*,: 1’? £

Ie E s V‘eﬂu.lav 'HI\eVl DiE :‘-?\J- 'HH LBE

Aner novmal

. to OF vechvicion of
Theovem (DeQn‘ovsu - Fedevev) (n1)- dimens;ona)
I-e E has PMTE yevhme'l'ev ‘H\en 2 sdovff meas.
t: the St £
Dig = ¥ - A" L 3E e
where I E is the measue thesrelic bowndavg o{-’ £
‘e" of P"ﬁ‘! s wheve E has deéas LM o )!
I € s mcu@mue. Cand even loeﬂ-exl)
Ec UE, s.t. .-,g“" (E. =9, ‘-f;'_” el \Y per S wf . fov k ;;_;«‘-,
)

vV ois d Sui‘l'alnha clefined inner rovmal 33

L. Jacobian (of smeoth maps)
Defintam. U . R"— R : Ju:= det C'Du.) .

Ve ool

¢ M:‘R.s-—-b R* \]uL:.-: .Du,_| K-Dut.

ANAF

In %m\r&,fm W R"— R% : Jw:= du, A--.Adu,-

Xy

Rewmavks.

() The Jacobiom operalov]is well - defined v maps
of class @ amd evew W-F.

i) Movesver J: wh s L' s (Sequeq,ﬁaﬂj) Cmlinuous
with  respeet o suitsble weak topekogiea (/)

(i) Whet about maps tix WYFP coifie p<k 7
4o



A Lundawmentsl idwb.'T:;j fov the Jocebian

IF m: RTZ—=>RZ thew Ju= DuDy, -‘D|(Lz'DzLL,
= Di(u, Dup) - D, (1, Dyuy)

In caeueval Juw = Jid (f_ (..)"'u‘. ju_\‘) ()
. g T du;
Delinition. The distributimel Jochiom of
me nw! s given by (¥).
Rems¥Ks.
() (*) iswot the omly Lormulda of twis TSPQ,
bul is the move ”58Mmgfv(¢,,) and wove
conveniedt W cevfdin  sitlalime
) Thus J: AW 5 B is (s&) cornfinuaus
in the suidsble weak topologies.
Gi) Defiviion due & J. Bal (%7) and Jervard & Soner (’01) 4.2

RCLS(C ExXtuuple
et & :R" 5 R" ;0 aulx):= x/1x) .
Then det (Dux)) =0 a.e.
But TJw = &y Sy« Dirac mass ot O
R vofuwme of the wib
ballk. w R ,|€ lx‘<£)

@ Mix

'Plroo{?: appvoximaﬂ. u b&f uE(X)::E

— 4
Thew Jug S iBE_ : LOR

if Xlze.

x

Theorem (S’. Mulley ‘90)
If w: R"—>R" and Jw s 3 measuve then the
dbsofutely Cmbinusus pavt of Ju is givew
btd det (Du) Times the Lebesgue measure.
4.3



5. Jacobiam of maps with values . Spheves
Let w: R' R, |u\=| a.e.
T2 % el (oreen ue V-i':-‘a'i‘v*a
thew Ju = det (DW) =0 a.e.

But this is net True € e W™

PVoPosiﬁan. Tf M is swooth ocufcide a Laull st S ={><;,}

then
Ju = =4 AL TS
S. de qvee “f the restrichim
® 1rf’;r"" T \ e . ?}i M + 7 -{“iﬁ _;}. 'H%’r ;ﬂ .
( ™ ] ® s 1 -
e N X-L. / P L

Theorem. The previows represeutstion for Ju
holds evew For maps of clss W™ in
The semse thet if Juw s & Mmessure theuw

\lu- = &, LZ d(, SK(
Lo 5 swhble chocee of dkeZ dud x:€R"
But the points % ave net 3l Cliscmtinuily points

G:f u . 771% sve fthe so-called &PO&jIC‘-e
Swlﬂu/;w'tlfj

5.)
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Another (more ‘mfere.stma) example.

let Uu: RP>R2, lul=) a.e.

Ie M & {’_’:.3 vy evew. WeEW ‘ s
thew Ju = Du, x Du, = 0 a.e.
PP

P\roposiﬁm. Tf w is smootlh outside a
Smooth eclosed cuwrve Y tHhewn

Ju = T.d- ZKQJH'LY

I tomgeut to Y

! S y, degree of the veshviction
‘L’) ! : i . -
\ f X M to the cCivcle S
m_/ "ﬁ-—// It
I kue = ¢ Ff,!'l' |« T
/.7 \Q‘J .,iﬁig L J‘_; ‘-7-‘-",5'?"}

S: bou vml-;rv'@ ‘)"f o aisk D
, . d . .
T f!’*df‘ ih‘f@{}é.ff‘; 3/ N Just
al:] =, o o Y <A o
one. ‘.Ln vl 5-_ 3

Theoreue . Let w: RI>R* be s map of elass
WY <t  |ul=' a.e. 3hd Ju is & measure,
Thew .

.. . ! .
;1}8:\ = T ‘Zmdb It,‘-' rHL'Y._
wheve 7, is 3 suilsble fombly of Closed
veetilfiable cuwes suck that 2 |eu3&(y¢)<+o4
awd d¢ ove integers .
Je it possible. To glee a Poiitiwise. mley on
of the 7smeulavites, 7 1
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Geneval silustion
Let m: R —5 R*, kg<n, |ul=I se

:onposi'&'.cm. TP MU s swmooth oulside a cemnected
(n-¥) - climen sional  suvface M without boumdsry

ﬁ&& Vo *u“,,_",” e ‘}‘i’ + v Taa Gy _:.g.-vr\;-i : ?‘{ =, :, =) i‘:,“‘ﬁ‘-iﬂf*
urnit ball R " M
| f K
h-|
»‘Ll E 1
i
§ (3&!’ r ‘L,“Li w A re E:b;\ o & i
. O
o  tHoage. t= ol oheye
pevalny D ig 3 K-dim.disk
ot ivtersect M

5.5

“Theorem CJevravd-SOner ’O.'J_/ A.- Baldo- Ovlands ’03)
Let w: R"—> R be @ msp of class wh¥!
st U=l s.e. and Ju is 2 measuve. Thew

\]lk. = g 6 - hCH . (Hn-kl_n

wheve M is an (N-k)-dimensimal rvecti@able
set, Ty (s an (r-K)-vector ovienling M, ond
S an ihfeger -valued mulipUcity Funclim.

In foct, there holds move: M, Ty ,S defive
an integral wrrent wWitheut boundavy.

F]ﬁain . is theve s poihtwise chavacterizatiom
of M and & 7
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Anh example of map 4 R>

smoocth outlside 3 fimite set S

and saf.s(snhg Jul=\ Sujgerfs <>
that poivts (W S ave The boun dary

of any lewe! ecuvve of .

_r\'fus ho‘cls gor eoe.v3 AU - R——)R /K)t\
st U]=) s.e. and we WYk

In some sense Ju s the looumdav:’

Ak 3 genevic level suyface of a,

1 & = 4 £ 3o : 3 . . .-“) """
The viaht *"f;sh”‘ﬁg,‘l_;-“_«b‘!. S The 'J-ﬂ:-r\t{ e

v
g N /I _ « | 1" . T o2 i -
Then the “vecifiability , of Tu follow
" ,.x‘ - b 7 * = L >
*.: rom The boundary ve ".'fi»':' rabi “-f%f NTwem

of Fﬂé’t"le”v"" vy awv * TleEewmin Q-

-5

Maps with prescribed ’rc\ooloaical sinaulari’ﬂ.'es

Problem. Civen an (n-¥) -dim. suvface H c 02"'
Connected and cithout boundavrﬁ, eand de Z,
‘F\V\d YV S IR. RL l\k\-—\ U Smeoth oufside M
s.t.

C‘Eg (lL) S, Sk-') =d

wheve S is the boumdary e 3 K-dim. diskD
st #{n H)=),
This s equivalent To vecru.l'w'w?

Ju =0(K'd' 'q., . (Hn-&L-H



Answers (A.-Ralde- Orlandi,'03)

K= 1 (maps with values ua {:H}): NO —~ t '

K= 2 (wmaps with values ua Si): YES A §

K>2: YES if one allows an exty
Singulavily oufside M (with
Aime nsion < h-k.).

Remafks.
(i) The vesutt for K22 canbe preved even cohen

M s an (h-k)-dim. inf%va\ cuvvent
cito wt boumdary.
(u) Tue Pos\'ﬁhe answey -?or K=2 Imr&es ‘|'hd"'
Smooth (h- 2) -clim Suv{JéCe H s “2
withweut boundav% i1s 3 bouwldava o s Smooth

hyper swfoce and 3 Complele witertectin

SkKeteh of Construction (for K=2, d=1)

6.2

« Mis an (h-2)-dim. Comnected suvf. ortuout Bc\rat;-\m".

s We want To comstruct a 4-form W on R"\H

E
ST [ w = link (M) = linKing number of Handy

And cleavlg this M salsfies our vequirewmeuts.

¢ Nolice that — ~ P ey)- XY
\MK(H ’K) = deﬂ (('\U’ HXT; Sh—a) e

]
L"‘x
F——
2
R L

i —
| (o
. <
——
=
t‘
d

e Thew we set W) =

Indeed W is the different. of W : R™\H— R/Z7 _,

6.3
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