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Review of Raziec Heasuve Theory (continued).

2.2 \/ecTov— vélued (Bovel) measuves

Let be given:
o2 Posit_ve_ (Rovel) messure ® on X,
o3 .Eimi'\'e dimengionsl novmed Space ?‘—)

°a map f): X—7F n L'(}k)
We denote b\v PR the F_valued measure on X defined by

[PKIE)= [ p o

Theovem 4 Eve\rt] F_valued Rorel messure A on X can be
repregedted as A= pp fov suitsble p, W as above.

Notsfion Giyen A=pp as asboe, we define

() the variation Al = ljolF-Pl, (a posilive measuve o X),
() the mase M@ =M= K =/ Iplde = Lplg,.
() J’((X,ﬂ the Space of 3ll F-valwed measwes on X,

Ve wiife H(K) Por MK,R).

Tee represertsion A= P is ndt Unique, but 1Al aud M)
do NOT depend on the choice of the Vepresetstion.

Theorem 4 does not hold i€ F is ninite dimensions! .

Hoposifionz The spsce M(X,F) endowed with the nom
M) =IA s 2 Banach space.



Riesz, Theorem

Given A= pp EM(XF) and a bounded (Borel) funetion g:X—>F*

set
I (9) dh = [ {9695 p6dy dp6d)
NG j 9 f N M

|ad'\cn of SCX)GF on pIEF,

dusl of F

Asswne now ‘l’ha+ X s cow\pac‘\':

Ro oﬁ}ﬁomgz T?x s a bounded linesr -Fumej'\‘omal oh 8(?(,1:*)
and MTA\\:MM %

gpace of conlinuous
Luncons from X & F*

This means sup f<(3 jo> dr& = ”f”l.( ‘ Corth Supremum navim | - I,

Igl.et

—

heorem 4 (Riesz Th.) _ﬁne O|oeré1'c>r >\ > T7\ [ a linear
isome'\'v\cj vom \/%,(X,_F) orite the duasl of 8(7()1:*).

“The novtvivial (and fundasmentsl) pavt is The suvjechint
The vegh O@ the ststewmert s contsined m PV'OPOS_?\OY\3

18 Xis \ocelj CO\/Y\PGC__‘- we only consider g i & (X, F7).
That is, the. space of all corfinuous g: X=>F" st. |fim 3(x) =0

X—>ea
endowed with the supremum novmw

TThig limit is undevstood in e seuse of the one—point
(ov A\exahc\vov) COW\Pac‘hﬁng(‘on of X; it mesns thst
Ve>o JK (’,ompaéf m X st lg(X)l é E Yxe X\K.

’W\eorem 5 (Riesz ‘rh} —l_l’le. OPeré'l'or ’>\ HT—)\ 'IS a livneaV
isometiy Lrom M.(X,F) ciite the dusl of E,X,FY.




Weak Convevgence oﬁ measwre]

2.2.1 | Weak » Jopology and Conwevgence

The deitificstion of J'(_(X,F) and te dual of EXFY) (or @0(7(,}_*))
mduces & WeaK«x _Iapo‘o\gj on vQ(X,'F) , and Segurence-
of Wessuwe=s A, Cowevge To A 1fP

j)(ﬂcl?\h —%48 dA -Fov evevrj 36 8(X,7-—*).

We sy That ?2,, Converge To A mthe sence of messuveg ,
aVld lDV.l:l—e )\.9\"*% ’}\, .

Thie +opo|¢:395 is net Imetvigable but its vestvicion to any
ony bounded subser o M (X,F) s wmetizpbe.

l>{—]:V\ Prec'h'ce, W;g 1S 'H'\E’_ VV\OS+ l/‘elQ\/a\/\{~ “t‘c,Polosy on V‘-’LC}Q}'{:’)/
much Wove than the novm '\"opolo\%.

2.2.2] Cowm Pac’\'he..ss

If Au 1S 3 boumded sequence W LH_(X,F) /‘ma"\'igi |H(>\n)<C<+ao)
then | wp 1o subgeq.uemce) A Cenvevge wcaKlg* T come A,

Thig s an jmmed ate consequence O‘Q Eav\:d\—ﬂlaog\m Hheorem.,

2.2.3] Lowev semicontinuily_of the mass

T8 Aty b HOGF) then Gt MGL) > MOV,
ardS

g s an immediate consequence the weakx Sevwieontfmui‘l}j

of e nom of the dusl. Or (equivalewtly) of the fact thsf
the Wwasg €n be LoviHeu as S of weakly » covlinuous
linear funelowsls

MG = sup§ g + ge €6, Iy}



2.2.4] Weskx convergence and hon - conhinwows Tegt Lunetiohs , L

Assume that X is compact, p, sve posilive finite messuves,
MaES> o, and g X—> R is Borel bul NOT corlinueus ,; e g. g=1g.

What can we say sbout [gdpm 7
x> "
@ g bounded below aud l.sc. = Ciminf jg dy, > jﬂ i
X X

o0
n pavficular A opew in X = eutm,gf b (8) > w(A)

b nd .S.C. i dw > ;
b) 9 bounded above sud wsc. = ﬁgrf jxﬂ W, jxﬂ I ;
-|Vl Favﬁwlé\f C closed in X = el:'y:\_)sgop p;\(c) < PLCC))

(©) g bounded ané,‘b(w)zo = &mwjxa dw, = jxg I
dtscow‘\’mu.ltj set 019_\(3
n Pav‘l"\cul‘av E Bovel ond p(3E):0 = f_fgnoop;‘(ﬁ) = w(E).

Sketch of Pyoof
(a) Take 3M€ %(X) st gh(xH\ 8(><) WxeX . class of poéx‘hve

. Linite meas. on X
(S\Ld"jw oxict because 3 e boumded belows and l.S.C.) j\
Let Ap(p) :=fX3hcl}L and A() ::]XSA{L Vice HYK)
Then A, is (weak ) covilinuous oh M aund VAW TA.
Hence A is (weskx) ... on M,
(L)) QPP\S (6) 'l'o —-8 .

3* 3\/\0\9* ave He wpper and  lewer

(C) VKG,X se\' semi continuous envelopes of 8

x . T -
" (x) '-=Q'§"§;P 3OV s 6= Cmink 565



Then
(4) 3* Is bounded and w.s.C.;

(2) 9y Is bounded and L.s.c.;

(3) 94 <F<g" on X,

(4) 9= 3=9* om X\gi"'ﬂ(ﬂ)'
Thew (\BL)
eimsu.\ofﬁ(x) dw < ei\"‘:&p &*(X) dye

n—= o
X

() +(@E@) — < fxg*o‘r&

=] g4
(1) + p(Sing(9))=0 S

= d < Cimin %) d < Cimin %) d
\> Lﬂ* H_?\ V\—aoﬁ ;*() Pb% naogjxﬁ() P
@)+() (3) N

2.2.5| Wesks convevgence and hon- conhnwons Test Lunctions . TC

In the sefting of § 2.2.4y, assume thst Xis locally compad.
Then stefements (a)-(c) hold under the addiionsl assumption

() ne_i,v& M) = M@

Tf (*) does not held the assumphions m cistemenfe ()-()
showd be modified as follows:

(a) 9 is l.s.c. and éigdgfﬂ(x)?ci Ais opev |
(B) 9 IS W.S.C. awnd éxigso\:pj(xKoj- Cis Compaoj)

(c) H(Sinﬂ(g)):o and fim gx)=o ; E is compact and [L(6E)=0 .

X—= oo



2.2.6] Weskx convevgence amd hon - codhnwous Tegt Lunchions . TIL

Let A, be F-valued measuves on X suchthst Ap*>'A and
Anl 2> W (nete thal A< i but = may ot Mc\c\).
Let g be 2 fundion on X with volwes in R o F*

“Then
uﬁmw&ﬂdkh =Lﬂd7\
£ ONE of Hhe \f’o\\owiwg sefe of assumptions holds
@ X compact, g bounded, . (Sing(g))=0;

k) X locellg Compact, MO\V\)%M(}A)) 8bou,vxdec\ , M(s:uﬂ(g))w ;
© X locellg compact, XQ;M |969| =0 , M(Siug(g))=o.

Remarke

olet W A~ onX, I1f the messwe K are posiJr{ve and
X is cowpact thew M([b%\)% M ().
Tndeed U200 mplies

M () = jxiapu

and the RHS it 38 Week» coilinuows Luncioval oh
HM(X) becsuse 4 is 3 funclion i B(X),

Tn genersl the conelusion imsy net hold @ eithe,
Hee M are wnot po&’hﬁue or X 1S not compadt.

ﬁ‘ 8,( .= Divac delta st xeX

EX@V\A\de(S): X = EO,I] , Ik‘t = SO_ SVIIA} Thew ]U~—*% O
and h‘i(}t):z Vn. "

E?(&\/V\\o\e(lo): X:R) pht::gmj 'H/\@VI }L%Q B\AG{
M(m) =1 ¥n. i "



o Let Kh—i% A on X. IP tHhe Mmeszsuves ?\I/l ave neal
posilive thew & may happew WSt \%h]% A

Exam\o\e: X = [O,I] , 7\1/1": 80' g\/m ) -h/\e\k, ?\M*% O awnd
|Aul = ot Sl/n 2y 28

Jr'\rowe\/e\r) e M) —> ,H(W) thew, Mu‘j%‘xl.



2. 3 Ouder measures

Given 3 set X, an ocuter measuve on X is o get function
f.k P(X) —> [o, *“] ((ul/\eve PX) e the Powev set ofX)
st.:

B @)=
(L) EcE' = N—(E) < H—(El) (W\omd‘bm'cifﬁ))-
© Ec UE, = WE)< 3 W(E) (&-subeddiTivily).

Note thst (L) is implied by ().

Examples

@ cowiling messuwe : M(E) = #E ;

(2) Divac detts ot xeX: 3 (E) = {1 ® xeE .

) O \f xqﬁE g
E): = 1 lf E+¢ ,

Delinition
A set EcX s M- measurslle (accow:lmg to Cava"meoc\ovj)
¢

W (F)= M (FNE)+ w(F\E) VFcX.

Eqw\\la evd‘ltd VIR W LE+ M L (X\E) .

Note that MLE + M L(X\E) Sfov evevy E CX b
u‘oad&lfnv1@M N ) ] 7

Mf"’ deV\oTe_g 'h/\e_ class 0\9 a\l p.— vmeasuvalo\e géILS.



Pv-oposTHoV) 1

The clseg HH s & 6—&l9elo\re and the resivichon
of W To M}k is 6 -additive .

“The ono(? IS an exevcice
It is easgy to gee thet v"(pz FX) is . s the

couvﬂ‘img measive on X o 2a Divec delts.

Whst is Hp Lov the thivd exampe of outer wessuve
given above 7

Theoven 2 (Cara‘l‘heodov5)
If Xis o melvic space and W is addife on digrant
sefs, fhat is 'm(?{d(x)x,)l;lmE)x'eE’}

M(EUE'\=M‘3+P(E’) if f:h‘S't(/E,E’)\>O)

then ‘HP* contains the TRorel G—alge_b\re ﬁ(X)
In Pav‘t';cu.lar the vestriction of M to ﬁ(x) IS 2 messuve.

The proof of this result is nowntrivial.



