
GMT 19120 lecture 25 4/6/20

Setting : f : Rds Rw
=

given w
,

K- form on Rw
, f

#
w

is deferred kg ( same veg . off keg . )

f
#
why Ldxf )

#
. WHA))

.

They

If
#wcxsllslldxfllkllwcfexllll

confess ofpawglojykaf.am
Iw particular

(b) Hf#who s ( liplfl)kHwHo
Moreover

(y dff#w ) = f# (dw) .

-

-



If T is a K- current ai Rd
,
then

If#T is the k- aument wi Rm given by

Lf#T , w> i = (T
,
f
#
w>

T
k- four
wi Rue

Soane regularity of f is required ,
and also that f is PROPER .

-

Latter ass
.

# not needed

if T has compact support .

I will assume that T has compact
&
support for the rest of this lecture

.

p
Then (1) gives

assume IM CTI Go

ftp.cf#T,w> - TT, f#WD =
= f Cf #w ,

re> dpe

and
I sf*T , w> I s f Hf#www.blzcxslldpelx)

s f Hdf Hk HWAN Heem drug



and

Mcf
#
t ) s flldfrllk doe

r,
MCT)

SC:#HEY 'T "④
s Ciplf ) Jk MCT)

Fionn (2) we get

off
#
T) = f# COT ) .

Push- forward of a zeetvf . element .

let T = EE , e , we] with E K- reehtf . & bounded

let E : - f CE ) ( E is k - adit . !! ! )
let I be any orientation of E

.

Then

③f#T=,Eiw#
- fCE )
where Fu is given by

④ K¥7
,

¥%n¥m" for Aka .eyeE



where the sign ± is + if
d
, f : Tx E → TYE preserves orient.

and is - otherwise
.

( ef . def . of degrees of a map )
Reins ( Assume for simplicity that HUE) Sto)
(b) Recall the area formula ;

I # ( fly) NE ) DAW =! been dared GOYEE

Then fly ) AE is finite for Bk- a.e. y
and the def . of Tu Cy ) is well- posed

(2) let S : o { xEE i dxf : IET Tpa,E
is Not surjective

}
Then by the alia ferrule above

It Cst) so ⇒ for Akane
. y c-
E

and ebay XG f-
'

ly) AE , def
is surjective ⇐ ueaxiueal hawk)



Brood of (3) V K- form WE . . . .

( f#T , w) is LT , f
#
w>

= { Lf
#
wcx) , ego> uecx)dAKx)

Zia .
. - ACK

= { Gulfdxf.acxsa-u.no/xfeacxDmdAk-EEFe?fiu-⑤ tf "cx) - ECW)

= f swcfcx)) ; Ecf ⇐ was )bfGldAk
E T-

→ -1
Ffa - ¥,

l ; Ecg)> Etmcx) data)
~ E- f-

'

CHAE
= E T

tu Cy )

= ( CE , E , in ] ; w> .

Hence f#T= [E , Eiu] . O

Note that (3) implies that if T

is Eeet
. so is f#T ,

and if

T is integral so is f*T .



Reeves / Exercises

(b) let f : IR- IR
,
f : x↳ ex smooth

,

but not
a) let T : = Io Qu o- current propose

( Lt , ol > = gotta )
then f*T should be § Sew ,

but this

is NOT a well - def. element .

Actually f#T is NOT well - defined ! !

b) let T : = [Go, o ) , e ,
I] ( health . I-curry

Then f
#
Tie [ (Q1) ,

e
,
I]

BUT ol#t) - 8 ,
- So # ↳ Cdt) - 8g .

Note that f : the ex
,
f : Rns Costco)

is PROPER !
Then everything should work in at

aub b) ( check it out ! !)



Y

← y=fG ) f : R→R

let T : - G ,
e
,
I]

⇒

e what is

:*.tw?uwir.
E×D let Tis Tse - [S2, Zsa, I] wipe

T
leet

.
z-element with compact support

let f : R3→ R2
,
x=G

,
-

→g)→ Hi
, xD

f smooth ( not proper)
what is f*T ? Should be f#T=o . . .

+
3

%¥
"

i
i

→
I E

Xi

App . of push- forward

↳ let T=epe be a Norway k- current in Rd .

( let Then

µ ⇐ YR ⇐ Hk

a-Fogal geometric measure
in padieuear ( if T -1-07 dine, ( steppe 19k .



Idea of proof ( assume T has compact supp.)
Y must show that 14-4=0--9 µ (E)so .

÷
H4pv(E)D - O
'

for a.e . VEGA, k)

Take V sit
. AHMED - O .

Then Tv :{ Pv )#T is a k- normal Arment

in V x Rk .

Then Tv = [Rk , e , in] with ME Bveoe CRY

Then Tv ( RED - ku , tape, -01×7=0
& Tf E ) = ↳ 2dm -O

' ← as a vector measure

7g µ (E 7=0 0

Application 2 : Homotopy formula

T is a K - euvueut in Rd with seauyaet

support and 0%0 .

let fo , f , i Rd→ Rm be houeothopic
maps ,

ice
. ,
F F : [o,DxlRd→lRw

with Fco , x) - fold
,
FLI

,
x )- f Gl .



( same regularity of fo , f. , F is needed !)

let To (fo )#T ,
Ti. - (f)#T .

Then
T

,
- To = OS

"

.
ktesuvveut in RxRk

where S : - F# (Ix T )
where I i - to

, g-
[G.D

,
e
,
I ] I- current in R

Proof OS = OF# (txt)

= It (OCIXTI) o

=F# (OIXT - Ix#
= F# ((Si - So) XT)

= F# (Sixt) - F# (8oxT/=T, - To .

O



Reins

(e) If MCT ) (we can take fo ,f
, ,

t

of Classe ' ) then S has feint
uan /uitegnal

(c) If T is eeetif . then Sieg

Eeetefiabahiutegral .

Application of houothopyfovuule.pe ,

th If T is a keuvueut in Rd

with 0=0 ( MCT) Sto & compact support ) (Tweet./uitgd
thee T = OS ( IM Go & scaupaetsepp .)Breakfield

Xo

proof ( on
= come overt

Take Xo E Rd
,
take F : Co ,BxRd→Rd

St . FCL
,
# EX & Flo, x ) = Xo

" fycx) "

fo G )
e.g .

Fct
,
x ) ⇐ txt C-t) Xo .

Take Si = F# ( Ext) .

Then OS = (F
, )#T

- Ho)#T= T . O

F WO



⇐ Constancy Leeman -1 pushforward

of reetef . currents + houothopy
formula

1g

Theory of degree for heaps
between oriented manifolds

.


