
G MT 19/20 lecture 22 28/5/20

(Relevant) classes of currents ( continuation)
1) currents with finite mass

,
MCT)Ctu

⇒ T - Epe ( not geometrically relevant)

2) normal currents : MCT)
,
IM (OT ) Ctcs

( geometrically relevant )

③ReeteifiableaevreutsletE k- dim . zectif . set wi Rd .

let 2 be an orientation of E .

i.e.
,
E i C-→ Akard) sit . EG)

is an orientation of TYE for 7th a.ex

that is
,
EG) = E.G) a . . . - new is simple,

tecxl - I
, spau@cxDi-spaufe.ex) , -yen =

= TYE

let me L
'
(AME ) be a

"

multiplicity , .

Then let T = [E , e, in] be the current

(*) LT , w> i - § sweet, eco> . Mex) dH%)



or equiv . To E . m - It KLE

If T can be written as in ex) for some
E
,
e
,
m
,
we say that T is rectifiable .

If moreover he takes values wi Z , we

say that T has uitegnae multiplicity .

Reus

• If Te CE ,qui then MCT) - #mad
,
,d2t4D

• Given T Eeetif . , E ,
2
,
he llmllucn.gg

are not uniquely determined
.

However
, if you additionally require that

im so HEa.e.
,
then E

,
e
, we are

uniquely determined ( upto Akmal sets)
( this is an ex .)

• Note that the dimension ofT is the

same as the dimension of E .

• Natural example : Eet s be a k- dim .

oriented surface wi IR
'd
with HMS ) Ctu

.



Then Ts is [s, es ,
I] is rectifiable .

↳ Is ,
w> izftwcxs, dotted

• More uitevestiug example : E - curve

of class C '

¥112 ui R2

Xo K T
e discontinuous

orientation

Then T : = CE
,
e
,
I] is a Eeetif .

1- current (with integral multiple .)
and

dT=28×
.

- Sto- 8×2 '

are

• More general : let E be cute of
class C ' wi R2 . . - with continuous

orientation e .

let me : E- R be piecewise e
'

.

Compute the boundary of T : -- ftp.ue]

• If S is the Mobius strip wipes

you can choose a disc . orient
.

E

so that t.ES, e. IT is b-dim . current



what is OT ?

4) Integndcurreuts
We say that T is an integral K- current

if both T and OT are rectifiable

withiutegnalmultiple.ci#
for Rsl ( for Kao

,
T is Eedif .

with uiteguae multiplicity that is
T = [ mi Sxi , mi

E Z ) .

i ←
finite sum

Thus F E
,
e
,
we ;

E
'

ie
'

,
ni et

.

Te CE ,e, we] ,
OT e [E '

,
E
'

,
ui]

There should be a geometric tree .
between E and E

'

.
But it is

only known for k=o! .
.



Federer -Fleming eeompetuess Theorem
let Tu be sequence of integral
K- currents wi Rd (osksd ) St .

(A) MCTu),MCoTw)scT#
Then

, up to subsea .

,
Tu converges to

T integral k- current.

Corollary ( Existence of solution of Plateau
problem for integral currents)

let To be an integral current in Rd .

Then the minimum

min { IN CT) i Tuitegval , Oto Oto}
is achieved

.

Proof bet Tu be a minimizing seq .

then IM Ctu) s IM Cto) Gcs , IM Gtu) - M Go .

Tu→T by t.TT is a minimizer .
O



Reuiavks
• The proof of It . compactness is hard .

• Under (*) we already know that
(up to subseg . ) Tu converges to a

normal current T (soft statement) .

The hard part is proving that T
is an integral current ! !
( Thus F- F compactness theorem is

often called "

E.F. closure theorem, )

• There is no counterpart of F .

-F
.

for rectifiable sets on. redeemable

measures .

• The ass
.

in EF are

the natural ones for application
to Plateau Problem

.



Examples ( showing the assumptions
in F

.

-F
.

theorem are all needed)

b) F.t does not hold if we

replace integral currents with

integral currents with multiplicity I .
9 Es Tu : = [En , er , I]
¥-80
II b←→ Otu : - sum of

En i four Divac

z
- - - - -- -- -⇒ masses

1

Then IM Ctu ) = 2 ,
Al (Otw ) -_ 4

Tu- T : = [I. 9,2]

Also solutions of Pl . Pb . may have

multiplicity different from b
I e, Oto is 8×518×58×2- ft ,→

×
, xz oz x

,
Then Sol

. of P.

P
.
is

•

t.CI , er , m]
↳ I
/lh



€9.
2) Let Tu be b - current wi IR given

by Tu : e [En ,
e.

,
I]← integral

e
,

IN Ctu) = I

⇐ ÷÷÷÷÷÷÷÷÷÷÷÷÷÷ wi:#iii.
segments with Eeugthnz

←
NOT uitegval

Then Tu → T :- eye
with the=L

-
LQ with Q God?

( prove it)
This proves that the ass .

Motu)Sato

in F
.

-F
.
Th

. is needed !



3) Tu ie [En ,
e.
, In ] I - current w R2

⇐ At Ctu) = I'

¥ " coin . .
-

Then Tu→ Tis e
, pe

and µ : = EZ LQ .
which is not

even rectifiable
.

This shows that in F.I
.
Th

the ass . of integral multiplicity
is weed !

4) This [Eu , Eu , I ] I-current ui R2

⇐
too """t .

OTu=0

i.
It

'

L En→ IT . EZLQ
"

what is gTu= ?


