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Abstract

We make the connection between the geometric model for capillarity with line
tension and the Cahn-Hilliard model of two-phase fluids. To this aim we consider

the energies
1
F.(u) ::5/ |Du|? + f/ W (u) +)\/ V(u)
Q €Ja o0

where u is a scalar density function and W and V are double-well potentials. We
show that the behavior of F; in the limit ¢ — 0 and A — oo depends on the limit
of elog A. If this limit is finite and strictly positive, then the singular limit of the
energies F. lead to a coupled problem of bulk and surface phase transitions, and
under certain assumptions agrees with the relaxation of the capillary energy with
line tension. These results were announced in [ABS1] and [ABS2].
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1. Introduction

In the classical model for two-phase fluids, it is assumed that every configuration
of a fluid in a container 2 C R? is described by a mass density « which takes only two
values « and (3, corresponding to the phases A := {u = a} and B := {u = 8} = Q\A.
The energy is located on the interface #ag which separates the two phases, with
density oag (surface tension), and on the contact surfaces Saw and Sy between
the wall of the container and the phases A and B, with density oaw and opw
respectively. Then, under some volume constraint, the equilibrium configurations
minimize the capillary energy

Eo(A) := 0ag |-Zasl + Oaw [aw| + Tsw [ SBw|. (1.1)

Here and in the following |A| denote the measure of A, namely the area when A is
a surface, and the length when A is a line. Surface energy densities are represented
by the letter 0 with an index which recall the type of interface under consideration;
these coefficients are strictly positive, and clearly do not depend on the particular
configuration of the system.

The problem of minimizing (1.1) is the so-called liquid-drop problem; the exis-
tence of a solution for this minimum problem is assured by the wetting condition

|oaw — Tsw| < OaB- (1.2)

At equilibrium, the interface .#ag has constant mean curvature, and it meets the
wall of the container at a constant contact angle 0, which satisfies Young’s law (see
for instance [RW] or [F])

Oaw — OBwW

cosf = (1.3)

OaB
An interesting extension of the previous model is obtained by adding to Fy an
energy concentrated along the line %, where #Ag meets the wall of the container
(contact line) with density c; this energy density is referred to as line tension (see
[RW, WW]). In this model the capillary energy becomes:

Fo(A) := 0pg |-as| + oaw|aw| + Osw|-TBw| + C|-Z|. (1.4)

An alternative way to study two-phase fluids originates from the continuum
mechanics approach initiated by Gibbs and revisited by CAHN & HILLIARD [CH]
in the 60’s. The interface .#pg is now replaced by a thin layer in which the mass
density u varies continuously from the value « to the value (8, and the energy
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associated with u is the sum of a Gibbs free energy [, W (u), where W is a two-
wells potential vanishing at o and §, and a term & fQ |Du|? which penalizes the
non-homogeneity of the fluid. Moreover a boundary contribution [, aq V(u) can be
added to take into account the interactions between the fluid and the wall of the
container.

The coefficient £ introduces an intrinsic length which is characteristic of the
thickness of the interface, and since this length is in general much smaller than the
size of the container, it is natural to study the equilibrium of such a fluid in an
asymptotic way, i.e., by considering the limits as € tends to 0 of the minimizers u,
(subject to a mass constraint fQ ue = m) of the rescaled energies

F.(u) ::S/Q\Du|2+§/QW(u)+)\/aQV(u), (1.5)

where A represents the order of magnitude of the wall-fluid interactions.

This problem has been studied by several authors, mainly in the case A = 0 (that
is, when no boundary energy is considered; see for instance [Gu, Mol]; see [Ba| for
multi-phase fluids). In the case A = 1, L. MopIcA [Mo2] established a rigorous
connection between the classical model for capillarity Ey and the Cahn-Hilliard
model: the sequence of minimizers u. (of F.) is pre-compact in L'(£2), each limit
point u takes only the values a and § (almost everywhere), and the corresponding
phase A := {u = a} solves the liquid-drop problem associated with an energy of
type (1.1), where the coefficients oag, 0aw and ggw can be expressed in term of the
potentials W and V. We recall that in [Mo2] it was assumed that W, V', A and £ do
not depend on € (which means that ¢ is infinitely smaller than any other parameter
of the problem) while in the present work we consider a different behavior for A,
namely that A tends to infinity as e tends to zero. Different assumptions have
already been discussed in [BS, BDS].

The contribution of this paper is twofold. First we focus on the model for
capillarity with line tension associated with the energy Fy. We show that due to a
lack of semicontinuity, this functional leads to ill-posed minimum problems. Then
we apply the usual relaxation procedure and we compute the relaxed functional F
explicitly.

Our second goal is to establish a rigorous connection between Fy and the Cahn-
Hilliard model. To this end we study the asymptotic behavior of the functionals
F¢ in the limit ¢ — 0 when A tends to infinity with a suitable scaling and V is a
two-well potential. We show that the limit of F; in the sense of I'-convergence is a
functional F'(u) which is finite only if u takes values o or . Thus we can view F'
as a function of the phase A := {u = a}, and it turns out that F agrees with Fy
for suitable choice of the potentials W and V. Consequently, if u. minimizes F;
subject to the mass constraint fs u = m, and u is a limit point of the sequence (u.),
then the corresponding phase A := {u = a} minimizes F subject to a suitable
volume constraint.

The relaxation procedure is described in subsection 2.2. We show that the
total energy can be properly written by introducing, besides the usual bulk phase
A C Q, an additional variable A’ C 99 which is completely independent of A; A’
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and its complement B’ := 9Q \ A’ are called boundary phases. The total energy
®g of the configuration (A, A’) is thus given by the sum of three different terms:
the classical surface tension on the interface between the bulk phases A and B, a
surface density on the wall of the container (which depends on which bulk phase
and which boundary phase meet together) and a line density along the line Za/p/
which separates the boundary phases A’ and B’ (dividing line).

Thus Fo(A) is obtained by taking the minimum of ®q(A,A’) over all possible
A’ (see Theorem 2.1). Notice that in general the boundary phase A’ where such
a minimum is attained differs from the interface #aw between A and the wall of
the container, and therefore Fy is no longer of the form (1.4). In particular it is
a nonlocal functional (while ®q is local), and what we called “line tension” is now
located on the dividing line .#ag/, which in general does not agree with the contact
line .%,; in this case we speak of “dissociation of contact line and dividing line”.

In subsection 2.3 we show that a similar situation occurs when we study the
asymptotic behavior of F.. In order to properly write the limit of the boundary
energies, as € — 0 we need to introduce besides the usual bulk mass density v an
additional variable v : 92 — R called boundary mass density. A configuration of
the limit problem is represented by a couple (u,v) to which we associate a total
energy ®(u,v) (see Theorem 2.6). As before, we can recover from & a functional
which depends only on the bulk density u: the limit F'(u) of the functionals F; (in
the sense of T'-convergence) is given by the minimum of ®(u,v) over all possible v
(Corollary 2.7).

Since ® is finite only when u takes values o and 3 and v takes values o’ and 3’
(the wells of the potential V'), we may regard ® as a function of A := {u = a} and
A’ := {v = o'}. In subsection 2.4 we encompass ¢y and ¢ in a more general class
of functionals. This leads to different models for capillarity with line tension, and
then we need some qualitative comparison; indeed we show that ®( can be always
obtained as ® for a suitable choice of the potentials V' and W, while the converse
is true only if V' and W satisfy certain restrictions.

Sections 3 and 4 are devoted to the proofs of the mathematical results stated in
section 2. The main mathematical difficulties arise in the proof of the I'-convergence
result for the functional F.. While the limit energy can be evaluated in the bulk
as in [Mol], the characterization of the boundary contribution is more intricate.
In particular the two-dimensional part of the boundary contribution is studied
by adapting the approach of [Mo2]; for the one-dimensional part we need several
steps: first, by localization and slicing arguments we reduce to a problem on a
two-dimensional half-disk; then we replace the two-dimensional Dirichlet energy on
the half-disk by the H'/? intrinsic norm on the diameter; eventually we are led to a
new kind of singular perturbation problem involving a nonlocal term. This problem
has its own interest (see Theorem 4.4 and [ABS1]), and brings to the fore the right
scaling for A\, namely log A ~ 1/e. Some technical lemmas have been postponed in
section 6.

In section 5, we describe the mechanical consequences of our model for line
tension in term of equilibrium configurations. We show that the dissociation of
contact line and dividing line may occur also at equilibrium, and in that case the
contact angle no longer satisfies Young’s law but an entirely different condition.



Phase Transition with the Line-Tension Effect 5

Accordingly, in the quasistatic evolution of such a fluid the contact angle may have
discontinuous changes.

2. Description of the Results

We begin by fixing the notation and recalling some standard mathematical re-
sults used throughout the paper. Then we discuss the relaxation of the functional
Fy (subsection 2.2) and the asymptotic behavior of the functionals F. (subsection
2.3). The comparison between these results is briefly discussed in subsection 2.4.

2.1. Notation

In this paper we consider different domains A with dimension A = 1,2, 3; more
precisely, A is always a bounded open set either of R” or of a smooth h-dimensional
manifold M without boundary, embedded in R3. We denote by 9A the boundary
of A relative to the ambient manifold; 0A is always assumed Lipschitz regular.

We denote by B, (z) the ball with center z and radius r; we write a Vb and a Ab
for the maximum and the minimum of a and b respectively.

Unless differently stated A is always endowed with the corresponding h-
dimensional Hausdorff measure /" (cf. [EG, Chapter 2]). Accordingly, we often
write [, f instead of [, fds#", and |A| instead of #"(A), whereas we never
omit an explicit mention of the measure when it differs from #". We often
use the fact that given a set B C R* and a Lipschitz function f on B, then
A" (f(B)) < (Lip(f))"s#"(B), where Lip(f) is the Lipschitz constant of f.

The h-dimensional density of E at a point z is the limit (if it exists) of the ratio
HM(ENB,(z)) over wyr" as r — 0, where wy, is the measure of unit ball in R”. The
essential boundary of E is the set of all points where F has neither density 1 nor
density 0, including all points where the density does not exist. Since the essential
boundary agrees with the topological boundary when the latter is Lipschitz regular,
we also denote the essential boundary by OF.

Throughout the rest of this paper, all the functions and sets are assumed Borel
measurable and questions of measurability will never be discussed.

Function Spaces. Let A be an h-dimensional domain and take u € L}, (A). The
derivative of u in the sense of distributions is denoted by Du. As usual H!(A) is
the Sobolev space of all real functions u € L?(A) such that Du belongs to L?(A),
and BV (A) is the space of all u € L'(A) with bounded variation, that is, such that
Du is a bounded Borel measure on A. Notice that when A is an open subset of a
manifold M C R and u € H'(A), then Du : A — R3 and Du(z) belongs to the
tangent space of M at x for a.e. © € A. If u € BV(A), then Du is a measure on A
which takes values in R? and the density of Du with respect to its variation |Du|
at x, belongs to the tangent space of M at x for |Dul-a.e. € A. Recall that every
bounded set in BV (A) is relatively compact in L'(A). The letter T' denotes the
trace operator which maps H'(A) onto H'/2(0A) and BV (A) onto L'(9A).
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For further details and results about the theory of BV functions and Sobolev
spaces we refer the reader to [EG, Chapters 4 and 5].

Jump set and essential boundary. Let A be an h-dimensional domain and take
u € L (A). The jump set Su is the complement of the set of Lebesgue points of
u, i.e., the set of points where the upper and lower approximate limits of w differ
or are not finite. If u € BV (A) then Su is rectifiable: this means that it may be
covered by countably many (h — 1)-dimensional submanifolds of class C! except
for an #"~!-negligible subset. In particular the dimension of Su does not exceed
h—1, and if u belongs to H'(A) then Su is J#"~!-negligible (see [EG, Sections 4.8
and 5.9]).

For every I C R, we define BV (A, I) as the class of all u € BV(A) such that
u(z) € I for a.e. z € A. If I := {«a, [}, then a function u : A — I belongs to
BV (A) if and only if s#"~1(Su) < +o0, and (8 — a)#"~1(Su) agrees with the
total variation || Dul| of the derivative Du (cf. [EG, Section 5.11]). In the particular
case I = {0, 1}, w is the characteristic function of a set E and is denoted by 1g,
and F is called a set with finite perimeter in A. Since the essential boundary of
E agrees in A with the jump set of 15, we deduce that E has a finite perimeter
in A if and only if #"~1(OE N A) is finite. For this reason the notion of essential
boundary fits out purposes more than the topological boundary.

Every rectifiable set S can be endowed with a (measure theoretic) normal field
v which enjoys the following property: for every hypersurface M of class C' and
A" almost every x in M N S the vector v(x) agrees with a normal unit vector
to M at x. Moreover when S is the jump set of a function v € BV (A, I) with
I := {«a,} we can chose v so that the measure derivative Du is given by the
restriction of the measure #"~! to the set Su multiplied by the density function
(8 — ) - v. This choice of v is unique up to " 1-negligible sets and is denoted
by v,; when u is the characteristic function of a finite perimeter set E this normal
field is also denoted by vg and is called the (approzimate) inner normal to E.

Eventually we remark that when E has finite perimeter in A the trace of the BV
function 1z on A (which is defined as an element of L'(9A)) is the characteristic
function of the set 0F N JA. In this sense, the set 0F N JA can be regarded as the
trace of E on 0A.

2.2. The Relaxation Theorem

The container is represented by a bounded open set Q of R? with a boundary
of class C! and the bulk phases are denoted A and B. Since B = Q\ A, every
configuration is identified by A. In the following JA and OB denote the essential
boundaries of A and B, and then the various interfaces involved in the expression
of the energies Fy or Fy are defined as follows:

Sag := OA N OB is the surface which separates the phases A and B;
Saw = OA N ON is the surface which separates A from the wall of the container;
Sew := OB N 0N is the surface which separates B from the wall of the container.

%, := 0.%aw is the contact line, i.e., the line which separates Saw from gw.
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In the following the letters . and .£ always denote a surface and a line re-
spectively; consequently, we often denote the area #2(.# ) and the length #' (&)
simply by || and |.£|. The letters in sans-serif A and B will be reserved for the
phases.

The admissible configurations of the system belong to the space X of all Borel
subsets of Q. We endow X with the distance d(A;,As) := J#3(A;AAy), where
A1 AAz := (A1 \ Az) U (Az \ Ay) is the symmetric difference of A; and As.

Our first claim is that the functional Fy defined in (1.4) is not lower semicontin-
uous on X. The reason can be easily outlined: fix a configuration A and compare
its energy with the energy of a new configuration Ay which is obtained by inserting
a layer of phase B with thickness § between A and the wall (see Figure 1).

contact line £,

“BW
O ==

Fig. 1. The configurations A and Ajs.

As ¢ tends to zero, As converges to A in X, and since As does not touch the
wall, the contact line of the new configuration is empty and the interface between
the two phases As and By consists roughly speaking in the union #xgU.#aw. Hence

FO(A) — FO(A(;) ~ (UAW — OAB — UBW) ‘yAw| + C|$C‘. (2.1)

Clearly the right hand side of (2.1) is strictly positive for a suitable choice of A:
indeed the area |Zaw| is bounded by |0€2| while the length |-%.| can be taken
arbitrarily large. Hence for such a configuration there holds lim inf Fiy(As) < Fy(A).

Let us emphasize that this phenomenon is not related to the particular choice of
the topology on the space of configurations X. Since we are interested in minimizing
Fpy, we can consider only topologies which make Fy coercive, that is, such that every
sequence which is bounded in energy is pre-compact, and it can be easily checked
that the choice of any (Hausdorff) topology in this class has no incidence on the
lower semicontinuity of Fy. Notice that due to the compact embedding of BV (Q2)
in L'(€2), the metric we imposed on X makes F coercive.

This lack of lower semicontinuity shows that looking for equilibrium configura-
tions on the basis of the model Fj leads to ill-posed problems. In subsection 5.2 we
show that the energy Fy may admit no minimizer with prescribed volume.

The next natural step is to consider the relaxation of Fjy, namely

Fo(A) :=inf { liminf Fy(A,) : A, = Ain X } (2.2)

n— o0

First we remark that given a sequence (A,) which tends to A in X, the trace of
A, on 99 (i.e., Sa,w) converges in X’ to a set A’ which in general does not agree
with the trace of A. This is indeed the case for the sequence (As) defined above
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(see Figure 1). This consideration suggests that to describe the relaxation of Fj it
is convenient to introduce, besides the usual “bulk” phases A and B, two additional
“boundary” phases A’ and B’.

Specifically, for every A C Q and A’ C 99 we set

B’ := 909 \ A/, ogA’B' = 8A’,
Ian = IawNA =0ANA, S = FSwNB =0ANB, (2.3)
SBAr ::yBWﬁA’:aBﬂA’, S =IewNB =0BNB.

The line #ap separates the phases A’ and B’, and is called the dividing line.
With each configuration (A, A’) w associate the energy

Do (A, A') := Opg |-Sn8| + Oaw |-Laar| + (O + Osw) |Sas| +

(2.4)
+0Bw |-ZBB | + (OaB + TBW) [LBA| + C| LA/ |-
Therefore Fy can be written in terms of ®¢ by
Fo(A) = oA, Saw)- (2.5)

The space of all admissible configurations is now X x X’, where X is defined
above and X’ is the space of all Borel subsets of 912, endowed with the distance
d' (A}, AY) := |ALAAL|. Since all coefficients in (2.4) are strictly positive we deduce
immediately that the functional @ is coercive on X x X’ and finite at (A, A’) if
and only if A has finite perimeter in Q and A’ has finite perimeter in 9Q2. We can
now state our relaxation result (see section 3 for the proof):

Theorem 2.1. The functional ®q is lower semicontinuous on X x X', and the
relazation of Fy on X is given by

Fo(A) = min {®o(A,A) : A" € X'}, (2.6)

This result is still valid if we replace the space X by the subclass X, of all
A € X such that |A| = v}, where v is a fixed number such that 0 < v < || (this
refinement of Theorem 2.1 requires a slight modification of the proof which we leave
to the reader). This remark allows us to consider the minimization of Fy under the
volume constraint |A| = v:

Corollary 2.2. For every v such that 0 < v < |Q| there holds

inf {Fy(A) : |Al =0} = Ir)l{lvnFO = i Dy. (2.7)

Remark 2.3. From (2.5) and (2.6) we conclude that a configuration A minimizes Fy
on X, if and only if (A, #aw) minimizes & in X, x X’'. In this case the contact
line .%, coincides with the dividing line .Za/g/. In subsection 5.2 we give an example
where Fj has no minimizer on X,: more precisely, an example where A’ # Sy for
every minimizing configuration (A, A’) in X, x X’.
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Remark 2.4. When the wetting condition
|Taw — Tsw| < O (2.8)

is not satisfied, the minimum problem min {<I>o (AA) A e X’} can be explicitly
solved: if oaw > Opw+0ag (the other case is similar) then the minimum is achieved
when A’ is empty, and (2.6) becomes

Fo(A) = @o(A,0) = 0as|-Tas| + (0as + Taw) |Faw| + Oaw| B8 |. (2.9)

This means that it is always convenient to separate completely the phase A from
the boundary by inserting an infinitely thin layer of phase B. In this case Fy has
the same form as the energy Fy in (1.1), and no line tension appears.

Remark 2.5. In the limit case ¢ = 0 Theorem 2.1 gives a formula for the relaxation
Ey of the energy Ej in (1.1). When the wetting condition (2.8) is satisfied: Eo = Ej,
(that is, Ey is lower semicontinuous on X), otherwise Ey is given by (2.9) (at least
when oaw > Ogw + Oag).

Hence the relaxation of Ey has always the same form as Fj, only the coefficients
change. This specific property of Ey explains why the relaxation step is usually
skipped: one deals directly with the relaxed form by assuming a priori that the
wetting condition (2.8) is fulfilled, while from our point of view this is only a
consequence of the relaxation procedure.

2.3. The I'-Convergence Theorem

As before, € is a bounded open subset of R3 with boundary of class C'; W
and V are non-negative continuous functions on R with growth at least linear at
infinity and vanish respectively in the double-well I := {a, 3} with a < (3, and
I' .= {d/, 3’} with o < /. The symbol ¢ denotes a parameter decreasing to 0,
while A, is a parameter which goes to infinity as ¢ — 0 and satisfies

lir%glog A=K with0< K < oo. (2.10)
E—
The function H is a primitive of 2/ W, and we set

B
o= |H(ﬁ)—H(a)|:2/\/W and  C:= (5’—0/)2§.

(2.11)

For every € > 0 and u € H'(2) we define the functional

—s/ | Dul* + /W )+ Ae /mV(Tu) (2.12)

where Tu is the trace of u on €.

First we want to briefly account for the choice of the double-well potential in
the boundary energy [, V(Tw) and of the scaling (2.10). The case A = 0 (that
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is, when no boundary energy is taken into account in F;) was already considered in
[Mo1] (cf. Theorem 4.2 below). The term e~ [ W (u) forces u. to take values close
to  and 3, while the term ¢ [ |Du|? penalizes the oscillations of u.. When ¢ tends
to 0, the functions u. converge (up to a subsequence) to a function u € BV (Q)
which takes only the values o and 3. Moreover each u. has a transition from the
value « to the value [ in a thin layer close to the surface Su which separates the
bulk phases {u = a} and {u = 8}. Since the energy F.(u.) tends to concentrate
in this layer, the limit energy is distributed on Su with surface density o (surface
tension).

In [Mo2] this analysis has been extended to the case A, = 1 (V being any positive
continuous function). In this case the traces Tu. of the minimizers u. converge to
a function v on 9€2. This function is constant on the trace of each bulk phase,
namely {Tu = a} and {Tuw = (8}, but differs from Tu. The transition of u. from
T to v occurs in a thin boundary layer, and since part of the total energy F_(uc)
concentrates in this layer, an additional surface density appears in the limit € — 0.

In this paper we investigate the case when A, tends to infinity. If we assume
that V is a double-well potential, the boundary part of F. forces the traces Tu. to
take values close to o’ and (3, while the oscillations of the traces Tu. are penalized
by the bulk integral & [ |Du|?. Then we expect that the traces Tu. converge to a
function v which takes only the values o’ and 3’ and that a concentration of energy
occurs along line Sv which separates the boundary phases {v = o’} and {v = §'}.

The interest of this asymptotic model lies in the possible connection between
this line concentration of energy and the line tension phenomenon. In order to
establish such a connection, we first have to ensure that the transition of Tu. from
o' and @' does take place in a thin layer. This brings to the fore scaling (2.10),
which also provides a uniform control on the oscillations of Tu.. In fact we can
prove that under (2.10) the traces Tu. converge (up to a subsequence) to a function
v in BV (0R,1'), and then the boundary phases {v = o/} and {v = 3’} are divided
by the rectifiable curve Swv.

At this stage, we investigate the relation between v and Tw. In particular we
wonder whether the boundary phases agree with the traces of the volume phases. In
general the answer is negative, and indeed this situation is quite similar to the one
described in the previous subsection: the asymptotic behavior of the functionals F.
is described by a functional ® which depends on the two variables u and v. Since
the total energy F:(u.) is partly concentrated in a thin layer close to Su (where u,
has a transition from « to ), partly in a thin layer close to the boundary (where
ue has a transition from Tu to v), and partly in the vicinity of Sv (where Tu. has
a transition from o’ to 8'), we expect that the limit energy is the sum of a surface
energy on concentrated on Su, a boundary energy on 92 (with density depending
on the gap between Tu and v), and a line energy concentrated along Sw.

Precisely we have the following theorem (see section 4 for the proof), which is
the main result of this paper.

Theorem 2.6. For every v € BV(Q,1I) and v € BV (9Q,1") we set

®(u,v) := o H*(Su) + i |H(Tu) — H(v)| +c#"(Sv). (2.13)
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Then the following three statements hold.

(i) Compactness: let (u.) C HY(Q) be a sequence such that e — 0 and F.(u.) is
bounded. Then the sequence (u.,Tu.) is pre-compact in L'(Q) x L1(99Q) and
every cluster point belongs to BV (Q,1) x BV (9Q,1").

(ii) Lower bound inequality: for every (u,v) in BV (2, 1) x BV (9Q,1') and every
sequence (u:) C HY(Q) such that ue — w in LY (Q) and Tu. — v in L' (99),
there holds

lignﬁi(glf F.(us) > ®(u,v). (2.14)

(iii) Upper bound inequality: for every (u,v) in BV (Q,I)x BV (9Q,1') there exists
an approzimating sequence (u:) C H*() such that u. — w in LY(Q), Tu. — v
in L1(0Q) and

limsup F; (ue) < ®(u,v). (2.15)

e—0

This theorem can be easily rewritten in term of I'-convergence (for the definition
and the main properties of I'-convergence we refer the reader to [DM, Chapters 6-9],
see also [Al]). To this end we extend each F. to +o0 on L*(2)\ H!(Q), and from
Theorem 2.6 we immediately deduce the following corollary.

Corollary 2.7. The T'-limit on L*(Q) of the functionals F. is given by

inf {®(u,v) : ve BV(9Q,I')} ifue BV(Q,I),
F(u) = (2.16)
+00 elsewhere in L(Q).

Note that the functional F'(u) is nonlocal with respect to u, in the sense that it
cannot be expressed by integration of a local density depending on u and Du.

Statement (iii) of Theorem 2.6 can be refined by choosing the approximating
sequence (ug) so that fQ Ue = fQ u for every e (we will not prove this refinement, in
fact one has to slightly modify the construction of the approximating sequence (u.)
in Lemma 4.15). In this way we can accommodate a prescribed mass constraint: if
we take m such that «|Q2] < m < 8|9, then the functionals F, I'-converge to F' also
on the subspace of all u € L'(Q) such that [, u = m. By a well-known property
of I'-convergence and statement (i) of Theorem 2.6, we immediately deduce the
following result:

Corollary 2.8. For every € > 0 let u. be a solution of the problem
min { Fz(u) : [ u=m}. (2.17)
Then the sequence (u.) is pre-compact in L*(Y), and every cluster point belongs to

BV (2, I) and solves
min { F(u) : [,u=m}. (2.18)
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2.4. Comparison of the Results

In this subsection we make a brief comparison of the results obtained in sub-
sections 2.2 and 2.3. The energies &y and ¢ that we have derived in the study of
the relaxation of Fy and of the I'-limit of F. can be written in the following general
geometric form:

Pyen(A,A') = 0pp | Sasl + Oaar [ Sanr| + Onpr | Sapr| + (2.19)

+0oga | SBar| + OBE |IBE/| + C | LA |-

where (A, A’) belongs to the space of admissible configurations X x X’. More
precisely, the functional ®( defined by (2.4) agrees with @, if we set

Oapn = 0aw, Opap = 0aB + OBw, (2.20)
Opp’ :=0BwW, OBa’ ‘= 0pAB + Oaw-

On the other hand, if for every u € BV (Q,I) and v € BV (99Q,1I") we consider the
bulk phase A := {u(z) = a} C Q and the boundary phase A’ := {v(z) = o/} C 99,
then the functional ® defined in (2.13) satisfies the identity ®(u,v) = ®gen(A, A’)
provided that we set

opg = O, C :=C,
Oppn = ’H(a) — H(Oél) s OpR! = |H(Oé) — H(5I)|, (221)
OBar = |H(5) —H(a’)|, OB’ = ’H(ﬁ) - H(ﬂl){’

where H, 0 and C are given in (2.11).

One can easily check that the coefficients of the functional ®4., can be written
in the form (2.20) (for a suitable choice of 0ag, oaw and opgw) if and only if they
satisfy the relations

Oppr = OpB + 08B, OBAr = OAB + Opar. (2.22)

On the other hand, taking into account that the function H is strictly increasing it
is easy to show that that the coefficients in (2.21) fulfills the relations in (2.22) if
and only if the relative positions of the wells «, 3, a’, 3" are the following:

o <a<p<pl (2.23)

Therefore when (2.23) is assumed we derive in a rigorous way that the model of
capillarity with line tension (associated with Fp) is recovered from the Cahn-Hilliard
model (associated with F.) in the limit ¢ — 0. This carries out the main issue of
our initial program.

Now we briefly account for some general features of the energies ®g, ® and Pgep.
Clearly the functional ®ge, is coercive on X x X’ because the energy densities
oag and C are strictly positive. The semicontinuity is discussed in the following
statement (proved in section 3).
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Theorem 2.9. The functional Qe is lower semicontinuous on X x X' if and only
if the coefficients in (2.19) verifies the following generalized wetting conditions (cf.

(1.2)):

|oan — Oear| < Ong,  |Oasr — Oe/| < 0. (2.24)

Remark 2.10. Obviously (2.24) is satisfied when the coefficients in ®ge, are given
either by (2.20) or by (2.21); hence we recover the lower semicontinuity of ®q and
® (cf. Theorems 2.1 and 2.6).

We may compare the models associated with the energies ®q, ® and Pge, by
discussing the number N of independent parameters which drive the geometry of
the equilibrium configurations (i.e., the number of their degrees of freedom). Notice
that the equilibrium configurations of ®gen (subject to some volume constraint) do
not change if we multiply all the coefficients in (2.19) by a constant factor, or if
we add the same constant to the boundary coefficients oaa/, Oag/, Ogar and Ogg.
Hence for ®4e, we have N = 4.

For ®y we have to consider the two additional conditions in (2.22), and then
N =2.

For ® the number N depends on the relative positions of o, 3, ¢, 3’: in the case
o <a< B <, N=2because we can reduce to the case ®,. We let the reader
check that N = 3 in the remaining five cases.

These considerations about the value of N suggest the possibility of an exper-
imental validation either of the line tension model Fy (i.e., ®g), or of the model
derived from the Cahn-Hilliard model F; (i.e. ®), or of the more general ®ge,. In
fact all these models seem to be physically acceptable. We conclude this section
with some comments on their physical background.

Capillary energy with line tension, like Fy, is frequently considered in physics
(see [RW] or [WW]), and we have proved that the well-posed problems naturally
associated with Fy can only be defined through ®. In other words the interaction
between the fluids and the wall can be efficiently described only by considering two
boundary phases which are independent of the bulk phases. Notice that the idea
of phase transition between surface phases on the wall of the container has already
been suggested (see for instance [DG]).

As noticed before, ®g is obtained from ®ge, imposing the restrictions (2.22). In
the relaxation procedure which leads to ®q, the interface #ap’ is viewed as the part
of the wall where an infinitesimal layer of the phase B is interposed between the
phase A and the wall of the container (a similar argument applies to .#gas), and
the relations (2.22) are a consequence of the fact that the energy density of such a
layer is simply the sum of oag (due to the transition from A to B) and ogw (due
to the transition from B to the wall). On a physical level, such a superposition
principle has no reason to hold: consider for instance a layer whose thickness has
the same order as the range of the interaction forces which generate the surface
tension. Then it is quite natural to consider generalized energies of the form ®gcy,.

The functional ® which corresponds to the asymptotic limit of the Cahn-Hilliard
model, appears as an intermediate case between ® and Pgen (and indeed for & we
have N =2 or N = 3). The Cahn-Hilliard model, despite its relative simplicity, is



14 G. ALBERTI, G. BOUCHITTE & P. SEPPECHER

known to describe efficiently many interfacial phenomena. In this paper we show
that it can be used to describe line tension phenomena as well. One may question
the physical ground of the boundary energy we postulated, and in particular on the
double-well potential V and the scaling (2.10) for A.. Indeed these assumptions are
totally different from those of CAHN & HILLIARD [CH] or MobICcA [Mo2] (where
Ae does not depend on e and V is a monotone function). To our knowledge, the
boundary energy cannot be reached by direct experiments, but only through its
effects on the macroscopic equilibrium. We justify our assumptions a posteriori by
the relevance of the model associated with the limit energy ®.

3. Proof of the Relaxation Result

This section is devoted to the proof of Theorem 2.1 and Theorem 2.9.

We follow here the notation introduced in subsection 2.2; in particular, given sets
A and B in Q (resp. in 99) the identity A = B must be intended up to negligible
subsets, that is, in the sense of the space X (resp. X’). We also recall that 0A
denotes the essential boundary of A, and not the topological one. All statements and
proofs in this section can be adapted without essential modifications to arbitrary
dimension.

Lemma 3.1. Let be given B C 0). Then for every § > 0 there exists E with finite
perimeter in Q0 such that

(i) B is the trace of E on 09, that is, B = 0FE N 0LQ;

(ii) |E| <6 and |OENQ| < |B|+9.

Proof. This statement is an immediate corollary of a well-known result of Gagliardo
(see for instance [Gi, Theorem 2.16]). O

Lemma 3.2. Let be given M C 02. Then the functional A — |0AN Q| —|0AAM |
is lower semicontinuous on X.

Proof. We apply Lemma 3.1 with Q and B replaced by R?\ Q and 9Q \ M re-
spectively, and we find a set E C R3\ Q with finite perimeter in R3 \ € so that
OENIN =00\ M.

Thus INQ\IE = M and, since ANE = ¢ for every A € X, we have that 0(AUE)
is the disjoint union of OA N, IE \ Q, and ONNI(AU E) = 90\ (OAAM) (see
Figure 2).

E
A

Fig. 2. The sets M and E.

Hence -
|OANQ| — [ODAAM| = |0(AU E)| — |0E \ Q| — |09].
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Since F is fixed, the thesis follows from the lower semicontinuity of the perimeter
|O(A U E)| with respect to A. [

Proof of Theorem 2.9. We assume first that the generalized wetting condition
(2.24) does not hold, and in particular that oaas > oag+0gas (the other three cases
can be treated in the same way). We argue now as for the lack of semicontinuity
of Fy (see subsection 2.2).

Fix a configuration (A,A’) € X x X’ such that [#aa/| > 0. For every § > 0 we
apply Lemma 3.1 to find a set E5 C € such that 0Es N0 = A'NIA, |Es| < ¢, and
|0Es N Q] < |A’NIA| + §, and then we set As := A\ Es.

_A'

B A A,

Fig. 3. The sets A, A/, and Ajy.

Hence As converge to A in X as 6 — 0. Moreover for the configuration (As, A)
there holds Sa,a = @, Sp;a = A = Soa U A, ‘y/.\(sgé‘ < | S| + |Fan| + 0,
while 5’A55/ = yAB/ and deB/ = ,733/. Then

Pyen(As,A") < yen (A, A) — (0as + Tsar — Oan) [ Sanr| + 6,
and since both (0ag + 0pa — Oaar) and |Saa/| are positive we obtain

i inf @yen(As, A') < Dyen(A, A),

which proves that ®ge, is not lower semicontinuous at (A, A’).

We prove now the opposite implication. Let us assume that (2.24) holds and let
be given A, — Ain X and A}, — A’ in X’. We may assume that sup,, Pgen(An,AL)
is finite, so that |0A N Q| and | Zap/| are finite. By applying Lemma 3.2 with
M = 0A N IR, we obtain the following lower bound:

lim inf (|0A, N Q| — [0A N Q| — [(9A,LIA) N Q) > 0. (3.1)

By the lower semicontinuity of the perimeter, the functional A’ — P, (A, A’)
is lower semicontinuous on X’. Hence

lm inf gen (A, AL) > Dyon (A, A'). (3.2)

n—oo

On the other hand, let p,(z) and p,(x) denote respectively the surface energy
densities at x of the configurations (A,,A!) and (A,Al) (for every n and every
x € 09); one easily verifies that if x ¢ 0A,AO0A then p,(r) = pn(z), while if
x € 0A,AOA the inequalities in (2.24) implies p,(x) > pn(xz) — oag. Thus we can
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write
(I)gen (Am A;z)

:o—AA,\aAanQH/ pn(z) +C[Lapy |
o0

> oan|0A, 109 + / P(@) — Oagl (DAL LOA) M09 + |- Lo |
o0
> Byen(AAL) + s (|0A, 1 Q)] — [9AN Q)] — (DA, AIA) N 0).

Now we take the lower limit as n — oo, and with the help of (3.1) and (3.2) we
deduce
liminf @gen (An, AL) > Pgen(AA'). O

n—oo

Proof of Theorem 2.1. The coefficients in the functionals ®( given in (2.4) fulfill
the generalized wetting condition (2.24), and then ®q is lower semicontinuous on
X x X’ by Theorem 2.9.

Let be given now A, — A in X, and assume that F(A,) is bounded. The sets
A, have uniformly bounded perimeters in 90 (cf. (1.4)); then the sequence (Sa,w)
is pre-compact in X', and, possibly passing to a subsequence, we may assume that
it converge to some A’ € X’. Now identity (2.5) and the semicontinuity of & imply

liminf Fy(A,,) = liminf ®¢(A,, S, w) > Po(A, A). (3.3)

n—oo n—oo

Inequality (3.3) shows that the left hand side of (2.6) is larger than the right hand
side. To obtain the equality it suffices to find, for every configuration (A,A’) €
X x X’ with finite energy ®g, an approximating sequence A,, — A such that

lim inf Fy(A,) < $o(A, A). (3.4)

n—oo

Here we use an argument similar to the first part of the proof of Theorem 2.9: by
Lemma 3.1, for every n > 0 we find a set E,, with finite perimeter in €2 such that

(i) OE, NN = A AIA,
(ii) |En] < 1/n and [0E, N Q| < |A'AOA| + 1/n.
We set A, := AAE,: by (i) we have S5, w = 0A, NOQ = A" and by (ii)

A, —-AinX , [|0A,NQ <[|0ANQ|+ |AAOA|+1/n.

Hence

Fo(A,) < UAB(|8A NQ| + |A'AOA| + 1/7”&) + oaw|A'| + osw|B’| + c|OA|
= 0ag|OA N Q| + Taw|A N OA| + (Taw + 0ag) |A"\ OA] +

g
+ osw|B' \ OA| + (Tsw + 0as) |B' N OA| + c|OA| + %

— (A, A) + 8.
n
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We obtain (3.4) by letting n tend to co. O

4. Proof of the I'-Convergence Result

In this section we prove Theorem 2.6. In order to simplify the proof, we will
make two additional assumptions: first we will assume that 92 is of class C2. This
restriction is used in the proof of statement (iii) of Theorem 2.6, and can be relaxed
with some additional work to O of class C''. However we cannot go below the C*
regularity. The second assumption concerns the potentials V' and W:

there exists m so that —m < a,d,8,8 < m,
W(z) > W(m) and V(z) > V(m) for z > m, and (4.1)
W(z) > W(—m) and V(x) > V(—m) for z < —m.

For instance, this condition is verified when V' and W are increasing on [m, +00)
and decreasing on (—oo. — m] for some positive m. Assumption (4.1) will allow us
to use the truncation argument given Lemma 4.1. It can be removed but in that
case the proof of Proposition 4.7 would require more delicates truncation arguments
which we prefer to avoid.

From now on we always use the term “sequence” also to denote families (of
functions) labelled by the continuous parameter e, which tends to 0. On this line,
a subsequence of (u.) is any sequence (ue,) such that €, — 0 as n — oo, and
we say that (u.) is pre-compact if every subsequence admits a converging sub-
subsequence. To simplify the notation we often omit to relabel subsequences, and
we say “a countable sequence (u.)” to mean a sequence defined only for countably
many € = &, such that &, — 0 as n — oo (see for instance the statements (i) of
Theorems 4.2 and 4.4).

To begin we introduce the localization of the functionals F;: for every domain
A CR3, every set A’ C A and every u € H*(A) we set

F.(u, A A" = E/A | Dul|? + é/AW(u) + A N V(Tu) (4.2)

(according to our convention the measure in the last integral is J#2). Notice that
F.(u) = F.(u,Q,09) for every u € H'(Q).

Lemma 4.1. Let be given a domain A C R? and a set A’ C OA, and a sequence
(ue) C HY(A) with uniformly bounded energies F-(ue, A, A"). If we take the trun-
cated functions t.(x) = (ue(x) Am)V —m, then F(tue, A, A") < Fe(ue, A, A'), and
both ||te — uc||pr(ay and ||TU: — Tuc|| 1 a7y vanish as e — 0.

Proof. The inequality F. (., A, A") < F.(u., A, A") follows immediately from (4.1).
The rest of the statement follows from the fact that both W and V have growth
at least linear at infinity and the integrals [ W(u.) and [ V(Tu.) vanish as ¢ — 0.
This is a standard argument, and we omit it (see for instance [AB, Lemma 1.11]).
(]
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In order to prove Theorem 2.6 we need some I'-convergence results which we
group in the following subsection.

4.1. Preliminary Convergence Results

We begin with the basic I'-convergence result for functionals of Cahn-Hilliard
type: for every domain A C R? and every real function u € H*(A) we set

Gl(u, A) := s/A |Dul? + éAW(U), (4.3)

where W is the double-well potential given in subsection 2.3. Notice that G (u, A) =
F.(u, A, 0).

Theorem 4.2. ([MM, Mo]). For every domain A C R? the following three state-
ments hold:

(i) every countable sequence (u.) C HY(A) with uniformly bounded energies
Gl(u., A) is pre-compact in L'(A) and every cluster point belongs to BV (A, I);
(ii) for every u € BV (A, I) and every sequence (u:) C HY(A) such that u. — u in
LY(A) there holds
lignﬂi(glf Gl(uc, A) > o*(Su);

(iii) for everyu € BV (A, I) there exists a sequence (u:) C H'(A) such that uc — u
in L*(A) and
limsup Gl (u., A) < oH#?(Su);
e—0
moreover when Su is a closed Lipschitz surface in A, the functions u. may be
required to be (C/e)-Lipschitz continuous and to converge to u uniformly on
every set with positive distance from Su (here C is the supremum of VW in

[a, 8]).

Proof. This version of the Modica-Mortola theorem can be found in [Mol] (see
also [Al]). However the second part of statement (iii) is not explicitly stated there,
and therefore we briefly sketch its proof.

Let ¢ : R — [a, 3] be an optimal profile for the 1-dimensional functional [ (v +
W (v)), that is, a global solution of the ordinary differential ¢ = /W (p) with (0)
arbitrarily taken in Ja, 8[. Then ¢ is increasing, converges to 8 at 400 and to « at
—o00, and satisfies

/}R (3% + W () = / 2/ W (@) ¢ = H(B) — H(a) = 0. (4.4)

Let now be given u € BV (€, I) such that Swu is a Lipschitz surface, and denote by d
the oriented distance from Su given by d(z) := dist (z, Su) when z € {u = 8}, and
by d(z) := —dist (z, Su) when z € {u = a}. We set u.(z) := p(d(x)/e) for every
e >0 and z € . One readily checks that each u. is (C/e)-Lipschitz continuous
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(because ¢ is C-Lipschitz continuous and d is 1-Lipschitz continuous) and converge
to w uniformly on every set with positive distance from Swu. Taking into account
that |Dd| =1 a.e. in Q, by the coarea formula one gets

Ghtue d) = [ 22+ W) = [ (B0 + W) A2 (@5)

R

where 3, := {z : d(z) = s} is the s-level set of d. Since Su is Lipschitz regu-
lar, J#2(3,) converges to #2%(Su) as s — 0, and if we use (4.4) and apply the
dominated convergence theorem in (4.5), we obtain that G(u., A) converges to
o#*(Su)ase — 0. O

Theorem 4.2 captures completely the asymptotic behavior of the energies F.
in the interior of Q, and justifies the term @ J#?(Su) in the limit energy ® (see
(2.13)). The second term in ®, namely [, |H(Tu) — H(v)|, will be derived from
the following proposition.

Proposition 4.3. Assume that A C R? is a domain with boundary piecewise

of class C1, and A’ is a subset of OA with Lipschitz boundary, and let be given

ue LY(A), ve LY(A'). Then

(i)  for every sequence (u:) C H*(A) such that u. — u in L*(A) and Tu. — v in
LY (A" there holds

lim inf Gi(ue, A) > [ |H(Tu) — H(v)l;
E— A/

(ii) if v is constant on A’ and u is constant on A with w = « or u = [3, there
exists a sequence (uc) such that Tue = v on A', u. converges uniformly to u
on every set with positive distance from A’ and

limsup G (u., A) < |H(Tu) — H(v)|;
e—0 A’

moreover each u. can be taken (C/e)-Lipschitz continuous, where C is the
supremum of VW over any interval which contains the values of u and v.

Proof. Statement (i) is the key lemma in the proof of the main result of [Mo2],
statement (ii) is essentially contained in that paper, but not stated in this form. The
proof is a modification of the argument of the proof of Theorem 4.2. We consider
the case u = 8 and v = v, with @ < v < 8 (the other cases can be treated in a
similar way).

Let ¢ : [0, +00[— [v, 5] be a solution of the ordinary differential ¢ = /W (y)
with ¢(0) = ~; then ¢ is increasing, converges to 3 at +o0o, and satisfies (cf. (4.4))

/0 TP W) = / T oV WR) ¢ = H(B) — H().

Denote by d(z) the distance of  from A’ and set u.(z) := ¢(d(z)/e) for every
e >0 and z € Q. One readily checks that u. converges to u uniformly on every
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set with positive distance from A’, u. is (C/e)-Lipschitz continuous, and G (u., A)
converge to (H(3) — H(v))#*(A"). O

The last term in @, namely ¢ J#1(Sv), requires a more delicate treatment. The
next steps are crucial in the proof of the statements (i) and (ii) of Theorem 2.6.
We begin with a singular perturbation theorem for one-dimensional functionals: for
every interval E C R and every function v € L'(E) we set

I3

2 e
G20, E) = o /E

Here we have replaced the usual Dirichlet integral by a nonlocal energy which is
directly related to the square of the norm of the space H2 (E). We will use G2 (v, E)
to write the value of F.(u, BN§, BNON) in term of the trace v of w on BN IN in
the particular case where B N9 is a flat disk (see Proposition 4.7).

Theorem 4.4.(cf. [ABS1]). Let V be given as in subsection 2.3. Then the following
statements hold:

v(@') — v(x)

' —x

’ da'dz + A, /E V(v). (4.6)

(i) every countable sequence (v.) C LY(E) with uniformly bounded energies
G?(ve, E) is pre-compact in L*(E) and every cluster points belongs to the space
BV(E,I').

(ii) For every v € BV (E,I') and every sequence (v:) such that ve — v in L'(E)
there holds

lim iélf G%(ve, E) > c#(Sv) (4.7
E—

where #(Sv) denotes as usual the number of points in Sv.
In order to prove Theorem 4.4 we need the following estimate:

Lemma 4.5. Let be given § such that 0 < § < B/;“/. For every interval J C E,

e>0andv € LYE), let A= A(J,e,v) and B = B(J,&,v) be the sets of all points
x € J such that v(z) < o' +§ and v(z) > ' — 0 respectively, and set

_1ang
] 7
p::inf{V(t): a’+5§t§5'—5}.

_BnJ]

a=a(J,ev): b="0b(J,e,v):= g (48)

Then

p|J|

2 LI
GZ(ue, J) > (B — o' —26)?

(B' — o —26)? [log(ab) + log(\.)]. fore < (4.9)

S

Proof. The proof relies on the following key inequality, which is obtained by ap-
plying Proposition 6.1 with W(s) := 1/s% and [t,y] := J

dx'dx

|2 — x|
AxB

ab

(4.10)
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By (4.6) and (4.8) we get

2 £ v(z’) —v(x) |2
GE('U, J) Z % / ‘W’ dl’ldl' +)\€ V(’U)
(AxB)U(BxA) J\(AUB)

€ dx'dz

> (8 — o — 2 i

> —(f' — o' = 20) / o o7 +Xep|J\ (AUB)|
AxB

and by (4.10) this exceeds

E(F — o — 25 _a e
Z(8 o’ ~20) 1og[1+1_a_b}+A6p(1 a—0b)J|
€ TAep|J|
> (8 — o — 2 _ g — _ Tlerl 1 — g — .
> 2(f —a’ - 29) [log(ab) log(1 —a = 8) + 700 (1—a b)}
Now we apply the inequality —logt + Mt > log M with M := % and

t := 1 — a — b, and recalling the assumptions on ¢ we get that our last expression
exceeds

(B — o —26)? [log(ab) + log (%ﬂ

> —(B' — o —26)? [log(ab) + log A\.]. O

3o

Proof of Theorem 4.4. The proof reduces to the following statement: given a
countable sequence (v.) such that G2(v, E) is bounded, possibly passing to a sub-
sequence we have that v. converge in L'(E) to some v € BV (E, I'), and inequality
(4.7) holds.

By a standard truncation argument we can assume from the beginning that
o' <wv. < [ for every € > 0. Possibly passing to a subsequence we can assume that
the sequence (v.) converges weakly* in L*°(F) to some function v and generates a
Young measure x — v, (for a detailed exposition of the theory of Young measures,
we refer to [Val, Va2]).

Since \. — 00 as ¢ — 0 and G?(v., E) is bounded in &, we deduce that the
integral [, V'(ve) vanishes as ¢ — 0, and then

/E (/R V(t) dvx(t)) de — 0.

As W(t) =0 if and only if t = o' or t = ', the probability measure v, is supported
on I' ={da/, 3’} for a.a. x; in other words there exists a function n : E — [0, 1] such
that

vy =n(z) - 00 + (1 —n(x)) - 63 for ae. z € E. (4.11)
We claim that 7 belongs to BV (FE,{0,1}). Take indeed an interval J C E and ¢
such that 0 < < 5/;“/, and define a. := a(J,e,v.) and b, := b(J, €, v.) as in (4.8).
By Lemma 4.5 we obtain that for € small enough

G2(ve, J) > =(B' — o’ —26)?[log(a.b.) +log A.]. (4.12)

Ao
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Furthermore one readily checks that when ¢ — 0

a. — a(J) := ‘17‘[]77 and b, — b(J) := ﬁf](l -n).
If a(J) - b(J) > 0, when we pass to the limit in (4.12) we get

K
lim inf Giv.,J) > —(f — ) =c (4.13)
e— ™
(recall that elog A\e — K and ¢ can be taken arbitrarily small).
Consider now the set S of all x € F such that the approximate limit of n at
x does not exists or belongs to |0,1[. For every finite integer m < #(S) we can
find pairwise disjoint open intervals J;, ¢ = 1,...,m, such that J; NS # @. Thus

a(J;) - b(J;) > 0 and (4.13) becomes

lim inf G%(v., J;) > c,
e—
and since G2(ve, -) is super-additive on disjoint sets,

m
lim inf G2(ve, E) > ) lim inf G2(v., J;) > mc. (4.14)
=1

Hence S is finite, and since 1 has approximate limit equal to 0 or 1 outside of S,
we deduce that n belongs to BV (E,{0,1}) and Sn = S. The claim is proved.

According to (4.11) we deduce that v, is a Dirac mass for almost every z; hence
ve converge strongly to v and

v(z) :==a'n(x) + (1 —n(z)) forae z€kE.

Then v belongs to BV (E,I'), Sv = Sp = S and by taking m = #(S) in (4.14) we
get
limi(r)lng(va,E) > Cc#(Sv). O
E—

Remark 4.6. In [ABS1], we proved that the lower bound given in (4.9) is in fact
optimal: for every v € BV (E,I") we can find a sequence (v.) C H!(E) such that
ve — v in LY(E) and

5lii%G?(vg,E) = C#(Sv). (4.15)

Therefore the functionals G2(-, E) I'-converge in L'(E) to the functional which is
equal to C#(Sv) for every v € BV(E,I') and to 400 elsewhere.

Using Theorem 4.4 and a suitable slicing argument we can obtain the optimal
lower bound for the energies F.(u, BNQ, BNON) when B is a ball centered on 92
and BN is a flat disk (Proposition 4.7). Later on we will show that this flatness
assumption can be dropped when B is sufficiently small.

Proposition 4.7. For every r > 0, let D, be the open half-ball of all x =
(1,72,23) € R3 such that |x| < v and x3 > 0, and E, the disk of all x such
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that |z| < r and x3 = 0. Let (u:) C H(D,) be a countable sequence with uniformly
bounded energies F.(u., D,, E,.). Then the traces Tu. are pre-compact in L'(E,)
and every cluster point belongs to BV (E,., I'); moreover if Tu. — v in L'(E,), then

liminf F.(ue, Dy, E,) > c‘/ vl (4.16)
e—0 ~NSv

Proof. By Lemma 4.1 we can assume that |u.| < m where m is the constant in
(4.1). To simplify the notation we write D and E.

The idea is to reduce to statement (i) of Theorem 4.4 via a suitable slicing
argument. We fix now an arbitrary unit vector e in the plane P := {z3 = 0}, and
we denote by M the orthogonal complement of E in P and by m the projection
of R onto M. The segment 7(E) is called E.; for every y € E., EY denotes the
segment 7 1(y) N E and DY the half-disk 7= 1(y) N D (see Figure 4 below).

Fig. 4. The sets D, E, E., EY and DY.

For every y € E. and every function u on D, u¥ denotes the restriction of u
on DY, and for every function v on FE, v¥Y denotes the restriction of v on EY. If
u € HY(D), then for a.e. y € E, the function u¥ belongs to H'(DY), the gradient
of u¥ agrees a.e. in DY with the projection of Du on the plane spanned by the
vector e and the axis z3, and the trace of u¥ on EY agrees a.e. in EY with (Tu)Y
(cf. Proposition 6.8). Taking into account these facts and Fubini’s theorem, for
every € > 0 we get

F.(u,D, E) 25/ \Du|2+)\s/ V(Tu)
D E

2/ [5/ |Duy|2+)\s/ V(Tuy)} dy
E. Dy Ev

We apply now the trace inequality (6.6) to each function ¥ on the half-disk DY,

and then
TuY(x') — TuY
Fg(u7D7E)2/ [i/ u(ﬂcz u($)‘dx’d$+)\€/
E. 2T (Ev)? xr —x Ev

= / G%(TuY, EY) dy. (4.17)
E.

V(Tuy)] dy

Let us prove that the sequence (Tu.) is pre-compact in L'(E). To this end it
suffices to show that the family F := {Tu.} satisfies the assumptions of Theorem
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6.6 for every of the unit vector e. Thus we fix 4 > 0 and we choose a constant C
such that
F.(ue,D,E) < C, (4.18)

for every e we take v, : E — [—m, m] defined by

(4.19)

o otherwise.

. {Tug for all y € E, s.t. G2(TuY, EY) < 2mrC)/4,
v
By (4.17), (4.18) and (4.19) we have v¢¥ = TwY for all y € E, apart a subset of
measure smaller than §/(2mr). Hence v, = Tu. in E minus a set of measure
smaller that 6/m and, since |Tu.| < m, we deduce that [[v. — Tuc||z1(g) < 6.
Therefore the family Fs := {v.} is d-dense in F in the sense of subsection 6.3; by
(4.19), G2(v¥, EY) < 2mrC/§ for every y € E, and every ¢, and hence statement
(i) of Theorem 4.4 implies that the sequence (vY) is pre-compact in L*(EY). Thus
F satisfies condition (6.9) in Theorem 6.6 for every e, and then the sequence (T'u,)
is pre-compact in L'(E).
It remains to prove that if Tu. — v in L'(E,), then v belongs to BV (E,,I")
and inequality (4.16) holds. replacing u by u. in (4.17) and passing to the limit as
€ — 0, by Fatou’s lemma we deduce that

lim inf F.(u.,D,E) > / liminf G%(TuY, EY) dy,

E, e—0
and then liminf G2(TuY, EY) is finite for a.e. y € E,.
Since Tu. — v in L(E,), possibly passing to a subsequence we have that

Tu¢ — v in L}(E,) for a.e. y € E, (cf. Remark 6.7). Then statements (i) and (ii)
of Theorem 4.4 yield v¥ € BV(EY,I") and

limi(r)lf F.(u.,D,E) > / C#(SvY) dy. (4.20)
e— B,

The right hand side of (4.20) is finite, and then Proposition 6.9 implies that v
belongs to BV (E,I'), and that Sv¥ agrees with SvN EY for a.e. y € E.. By (6.13),
we may rewrite (4.20) as

liminf F;(u., D, E) > C / (Vy, €). (4.21)
-0 DnNSv

Finally (4.16) follows from (4.21) by choosing a suitable unit vector e. O

4.2. Reduction to the Flat Case

The contribution of the wall to the limit energy ® will be obtained by estimating
the asymptotic behavior of F.(u, BN, BNJ) when B is a small ball centered on
0f). This estimate will be derived by Proposition 4.7, provided we can evaluate the
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error we make when we perturb BN to get an half-ball. We expect of course that
this error goes to zero with the radius of B and that it is controlled by the flatness
of the boundary 0f), but making this argument precise requires some computations.
We first describe the behavior of F, under change of variable.

Definition 4.8. Given two domains A1, Ay C R® and a bi-Lipschitz homeomor-
phism ¥ : A; — Ay, the isometry defect §(¥) of ¥ is the smallest constant § such
that

dist (D¥(z),0(3)) < 4§ for ae. x € Ay. (4.22)

Here O(3) is the set of linear isometries on R3, and D¥(z) is regarded as a
linear mapping of R3 into R?; the distance between linear mappings is induced by
the norm || - ||, which for every T is defined as the supremum of |Tv| over all v such
that |v| < 1.

Given T and L such that L is an isometry, the inequality ||T—L|| < § with 6 < 1
implies that T is invertible and |7~ —L7![| < §/(1—4). Hence (4.22) implies that
dist (DY~ (y),0(3)) < 8/(1-6) for a.e. y € Ay, thatis, (V1) < 4(¥)/(1-6(T)).

Inequality (4.22) also implies that [|[D¥| < 1+ § a.e. in A;, and then ¥
is (1 + 6)-Lipschitz continuous on every convex subset of Ap; similarly, ¥~! is
(1 — §)~-Lipschitz continuous on every convex subset of As.

Proposition 4.9. Let be given Ay, Ay and V as above, and assume that ¥ maps a
certain set A} C Ay onto Ay C DAy. Then for every u € H(As) there holds

F.(u, A, Ab) > (1= 6(0))° F(uo ¥, Ay, A)). (4.23)

Proof. Let § := §(¥) and assume that 6 < 1. By (4.22) we get |[D¥|| <140 a.e.
in A1, and then

|D(wo )| < (1+6)|(Du)o¥| ae. in A;. (4.24)

Let g and ¢’ denote the inverse of ¥ and the restriction of the inverse of ¥ to the
boundary of As. The maps g and g’ are locally (1 — )~ !-Lipschitz continuous, and
then the Jacobian determinants satisfy |Jg| < (1 — )73 a.e. on Ay and |J¢'| <
(1—6)73 a.e. on JA,. Using these estimates and the inequality (1 —§)~! > 1+,
we derive (4.23) from (4.2) by (4.24) and the usual change of variable formula. O

Proposition 4.10. For every x € 0§ and every positive v smaller than a certain
critical value r, > 0, there exists a bi-Lipschitz map V¥, : D, — QN B,.(x) such
that

(a) U, takes D, onto QN B.(z) and E, onto 00N B,.(x);
(b) W, is of class C* on D, and |DV, — I|| <4, everywhere in D,., where §, — 0

asr — 0.

(Here I denotes the identity map on R®). In particular the isometry defect of ¥,
vanishes as r — 0.
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Proof. We assume that = 0 and the tangent plane T,,(02) agrees with the plane
{z3 = 0}, and we write B, for B,.(z). For every positive v < 1 and for every r
sufficiently small, we construct a map ¥ which fulfills (a) and ||D¥ — I|| < O(%).

Since 0N is of class C?, for r sufficiently small we reduce to the situation de-
scribed in Figure 5 below:

Pr A% E, x(O) A
W, l W, } q_,Il > N
—> J - | _ ] " m
o N
y o ‘
B, graphof f:E - (-yr,yr)

r

Fig. 5. Construction of ¥ := \I/fl oW, o0 Wy,

Here B] is the set of all x € B, such that —yr < z3 < yr; the map ¥; which
takes D, N BY into the cylinder E, x (0,vr) is given by

Uy (21, x2,x3) : ( 7 2 x )
1\L1, L2,L3) = ) y L3 )
V1= (z3/r)> /1 (a3/r)?
For r small enough, ¥ takes the set 2N BY into a set of the form A := {z € R?

sit. (z1,22) € E, and f(z1,22) < 23 < 'yr}7 where f is a suitable real function of
class C! on E, and satisfies f(0) = 0, Df(0) = 0, |[Df| < 2 on E,. The map ¥,
which takes the cylinder E, x (0,~r) into A is given by

\Ifg($1,$2,1‘3) = (581, T2, T3 + (1 - (z—S)Z)f(.’L’l,ZCQ))

yr

If I denote the identity map on R?, then ||DW; —I|| = O(y?) and || D¥o—1I|| = O(y);
therefore the map W := W7 o Wy0W; (extended to the identity in D, \ BY) satisfies
(a), is of class C* on D, and |[DV — I|| = O(y). O

4.3. Proof of Theorem 2.6, Part I

Proof of statement (i). Let be given a countable sequence (u.) C H'(f2) such
that F.(u.) is bounded in e. Since F.(u.) > GX(u,Q) (see (2.12) and (4.3)), the
sequence (u.) is pre-compact in L!(Q) by statement (i) of Theorem 4.2.

We have to prove that the sequence of the traces (T, ) is pre-compact in L' (9).
In view of Proposition 4.10 we can cover 02 with finitely many balls B? centered on
09 so that QN B is the image of an half-ball under a map V! with isometry defect
smaller than 1. Hence it suffices to show that the sequence (T'u.) is pre-compact
in L1 (00 N B?) for every i.

For every fixed i, let %, := u. o ¥*. Since the isometry defect of ¥’ is smaller
than 1, Proposition 4.9 implies that F. (4, D,, F,) is bounded. Hence the pre-
compactness of the traces Tu. in L'(92N B?) is implied by the pre-compactness of
the traces T, in L'(E,), which in turn follows from Proposition 4.7. [
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Proof of statement (ii). Let be given a sequence (u.) C H!(Q) such that
ue — u € BV(Q,I) in LY(Q) and Tu. — v € BV(9,I') in L'(9Q). We have to
show that

lil;nﬁi(quf F.(uc) > ®(u,v). (4.25)

Clearly we can assume that the liminf at the left hand side of (4.25) is finite.

For every € > 0 let p. be the energy distribution associated with the configu-
ration u., that is, the positive measure which for every Borel set B C R is given
by

we(B)i=e [ Dulr+ 2 [ W) +a [ viTw). (4.26)
QnB € Jans oQNB
Then the total mass ||u.|| of the measure . is equal to F.(u.), and possibly passing
to a subsequence we can assume that ||u.|| is bounded and that . converges in the
sense of measures to some finite measure p on R3.

We also associate to each of the three terms in (2.13) which give ®(u,v) the

energy distributions p!, p? and p? defined by

. 13(B) :=cH'(SvnB).

p!(B) := o#?*(SunB), u*(B):= /’H(Tu)—H(U)
oQNB

Thus ®(u,v) is equal to ||t ||+ ||x2]| +||#3]|, and since the measures u* are mutually
singular and liminf Fy (u.) = liminf ||| > ||p||, inequality (4.25) follows from

p>pt fori=1,2,3. (4.27)

We prove that u > p! by showing that pu(B) > p!'(B) for all sets B C R? such
that BN is a Lipschitz domain and p(0B) = 0 (one readily checks that this class
is large enough to imply the inequality u(B) > u!(B) for all Borel sets B). Indeed
for such a B there holds

p(B) = lim y1c(B) > lim inf Gl(us, BNQ) > o#*(Sun B) = u'(B),

where the first equality follows from the assumption p(9B) = 0, the first inequality
follows from (4.26) and (4.3), and the second one by statement (ii) of Theorem 4.2
with A:= BNQ.

We prove that p > p? in the same way: taken B as before we get

w(B) > liming;(ug,B naQ) > /|H(Tu) — H(v)| = 12 (B)
£—
oQNB
(apply statement (ii) of Proposition 4.3 with A := BN and A’ := BN oN).
The inequality g > p3 requires a different argument. Since u? is the restriction

of s#' to the rectifiable set Sv multiplied by the factor c, the following density
estimate will suffice:

B
lim uB: () >c for #tae € Sv. (4.28)

r—0 2r
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The limit at the left hand side of (4.28) is the one-dimensional density of the
measure g at z. Since Sv is one-rectifiable, this density exists and agrees with the
Radon-Nikodym derivative of the measure p with respect to u? for #'-a.e. x € Sv.

In fact we prove (4.28) for every point x in Sv such that the limit at left hand
side of (4.28) exists, the set Sv has 1-dimensional density equal to one, and the unit
normal v, is approximately continuous at x (notice that these three conditions are
verified for J#1-a.e. x € Sv).

We fix such a point xz. For r sufficiently small we choose a map ¥, as in
Proposition 4.10; we assume moreover that p(9B,(r)) = 0 (this condition is verified
by all r but countably many).

We set @, := u.oV, and ¥ := voW,. Hence Tu. — v in L'(E,),v € BV(E,,I')
and

w(Br(z)) = Eh_I,I(l) pie (B (x)) = ;1_{% Fe (Usa QN Br(x),00N Br(z))

> (1- 5(\I'T))5limi(1)1f F.(i.,D,,E,)
> (1-46(2,))° ¢ ’/ v
SvNE,

where the first inequality follows from (4.23) and the second from (4.16).

Notice that SvN B, (z) = ¥,.(StNE,), and v, (¥, (y)) = DY, (y) - v3(y) for a.e.
y € Sv; taking into account that ||DV, —I|| <, and §(¥,) < ¢, where §, vanishes
as r — 0 (cf. Proposition 4.10), and the choice of the point z, one can easily prove

t hat
’ / Vg
SvNE,

Inequality (4.28) follows from (4.29) and (4.30). O

, (4.29)

=2r+o(r). (4.30)

4.4. Proof of Theorem 2.6, Part II

We need the following extension result.

Lemma 4.11. Let a domain A C R3 be given, and take € €]0,1], a set A’ C dA,
and a Lipschitz function v : A" — [—m,m], where m is given in (4.1). Then v
admits an extension u : A — [—m,m] such that Lip(u) < 1/ + Lip(v) and

Gl(u, A) < ((eLip(v) + 1)* 4+ C) (|0A] + o(1)) p, (4.31)

where C'is the supremum of W on the interval [—-m,m], the error o(1) is a function
of € which depends only on the choice of A (and not on v), and p is the infimum
between ||[v — alloo and ||v — B|oo-

Proof. Since we can extend v to the rest of dA without increasing its Lipschitz
constant, we assume from the beginning that A’ = JA. We also assume that
p = ||[v — a||o (the other case is similar).
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Let Uy be the set of all z € A such that 0 < dist (z,0A) < t. We set u := v on
0A and u = a on A\ U,. Then u is (Lip(v) +1/¢)-Lipschitz continuous on A\ U,
and we extend it to the rest of A without increasing its Lipschitz constant. Then

Gelu, 4) = / e[Duf? + LW (u) < [(eLip(v) +1)% + C] —'U;P‘.
U,

(4.32)

Finally it is enough to notice that |U| = t|0A| + o(t) because 0A is Lipschitz. O

Statement (iii) of Theorem 2.6 is a direct corollary of the following approxima-
tion result.

Lemma 4.12. Let be given u € BV (Q,1I) and v € BV (9Q,1I") so that Su and Sv
are closed manifolds of class C? without boundary respectively in Q and 0. Then
for every n > 0 and every ¢ > 0 we can find u. € H*(Q) such that

lim sup lue —ullLi) <mn,  lim Sup [Tue — vllLa0) < m, (4.33)
£— s

limsup F(u.) < 0% (Su) + | |H(Tu) — Hv)|+ c " (Sv) +n.  (4.34)
o0

e—0

Proof. Possibly modifying v and v in a negligible subset we can assume that they
are constant in each connected component of 2\ Su and 99\ Sv respectively.
Let us fix some notation. All the functions we consider in this proof will take
values in [—m,m], where m is given in (4.1). We fix a constant C' > 2m which is
larger than the constant C' in Lemma 4.11, and of the suprema of v/W, W and V
on the interval [—m,m|. In particular C is larger than the constants in statement
(iii) of Theorem 4.2 and statement (ii) of Proposition 4.3. For every = € € we set
d(x) := dist (z,09Q), while d’ : 9Q — R is the oriented distance from Sv defined by

dist (z, Sv) ifewe{v=7p"},
d'(z) =
—dist (z, Sv) ifz € {v=2a}.

Since Swv is a boundary in OS2, the intersection of a tubular neighborhood of Sv and
Q is diffeomorphic to the product of Sv and an half-disk. Such diffeomorphism ¥
can be constructed as follows: given x € Q, let 2’ be the projection of  on 05, let z”
be the projection of 2’ on Sv, and set ¥(z) := (2, d'(2'),d(x)) € Sv xR x [0, +o0l.
Using the tubular neighborhood theorem one can show that the map ¥ is well-
defined and is a diffeomorphism of class C? on Q N U for some neighborhood U of
Sv (here we use the fact that 9Q and Sv are of class C?). Moreover ¥ takes QN U
into Sv x Rx]0, 400 and 9QNU into Sv x Rx {0}, and for every z € 99, ¥(x) =z
and DV (z) is an isometry.

Let A, be the set of all x € € such that dist (z, Sv) < r. Since DV is continuous,
we deduce that the isometry defect §, of the restriction of ¥ to the A, satisfies

lim 6, = 0. (4.35)

r—0
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We denote by ., the set of all € Q such that d(x) = r, and we fix now r > 0 so
that

(a) 7 and .%%, are Lipschitz surfaces,
(b) Sun. is a Lipschitz curve (not necessarily connected),
(c) the set A, is included in U.

Notice that (a) and (c) are verified by every r sufficiently small, while (b) is verified
by a.e. r sufficiently small (apply Sard’s theorem to the function d on the surface
Su). We construct now a partition of €2

By :={x € Q: dist (z,SvU (Sun.)) < 3r},
Ay ={z € Q\B;:d(z) <r},
By:={ze€Q\B;:r<d)<2r},

Ay :={z e Q\B;: 2r <d(z)},

Fig. 6. The partition of €.

For every € < r we construct the Lipschitz function u. in four steps: first we
define it on A and Ay, and then on By and Bj.

On the set Ay we take u. as in the second part of statement (iii) of Theorem
4.2 (with A replaced by As) and we extend it to dAs by continuity. Hence u. is
(C/e)-Lipschitz continuous on As, it converges to u pointwise on A, and uniformly
on JA; N JBy, and

F.(uz, Az, 0) = GL(ue, Ag) < 0% (Sun A) + o(1) < o2 (Su) + o(1). (4.36)

The function u is constant (equal to « or 3) on every connected component A of
A1, while v is constant (equal to o or 3’) on 0AN N (cf. Figure 6); thus we take
ue as in statement (ii) of Proposition 4.3 (with A’ replaced by dA N 9N) and we
extend it to 0A; by continuity. Since the distance between two different connected
components of A; is larger than r and C/e > 2m/r, then u. is (C/e)-Lipschitz
continuous on A; and agrees with v on dA; N 9Q. Moreover it converges to u
pointwise on A; and uniformly on 0A; N dB5, and satisfies

Fo(uc, A1, 04, N 0Q) = GL(ue, A1) < | |H(Tue) — H(v)| + o(1). (4.37)
1219}
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Since the distance between A; and A, is equal to r and C'/e > 2m/r, it follows
that u. is (C/e)-Lipschitz continuous also on A; U A;. Then we can apply Lemma
4.11 to each connected component B of By to extend the function w., which is
defined only on (0A; U dA2) NIB, to the rest of B; since u is constant (equal to
a or ) on each connected component of By, if we denote by p. the infimum of
|ue — u| on (0A; UOA2) N OBy, then p. = o(1) and (4.31) yields

F.(uz, By, 0) = G(ue, By) < (1 +C)? + C) ([10Bs] + (1)) pe = o(1).  (4.38)

Moreover u, is (2C/e)-Lipschitz continuous on Bs.

It remains to construct u. on By. This last step is slightly more elaborated than
the previous ones. First of all we define a function w, : R x [0, +oo[— [-m,m] as
follows: in polar coordinates 6 € [0, 7], p € [0, +0o0],

(pAe/2) (B! + (1= 0)B) + (1 — pAc/e) “ i 0 < p<e/A.,
we(0,p) :==
b/ + (1 -0)8 if e/Xe < p.

For every t > 0 let D; be the half-disk of all y € Rx]0, +o0o[ such that |y| < ¢, and
let E; be the segment of all y € R x {0} such that |y| < ¢. A direct computation
gives

/ |Dw. |2 = (7 — o) log(A:/g) + O(1). (4.39)
D; ™

We set we(z,y) := we(y) for every z € Sv and y € R x [0, +00[, and using (4.39)
we obtain

Fg(wg,SU X DQE’S'U X EQE) =

— %I(Sv) . {E/D |Dw5|2 + é W (we) + )\5/ V(wg):|

2e Do Ee/ae
< A (Sv) - [Mmg@g /e) + 2meC + 280]
= cH#*(Sv) +o(1). (4.40)

We define u. on the set A, by u. := w. o ¥, where ¥ and A, are given at
the beginning of this proof. Since the isometry defect of ¥ on A. tends to 0 as
g — 0 (cf. (4.35)), for € small enough the function ¥ is 2-Lipschitz continuous (see
Definition 4.8 and subsequent remarks), and then ¥ takes A. into Sv x Dy, and
0A: NI into Sv X Ea.. Then (4.40) and Proposition 4.9 yield

(1 —6.)°Fe(ue, Ac, 0A. N ON) < F.(w., Sv X Dag, Sv x Fo.)
< ¢ (Sv) +o(1). (4.41)

We extend u. by setting u. := v in the rest of dB; N JQ; then u. = v on 9N \
0A.. Now u, is defined on the whole boundary of B; \ A. and is (2C/¢)-Lipschitz
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continuous. Hence we can use Lemma 4.11 to extend u. to By \ A., and inequality
(4.32) yields

F.(uc, By \ A, 0(By \ A.) N 9Q) = GL(ue, By \ A:)

<(1+20)*+C)

Vel
— 4.42
<, @)

where p is the infimum of [u. —a/|| and [u. — 3|, and Uy, is the set of all z € By \ A.
such that dist (z,0(B1 \ A:)) < pe. Since p < 2m and |Ue,| = €p|0Bi1| + o(ep),
(4.42) becomes

F.(ue, By \ A, 0(B1 \ A.) N 9Q) < C'|0B| + o(1), (4.43)

where C" := (1 +2C)% + C. B

The function u. is now defined on the whole of Q and is Lipschitz continuous.
Putting together inequalities (4.36), (4.37), (4.38), (4.41) and (4.43) we finally
obtain

limsup F.(u.) < 0#%(Su) + | |H(Tu) — H(v)| +c#"(Sv) +C'|0B,]. (4.44)
e—0 (o9}

Moreover u. — u pointwise on A; and As, and u. = v on 9N \ OA., and then

1ims(§1p ue — ullp10) < 2m(|By|+ |B2|) and iir% | Tue —v||L1(90) = 0. (4.45)
£— -

Notice that |0Bi], |B1| and |Bz| have order r, r? and r respectively, then taking r
small enough we deduce (4.34) and (4.33) from (4.44) and (4.45). O

Proof of statement (iii) of Theorem 2.6. We first remark that every pair
(u,v) € BV(Q,I) x BV(99Q,1I') can be approximated in L'(Q) x L'(9Q) by a se-
quence (uy, v, ) which fulfill the regularity assumptions of Lemma 4.12 and satisfies
H%(Su,) — H#?(Su) and H#1(Sv,) — H#1(Sv) (see for instance [Gi, Theorem
1.24]). Therefore ®(uy,,v,) — ®(u,v). To conclude the proof of statement (iii) of
Theorem 2.6, we just need to apply Lemma 4.12 to each pair (un,v,) and then
apply a suitable diagonal argument. [J

5. Application to Capillary Equilibrium with Line Tension

In this section we describe some mechanical features of the equilibrium config-
urations associated with the relaxation Fy of the energy Fy (see subsection 2.2)
or with the limit energy F' obtained in subsection 2.3. We follow the notation of
subsections 2.2 and 2.4.

We recall that Fip and F' are given in term of ®; and ® (see (2.6), (2.16)), which
in turn can be viewed as special cases of the more general energy ®.., given in
(2.19) (following subsection 2.4, here we view F' as a function of A € X instead
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of w € BV(Q,I), and ® as a function of (A,A’) € X x X’ instead of (u,v) €
BV (Q,I) x BV(0Q,1")).

The functional @4, depends on the bulk phase A and the boundary phase A’
(which determine respectively the other bulk phase B and the other boundary phase
B’). A configuration A € X is at equilibrium with respect to F (resp. F) under
the volume constraint |A| = v if and only if there exists A’ € X’ such that (A, A’)
is an equilibrium configuration for ®g (resp. ®).

In subsection 5.1 we briefly describe the equilibrium conditions for a configura-
tion (A,A’) with respect to the energy ®gcn; in particular we notice that, at equi-
librium, the contact angle ¢ satisfies a different condition than the usual Young’s
law (prescribed by the capillary energy Eq in (1.1)). This modification depends
heavily whether the contact line %, and the dividing line %a/g: coincide or not.
In subsection 5.2 we exhibit examples where %, and %ag’ coincide and examples
where they do not.

5.1. Equilibrium Conditions for the Energy ®gen

The general model ®4¢, is characterized by the coefficients oag, 0aar, Oap/,
Ogar, Opgr and C; we assume that the generalized wetting conditions (2.24) are
verified. A configuration (A,A’) is in equilibrium if it minimizes ®ge, under the
volume constraint |A| = v for some v such that 0 < v < ||, that is, if it solves the
problem

min {UAB\yAB| + oan |Ianr| + Oa | Fase | +
AEX,|A|=v

AeEX! (5.1)

+ osar|SBar| + OB/ |TBE/| + Cl- LA }

We just recall here that since ®4y, is lower semicontinuous on X x X " (Theorem
2.9), the minimum problem (5.1) admits a solution (A, A’) where A and A’ have
finite perimeter (respectively in Q and 99). By standard regularity results for sets
with minimal perimeter in dimension 3 and 2 (see for instance [Ta, Amb2]), the
essential boundary of A in €2, that is, the interface .#ag, is a closed analytic surface
with constant mean curvature, while the essential boundary of A’ in 9€, that is
Zapr, is a closed curve of class CL-L.

For the rest of this section we assume that all the objects we consider are
sufficiently smooth, and all statements are given without rigorous proofs. Let us
recall the geometrical parameters of the problem. Given a configuration (A, A’), the
contact line %, is the curve determined by the intersection of the interface #ag = 0A
with the boundary of Q, the contact angle 0 is defined at every point of £, as the
angle between the outward normal v to 992 and the outward normal to Fag (viewed
as a part of the boundary of A); the dividing line Zag: is the boundary of A’; and
at every point x € Zap we denote by K,(x) the scalar product of the outward co-
normal versor of A’ (denoted v4/) by the mean curvature vector of Zpg/; in other
words the real number KC,(z) represents the signed geodesic curvature of Zng,
oriented by the tangent vector ¢ so that the Darboux system (¢, v4s,vq) is direct.
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boundary phase B'

boundary phase A’

dividing line Z,g  contact line £

Fig. 7. An example of equilibrium configuration

We define now the angles 61,02 € [0, 7], the dimensionless parameter 7 and the
characteristic length ¢ as follows:

Oanr — OBA/ Oap’ — OBp/
cos(fy) i= ———, cos(fy) = ———,
OAB OaB (5.2)
Ogpr + Oap’ — Opar — OBA/ ¢ C ’
T = =—.
OAB ’ OAB

In the following we assume that 6, > -, the other case being similar.

Let (A,A’) be an equilibrium configuration for @4y, that is, a solution of (5.1).
Then the mean curvature of the interface #ag is constant, moreover we can derive
some equilibrium conditions for K, and 6. More precisely, the contact angle

verifies
0 — {91 on (L \ Lne) NA,
> on (L \ Lne)NB, (5.3)

0 € [92,91] on .%. N %Lap,

while the geodesic curvature KC, verifies

T — cos 01 + cos 05 on (Lap \ %) N SLaw,
-2k, = { T 4 cosfy — cos By on (ZLap \ L) N Spw, (5.4)
T —cosbf; —cosfy +2cosf on Lap NYLe

(we do not precise here in which weak sense the curvature must be intended; clearly
(5.3) and (5.4) will hold in the classical sense up to few exceptional points).

Both equilibrium conditions (5.3) and (5.4) can be easily interpreted in term
of forces. Notice that the first two lines in (5.3) are a restatement of Young’s law
(cf. (1.3) and (5.2)), while the first two lines in (5.4) are the usual constant mean
curvature condition for the minimizers of functionals of the type a|0E|+b|E| E C
0N with E C 01, that is a Young’s law on the manifold 9. In the intersection of
%, and Zapr, the balance between forces due to surface tension, line tension and
boundary adhesion leads to the relation between 6 and ICy stated in the last line of
(5.4).

We remark that the dividing line #agr may be empty, namely when A’ or B’ is
empty; in this case condition (5.4) disappears and eventually (5.3) reduces to the
usual Young’s law 6§ = 05 or 6 = 61 on %, respectively.
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Both (5.3) and (5.4) depends only on the four independent parameters 61, 05, T
and ¢ which determine the equilibrium configurations of ®,¢,. This is in accordance
with subsection 2.4, where we claimed that the model associated with ®g., has
indeed four degrees of freedom.

5.2. An Example: A Bubble Growing in a Cylinder

In this subsection we give some explicit examples of equilibrium configurations.
We restrict our attention to the particular case

oan =0 =0, Opapr =0y = 0pg = 0. (5.5)

Then 6; = m, 02 =0, 7 =0, and the only free parameter left is £ := ¢/0 (cf. (5.2)).
The expression of ®4e, becomes

Pyen (A, A') = 0(|Sns| + [Sae| + | Foar| + (| Lner]). (5.6)

Notice that (5.5) implies (2.22), and therefore @, is a particular case of ®q (cor-
responding to the relaxation of Fy when oaw = ogw = 0) or of ® (when the wells
of Vand W satisfy a = o’ < = 0').

We consider now the (limit) case where the container (2 is an infinite cylinder
of radius 7 and the volume of the phase A is a finite number v, and we study the
behavior of the equilibrium configurations as v increases from 0 to +o0c. Under the
additional assumption that r < £/2, we obtain in fact a complete description of the
equilibrium configurations for every value of v.

Proposition 5.1. Assume that r < £/2 and let v1 = 47r3/3 and vy := 7r?(r/3 +
20) (hence vy < vy). Then the equilibrium configurations (A, A’) are given as follows:

3_v)1/3

(i) when v < vy, A is any sphere with radius p := (3%

total energy is given by

, A" is empty, and the

E = 4np*o = (36m)Y/3 o v?/3; (5.7)

(il) when v1 < v < wva, A is the union of two half-spheres of radius r and a
cylinder of radius r and height d (see Figure 8 below) where d := =3+, A’ is
empty, and the total energy is

drr? 2
)

E = o(4mr? +2 d:a(
(477 + 27rd) 3 .

; (5.8)

(iii) when v > vy, A is a cylinder of radius r and height 7= 1r=2v and A’ agrees

with the interface Saw (see Figure 9 below); the total energy is

E = o(2nr® + 47rl). (5.9)
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boundary phase B

‘ no boundary phase A'

\
\

. phase B

1
/

phase A contactline.Z. nodividing line Z,p

Fig. 8. Equilibrium configuration for v; < v < vs.

bdry phase B'  bdry p‘hase A' bdry phase B'

| |
\ phaseB/( phaseA/( phase B

contact line ., = dividing line Zp g

Fig. 9. Equilibrium configuration for vy < v.

The result of Proposition 5.1 can be interpreted as follows: for v smaller than
the critical volume vs, the minimal energy is achieved when A’ is empty; this means
that the dividing line Za/g’ is empty no line tension appears. When v is smaller
than v1, A is a spherical bubble which touches the wall of the container in at most
one point (and the contact line is empty); when v reaches the value vy the sphere A
becomes tangent to the cylinder (on a circle) and then it grows as shown in Figure
8. In the intermediate range v, < v < vs, the contact line %, consists of two circles
(delimiting the part of the wall corresponding to #aw) and the contact angle 6 is
everywhere equal to 65 = 0. When v passes the critical value vo we have a sudden
change: the boundary phase A’ appears and agrees with the interface .#aw; the
contact line .. and the dividing line £\ g coincide and have vanishing geodesic
curvature KCy(z). Then (5.4) shows that the contact angle 0 is equal to 7.

In other words, if we consider the quasistatic evolution of the system when the
volume v of phase A increases continuously from 0 to 400, the bubble will experience
a discontinuity in ¢ (from 6 = 0 to 6 = ) when v reaches the critical value vs.
This example shows that for a good understanding of this model of capillarity with
line tension it is crucial to admit boundary phases which may not agree with the

interfaces between the bulk phases and the wall.

Remark 5.2. In the previous example we have assumed condition (5.5) only to
provide explicit computations. Another interesting situation is obtained when the
container § is an a half-space and the coefficients of @4y, satisty, instead of (5.5),

opn = 0pgr =0 O<O'AB/:O'BA/:OJ<O'AB:O‘.

In this case the angle 65 lies in interval (0, 3), 01 = 7 — 62, and 7 = 0 (see (5.2)).
Under these assumptions we expect the following picture (which has been par-
tially confirmed by numerical computations): when the volume v of the phase A
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is small, the optimal configuration is obtained when A’ is empty and the interface
ZaB is a spherical surface which meets the wall 02 with constant contact angle
f = 05; in this regime A grows homotetically with v, the dividing line is empty and
there is no line tension.

When v is larger than a certain critical value vy, the optimal configuration is
obtained when A’ agrees with #aw and .#ag is a spherical surface which meets 9
with constant contact angle 6 € (62,%). When v passes v the contact angle ¢
increase discontinuously from 6 to a certain 6y € (2, 5); also the radius of the
disk #ag admits a discontinuity at v = vg. In the regime v > vy the dividing line
agrees with the contact line, the radius of the disk #ag increases with v, while the
relative contribution of line tension to the total energy decreases, and the contact
angle increases to w/2 as v — oo.

Sketch of the proof of Proposition 5.1. Since Yyp = 0A/, S = OANQ,
g = 0A\ A, Spar = A"\ A, and ¢ = ¢/0, we can rewrite the functional ®gep
in (5.6) as

Dyen(A,A) = 0(|8AAA'| + €|8A’|). (5.10)

We consider now a minimizer (A, A”) of ®ge, under the constraint |A| = v.

Assertion 1. If A’ is empty, then A is a sphere as long as v < vy = 4713/3, and
otherwise is given as in Figure 8; the corresponding energies are given by (5.7) and
(5.8) respectively.

Proof. If A’ is empty then A minimizes g|0A| under the volume constraint |A| = v
(cf. (5.10)). Then A must be a sphere as long as a sphere of volume v is contained
in Q, that is, for v < 47r3/3. For larger v, we can easily prove that A is axially
symmetric (by a standard application of Steiner symmetrization), OA has constant
mean curvature in £ and meets 92 with constant contact angle § = 0 (cf. (5.3)).
The only possibility is the one in Figure 8.

Assertion 2. if A’ is not empty, then |OA’| > 4xr.

Proof. We assume first that 0A’ consists of one connected component 7 only.
Since the closed curve v is a boundary within 052, it is homotopically trivial. Now
the Gaussian curvature of 92 vanishes and by the theorem of Gauss-Bonnet, the
integral over v of the modulus of the geodesic curvature K4(z) is exactly 2m. But
we know from (5.4) that |[K4(x)| < 1/£ (recall that 7 = 0). Then v has length at
least 270¢, and the thesis follows by the assumption r < £/2.

Clearly this argument runs also if we assume that A’ contains at least one
homotopically trivial connected component. In all other cases, A’ contains at
least two closed curves which wind around the cylinder and therefore we have again
|OA’| > 4mr.

Assertion 3. if A’ is not empty then v > w273,

Proof. By Step 2 we know that |0A’| > 4nr, and then the energy of the con-
figuration (A, A’) is at least 47rfo, which is strictly larger than (5.7) and (5.8) if

v < w2rd; by Step 1 we deduce that (A, A’) cannot be a minimizer for v < w23,



38 G. ALBERTI, G. BOUCHITTE & P. SEPPECHER

Assertion 4. if A’ is not empty then A is given as in Figure 9, and the energy is
given in (5.9).

Proof. By Step 2 we know that |0A’| > 47r and by Step 3 that |A| > 7%r3. Then
Proposition 6.10 yields [DANQ| > 2772 and therefore the total energy is larger than
o(2mr?+4mrl). On the other hand this lower bound is achieved by the configuration
described in Figure 9 only.

To conclude the proof, it is enough to notice that the configuration in Figure 9
is preferable to the one in Figure 8 only when v is larger than vy = 7r2(r/3 + 2()
(just compare the values of the energy in (5.8) and (5.9)). O

6. Appendix

We give here some technical lemmas we used in the previous sections.

6.1. A Rearrangement Result

Let ¢ be a positive decreasing function on [0, +oo[. For every couple of Borel
sets A and B in R we set

U(A, B) := . Bw(\a?' — x|) dz'dz. (6.1)

Now, for every t,y € R, we denote by L;(A) the interval [¢,¢ + |A|] and by R,(B)
the interval [y — | B|, y]. The following result can be found in [ABS1] (see also [Br]);
for the convenience of the reader we give also the proof.

Proposition 6.1. If A and B are disjoint sets included in the interval [t,y], then
U(A, B) > U(Ly(A), Ry(B)). (6.2)

In other words, if we fix an interval I and restrict our attention to the class of
all A, B C I with prescribed measures a and b (with a + b < |I|), then the infimum
of W is achieved when A and B are intervals and are taken as much distant as
possible.

Proof. We write A < B if sup A < inf B. We remark that if t < A < B < y then
V(A,B) > U(L,(A),B) and ¥(A,B)>Y(A,Ry(B)). (6.3)

Indeed, by setting h(z) :=t + [ 1a(s) ds, we have that h(z) < z for all x > ¢,
and since v is decreasing we get

\Il(A,B):/B[ t

Z/B[ +w¢(x'—h(x))h'(x)dw} dz’

+oo
(@' —x) 1a(2) daz} da’

:/B {/tt—mw(x’—u)du] dr' = U(Ly(A), B).
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This proves the first inequality in (6.3). The second one may be proved in the same
way.

Next we observe that it suffices to prove inequality (6.2) when A and B are finite
unions of closed intervals, the general case will follow by a standard approximation
argument. Let A=A, UAU...UA,,, B=BUByU...UB,,, where A; and
B; are pairwise disjoint closed intervals in [t,y].

The proof is achieved by induction on the total number of intervals n = n4+ng.
When n = 1, either A or B is empty and the proposition is trivial. Now, we assume
the proposition true for n and we prove it for n + 1.

Let be given A and B such that ng +np = n + 1. With no loss in generality
we may assume that A is non-empty and A; < A; for all ¢ > 1 and 4; < B; we
set ¢ := |4y and A’ := AU A3U...UA,,. Then we may write ¥(A,B) as
U(Ay,B) + ¥(A',B), and since t < A; < B < y, inequalities (6.3) yield

U(A1, B) > U (Ly(Ar), B) > W(Li(A1), Ry(B)).

Moreover, A’ and B are disjoint subsets of [t + ¢,y] and na + np = n; therefore
the inductive hypothesis yields

\IJ(A/a B) > ‘II<L75+C(A/)>R.U(B))'

Hence
W(A, B) > W(Li(A41), Ry(B)) + ¥ (LysoA), Ry (B))

and since L; (A1) U Lyyo(A') = Li(A), we deduce (6.2). O

6.2. Optimal Constants for Some Trace Inequalities

The following three statements are concerned with the optimal constant for
some trace inequalities involving the L? norm of the gradient of a function defined
on a two-dimensional domain and the H'/? norm of its trace on a line. For the
time being u = u(z,y) is a real function on R?, v = v(x) is the trace of u on the
line R x {0}, & = 4(§, v) is the Fourier Transform of u and ¢ = ¢(§) is the Fourier
Transform of v.

Lemma 6.2. Let u be a function in Li _(R?) with derivative in L?>. Then u
belongs to HL .(R?) and the trace of u on the line R x {0} is a well-defined function

v e L (R). Moreover

loc
/.

Proof. First we prove inequality (6.4) when w is a smooth function with compact
support by a standard Fourier Transform argument (cf. [Ne, Chapter 2, Section

v(a') — v(x)

Tz —x

2
‘ d'de < 77/ |\ Dul? dz dy. (6.4)
RQ
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J.

U

h
2

”fo‘ dxdx—/R /\v$+h)—“< )] 3y

= [ ] loeme - vfae] 33
r LJR
:/R:/RQ—chsz(%hg) dh]|ﬁ(§)|2d§

— 4n? / 106 2l¢] de

3‘

(here the second equality follows from Plancherel Theorem and the identity
Tho(€) = e*™he(€), while the last equality follows from the identity [,(2 —
2cos(2mh€)) h=2dh = 4772|§|)

Now we notice that 9(§) = [, @(§, ) dv, and then

/Ra %‘ dadp = dx /R[/Rﬁ(&l/ﬂflwdurdg
:471-2/ {/( (€, )(E +V2)1/2)<§2|j|y2)1/2dy]2d§

<ot [ [ fre +ota][ [ o a]a

= 471'3/ |a|?(&2 + v?) d¢ dv
R2

:71'/ | Dul|? dz dy
R2

(the inequality follows from Schwartz-Holder inequality, while the last equality fol-
lows from Plancherel theorem and the identity Du(&,v) = 2mia(€,v) - (€, v)).

Now we want to extend inequality (6.4) to all functions in the Beppo-Levi space

= {u €LL . (R?) : Due LQ}. We recall that X is Fréchet space whose topology
is generated by the Li . topology and the semi-norm ||Dul|>. We will use a density
argument.

Notice that the right hand side of inequality (6.4) is continuous on X (by the
definition of the topology of X), while the left hand side is lower semicontinuous
in L] ., and then also in X, by the Fatou’s Lemma. Hence it is enough to prove
that the space D(R?) of all smooth functions with compact support is dense in X.
Since D(R?) is dense in H'(R?) and X N L* is dense in X (any u € X may be
approximated by the truncated functions u,, := (uAn)V (—n)), it remains to show
that H! is dense in X N L™ (with respect to the topology of X).

For every bounded function u in X and every integer n > 1 we set u,(z) :=
gn(z)u(x) where

1 if x| < nt/e,
gn(z) = < log(logn) — log(log |z|) if ni/e < |z] < n,
0 if n < |z|.
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Each u,, belongs to H' and u,, tends to w in L{. .. Moreover Du,, = g, Du+u Dgy,,
and u Dg,, — 0 in L? because u is bounded and Dg,, — 0 in L? (this can be checked
by a direct computation); hence Du,, — Du in L?, and thus we have proved that
U, tends tow in X. O

Corollary 6.3. Let A be the half-plane {(x,y) : y > 0} and let u be a function in
Ll (A) such that Du € L%. Then the trace v of u on R x {0} is well-defined and

J.

Proof. Extend the function u to the whole R? by reflection and then apply Lemma
6.2. O

Corollary 6.4. Let D be the half-disk {(ac,y) st <, y > 0} where r > 0,
and let u be a function in H'(Q). Then the trace of u on the segment E x {0} (with
E =] —r,r[) belongs to H'/*(E) and

J.

Proof. We extend the function u to the whole half-plane A := {(z,y) : y > 0} by
setting

" — 2
v(@) = v(z) dx'dx < 271'/ | Dul? dx dy. (6.5)
A

T —x

n_ 2
M‘ dz dx’ < 27r/ | Du|? dx dy. (6.6)
D

' —x

u(z) if |z| <,

u(r?/z) if|z| >r

(we identify the points (z,y) with the complex numbers z = x+iy). Since z — 72 /z
is a conformal mapping, we have [, ,|Da|* = [, |Da* = [,[Dul*. Thus D

belongs to L?(A) and by Corollary 6.3 we get

47r/ | Du/? :277/ | Diif?
D A

PPN )
N LEELET
R2 xr — T
~(l\ 5 2 o(r") — § 2
2/ —v(ac)/ v(ac)‘ dz' dx —|—/ 40(:3)/ v(x)‘ dz' dx
E2 xr — T (R\E)2 xr — X
v(z") —v(x) 12 rt

dz' dz

v(@) —v(z) Z(x) ‘2dx’dx + /

z — E2
A 2
) le) Py,

:/E2
:2/Ez

Remark 6.5. The constants in the trace inequalities (6.4), (6.5) and (6.6) are opti-
mal. The proof of this claim clearly reduces to prove that the constant 27 in (6.6)

r2/x — rz/x‘ (x'z)?

T —x
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is sharp. To this end we consider for every A > 1/r the functions uy : D — [0, 1]
given in polar coordinates 6 €]0, [, p €]0,r[ by

%Gp for 0 < p < 1/A,
ur(p,0) = (6.7)

19 for1/A<p<r.

The trace of uy on E is the function vy(z) = 0 for z > 0 and vy(x) = 1 for x < 0.

By a straightforward computation one gets

/ ua(z’) —va(x)
B2 T —x

2
dzdz’ = 2log A+ O(1)

and

/ |Duy|? dzdy = Llog A + O(1).
D

The conclusion follows by letting A — +oc.

6.3. Some Slicing Results

We establish now a connection between the compactness of a family of functions
in LY(R") and the compactness of the traces of these functions on lines. We fix
L > 0 and we assume throughout this subsection that every function takes values
in the interval [—L, L].

Let us fix some notation: A is a bounded open subset of RV, e is a unit vector
in RY and u a function on A; we denote by M the orthogonal complement of e, by
A, the projection of A onto M; for every y € M, AY :={t e R: y+te € A} and
uY? is the trace of w on AY, that is, u¥(¢) := u(y + te). Accordingly, for every family
F of functions on A we set FY := {u¥ : u € F}, so that FY? is a family of functions
on AY.

The simplest statement which connects the pre-compactness of F in L!(A) with
the pre-compactness of F¥ in L*(AY) is the following: assume that there exist N
linearly independent unit vectors e such that:

FY is pre-compact in L' (AY) for #N=1 a.e. y € A,. (6.8)

Then F is pre-compact in L'(A).

Unfortunately this statement does not fit our purposes. A sufficiently general
result is obtained by allowing the possibility of replacing F in (6.8) with a pertur-
bation of F. More precisely, for every § > 0 we say that a family F’ is §-dense in
F if F lies in a d-neighborhood of F’ with respect to the L!(A) topology, and then
we have the following:

Theorem 6.6. Let F be a family of functions v : A — [—L,L] and assume
that there exists N linearly independent unit vectors e which satisfy the following
property:
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for every 6 > 0 there exists a family Fs J-dense in F such

that (Fs)¥ is pre-compact in L*(AY) for N1 a.e. y € A.. (6.9)

Then F is pre-compact in L'(A).

Proof. With no loss in generality, we may assume that L = 1 and |AY| < 1 for all
y. Every function defined on A is extended to 0 on RY \ A, and accordingly every
function defined on AY is extended to 0 on R\ AY. Fix for the moment a unit vector
e which satisfies (6.9). For all y € A, and all s > 0 we set

wi(s) := sup { /R |v¥(t+h) —vY(t)]|dt : veEFs, he [—575]}. (6.10)

Since |v¥| < 1 and |AY| < 1, then wi(s) < 2 for all s > 0, and since (F5)Y is
pre-compact in L'(AY), the Fréchet-Kolmogorov Theorem yields that w¥(s) \, 0 as
s\, 0. Take now v € F and § > 0, and choose v € Fs such that ||u —v||; < (in
L'(A)). By (6.10) we obtain, for every h

/’u(m—l—he)—u(x)’d:cg%—&—/ |v(z + he) — v(z)| dx
RN

:26+/A (/R]vg(t—kh)—vg(tﬂdt) dy
§26+/ WY(Jh)) dy. (6.11)

e

For every § > 0 and s > 0 we set ws(s) := fAe wi(s)dy. Then ws < 2|A
because wi < 2, and ws(s) \, 0 as s \, 0 because the same holds true for all wy
(apply the dominated convergence theorem). Now, for all s > 0 we set w(s) :=
infs~0 (20 + ws(s)): the function w is bounded and w(s) \, 0 as s \, 0, and (6.11)
yields

/ |u(z + he) — u(z)| dz < w(|h]) VheR,veF. (6.12)
Rh

Finally we take linearly independent unit vectors e; with ¢ = 1,..., N which
satisfy (6.9) and we take w; such that (6.12) holds (with e and w replaced by e; and
w; resp.). Since the vectors e; span RY, the Fréchet-Kolmogorov Theorem implies
that F is pre-compact in L'(4). O

We conclude this subsection by recalling some results about the slicing of Sobolev
functions and finite perimeter sets, which are well-known to experts but not avail-
able in this form in standard reference books. For simplicity we consider only one-
dimensional slicings, but the following results are valid for slicings with arbitrary
dimension.

Remark 6.7. Let A, e, A, and AY be given as before, and take a Borel function u
on A; by Fubini’s theorem u belongs to LP(A) (with 1 < p < c0) if and only if u¥
belongs to LP(AY) for a.e. y € A, and the function y — [|u¥||, belongs to LP(A.).
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Similarly, given a sequence (u,) C LP(A) which converges to w in LP(A), possibly
passing to a subsequence we have that (u,)? converges to u¥ in LP(AY) for a.e.

y € A.. Conversely, if (u,)¥ — u¥ in LP(AY) for a.e. y € A, and the functions
|u,|P are equi-integrable, then u,, — u in LP(A).

Proposition 6.8. (cf. [EG, Section 4.9]). Let be given u € LP(A). If e is an
arbitrary unit vector and u belongs to WP (A), then u¥ € WHP(AY) for a.e. y € A,
and the derivative Du¥(t) agrees with the partial derivative D.u(y + te) for a.e.
y € A, and t € AY. Conversely u belongs to WHP(A) if there exist N linearly
independent unit vectors e such that u¥ € W1P(AY) for a.e. y € A. and the
function y — ||DuY||, belongs to LP(A.).

Proposition 6.9. (see [Ambl], cf. also [EG, section 5.10]). Let be given a Borel

set E C A. If e is an arbitrary unit vector and E has finite perimeter in A, then
EY has finite perimeter in AY and O(EY N AY) = (OE N A)Y for a.e. y € A., and

[ #eErnandy= [ ). (6.13)
Ae OENA

Conversely, E has finite perimeter in A if there exist N linearly independent unit
vectors e such that the integral of #(OEY N AY) over all y € A, is finite.

6.4. An Inequality of Isoperimetric Type

In this last subsection we consider finite perimeter sets A in R3, as usual 0A
denotes the essential boundary of A. The result we are interested in reads as follows:

Proposition 6.10. Let be given an open infinite cylinder 0 with radius v in R3,
and a finite perimeter set A C Q with volume |A| > 72r3. Then |0AN Q| > 2mr?.

Proof. Let denote points in R® by (x,t) € R? x R, and let P be the projection
on R? that is, P(z,t) := x. We assume (2 is of the form D x R where D is the
open disk with center 0 and radius r in R?, and that every point of A is a point of
density one. For all ¢t € R we denote by A; the set of all « such that (z,t) € A, and
by & the measure of D\ P(A). We apply to each set A; the isoperimetric inequality
on the disk D:

min {|A|, 7r? — |4} < C|0A, N D, (6.14)
where C' := /8.

By the definition of § we obtain 772 — |A;| > §, and if we apply the inequality
min{a,b} > a®b (valid for 0 < a,b < 1) with a := |4;|/7r? and b := § /772,
we get min {|A4,|, mr? — |Ay|} > 6(\At|/7rr2)2. Then (6.14) yields [0A; N D| >
V/6/C (|A¢|/7r?), and integrating this inequality over all ¢ leads to

/ 94,0 Ddr > Y 4. (6.15)
R

wr

We recall now that for every two-dimensional rectifiable set S C R? there holds

[%2(5)}2 > [/D 4(SN {2} x R) da:r—i— [/Ry“fl(st)dtr
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(this inequality can be easily derived for surfaces of class C!, and therefore immedi-
ately extended to any rectifiable set). Now we apply this inequality to S = 0ANQ,
and since (0ANQ); = 04, N D for a.e. t € R and #(0AN {z} x R) > 2 for a.e. x
in P(A) (cf. Proposition 6.9), by (6.15) we get

5 AJ?
Cr2rt

2
C[ler‘l — 87rr2) 8 + 462,

Finally, inequality |04 N Q| > 2772 follows when |A| > V8C73r6 = 723, O

0ANQ? > 4(7r? — 6)% +

> (2nr%)? + (
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