GHT18/20, lectuve 1, 12/3)20 [version: 21/4/2020]

Stunéture the eouvce
(Pav‘l' ﬁ : Lasic ‘Hnee\@

Ha‘uséerf{a medswvel and dimension
Lx\oseh}d'e, maps, Bvea Lormula
Reck gable st

Part 2. curvenle

@|eu,eva\ theov , Altevnative veveion O? vt 2
chPacTweSS wa W+87/an| eurrenls ‘(‘hemj e-g f,\'wﬁfe pe/iwue“hv sels
and soliton of Platean Problewm (the choice will ke wade Istev)

1 Ihtvodmdion To Plsteaw Rablem

This problewm is often <fsted as {ollows:

Vi d- dimensionsl suvface wm R"
Find the Sm—ﬁac@/-) OF in some Riemann. manifold
it ewmallect amv d - dimensicnal volume
that Spans 3 Siuem Cuvviy?(cl-n)fdimeum‘onal suwrface

\Thls is not & well-defined problem , but vather 3 Lamly
- of LooseLj defined probems.

Cne shouwld wdeed speeify the mezwing of wony terme:
o Lind

o suvface
o avea

@) ﬁz_ Spans l",,



IV\ all cazes I Cmng\'e]ev, /’.f-ib\clé means //p\a:aue. The
exigtenca o@,/ . Exiskmes veenlte ave  ouffieult euougl. |

The meavv'wu% £ ¥ swface , , ‘rea, 72 spaus T,
e clesy " inw the comtext of  swooth cuwbses,

Howeser 1T is difgeentt o prove exnctenca vegulls
divectly i the chss of sSwooth  Swrfoas.

Resides, there may be modeLUmg reasons o
congider less regular ob\jea‘s_

For exawmple, soap films ave ususly sigulsr suvfaces |

Existence results are (alwost) 3lways obtalned \DH

The divect method of fhe

14

Colewlus of Vaviglions

Let me recall how e clivect meted works -

1o find (prowe the exictace of ) a mimamzer of a covtain
funclionsl  F whieh 1= ha+uvallj defived ou a space X of
“requlav, objects (funelims, Swfaag, ...)

(5) we conshuet 5 sutdbde class X of “genawlaed, objects
whicle mefudes X awd i endewed wi;'l«. a topdogy wite
go«:ac\ compaciness propevlies 5
(We loosely vefey to X 35 @ /cowpaekficslim, of Y)

(L) we exteud F 1t K so thst it is lower Sewncanlbiaucus ;

(¢) we pvove the exisfwee of o wminmimmzer x, of F on X lalj
a stoudavd lowey - seumconllmuly sud courpstiess av 3ttmed' ;



(d) 1 possible we prove 2 v\cguléui@ veqult Shom'lka that X,
;?d]ually 'oelouﬁs G the Oﬂg!%\ 'space. X .

cwavR

O STepS (3) sud (b) ge foge‘l‘l/t@/, aud X is wmest offew NoT
cowpact (Huuk of 2bolev spaws) . (What ac'ClmUy e
dees 1¢ To comshuet 3 Topolegical spee X suel thst
T adwts aw exusim o X wikel is :

(i) (seq»emt‘al@) Cower - Seuwesmliinous |
(i) coeveive, that is, sublevels 3 xeX- F(x)é\fn} Ave
coutained 1w (Seq;ke\mellg) COwLPaC‘\' sefs.

‘Tkeu_ gfep (e) it lbaged own ‘HAQ follﬁboiu.s Ci‘e.meu"("av\lj lewwas :

I X is 5 topdegica) spe awd T X —> [eora] s
|.s.c. aud cpevcive | then F adwile o mminiwizer om X.

0 To find the vigl/ﬂ‘ Topolbgj ow X one muet balauz two
cpposed requurewents mdeed , for the pupese of making
F lsec, the move opeu et theve are the befiar; on twe cther
ound, to wake F Cocreive, e less opew sele thowe are
the better.

O Tne abskrser schewe ouflived abeve should be iwp\emwi‘ed
W 3 less abstoet Lachion, to svoid the risk of SQ‘tl'\'uj
wp just sowme asbstrset hongenge .

TFov e,xe.ukp\e) owe ]U.'aﬂ ewndow 3(/ wiﬂ e dicaeke "‘OE_OlDi'j) let

X = %U{OO] be the oune-poiit compaetieicﬁtﬁmoe X , auwd
extend Ffo X by Sefiug Flod):= wf{Fe): xeX]. Tuws T is lsc
Snd coevcive eu X, aud o0 s 3 minimzer of F on X,
But clearLg suek WMimwizes s comp\el’ela Meam‘wj|e_§g!

Tw paf\ﬁcu'tar one Gé\mojf even ‘HAiU\K O\q Pe\vﬁbvmwﬂ 5‘1‘&.:] (cl)



Rasic Qxamp\ e

To find 5 20w (c:"e class Cl) of
§LA\L =G ow JL & lOOU.M\OlEoJ' o\owsduxﬂla
)

o B e ki o 20

(ﬂa:f is, the hovmowe exfoncton £ M, to S‘L)
oue ¥ooks for o miwimier f the Divichlet

ewevygy
EM = 1] [wl*d
JJ_‘W_ | ox
am,,.s 3l w - >R st aw=mu, on 2N.

Heve ove uws thst Aw=o s the Eulevwl,@jvalﬁe
e_q.uat\ow 88806\‘8’1’60‘ o ‘H».ﬁ (C,OMO{’.Y) -FUMe.’G.’OM,al E.

Move \ovee&'ee‘% , one look < -@ev 5 mimiwer G{? E ow
the Sobelev Syace-

L 0= (e (oo @

5?('!81‘%@.. S 3u.avavd'e.ed L’@‘- mtended v a suileble

Weasll sewge

o £ s weal(lg Zowar sewieamlliuons o W"Z(J?.);

o E is coevcive ~and move pve&'gehj euevy sublevel
i%e W:f : E(k) <mi 1S wea_k?g Cowpad wL W"_?‘

—:F\T\Aa\,lﬁ one  proves et @ is V‘@gubv.

Move pvee(ge@) W Cm(ﬂ] ( @K(.—@ where K clqaeudg
own the Veﬁulavﬂij ok oSl ond of the Astum W -



Iw the previous exgw.p]e we eoudd Lot preve —H’\Q
exictonm o€ 3 Mminimizer MW dfve.(’j'% m a ches
of vegquly Punelims, say CHR), due To lsek
of geee\ emmpac%\ess pf“qea/tés.

The Seboley Space W]’l(ﬂ-); ewdowed itk The wesk
T@Poecagj , I::w:,uileg He ri\g'xd‘ /"Ccm»paeh'f,{cgtiom . qu @2(5_1)

To spply 2 shw lsv S‘\'ra‘l'e:.jy To  Ploksu Proldaw we
heed

o a "’Compaciﬂﬂcéﬁim,) oﬁ the class of V‘e%gubv SU_L(_FJBCQSJ

0 a lower sewmicoritinuos extengion of the swes
funelionsl To sueh lavger clsss;

© an exteusion of the wdion f boundsvy (ov o the
Wil 7> gpons T—‘é)

O Soewe Vegulaﬁ'% of %e Minina | Suv-face_ o]oTaiwe.d iv\,
T Iargtv class. (More ocwtusg iccue v next ‘Eemvel.\

Tne weovS of ('lvd'e\gral) cavrents pvovide& = Se“’fu.P
fov Hue p\ro\_cjvam[

Remavke
“To be preetse, it provides 3 “cowpocificstion, & e class

of erie nTeb swhes.

TIAGL 'HAED\rg ‘{ .ﬁ.‘w,lf@, ba/imejreu 'Ed'g Seves Sivwilay puvposss,
bt b ois Cuwded o swéhe f codimamsion 4. d=n-1.



12 Review of main appvoaehes To
— existence  regults for Plsfeau Pl.

1.2.4] First aspprosel ” distvibutiomal /meamve Aeoretic ,

Baosed on elasses of ‘?geueva&‘aad s, Suvfsces it
goed CDMA.PG']'\«@.@Q prqsevﬁb& ; the c;{eﬂmwm 3he
bosed ow mestue Heovy aud rewiud That of
Soboley  fumetme .
Es s%t:a% Tuso Vaviawle
o Finte perimeter sets CE‘DEC)-"O“\?I'J mid !9505J
~ ge,me,gl;ae;l ovteuted swfac;zs oe. dimeusion d=n-1,

O Ih'l“e.gva\ ewvrents (H.Tedeer % hJ,T:lemluﬁ 18 GO}
~ gemevauzed oviaded Suvfaces of arbl’l'revg diumension

and  codlwon S'en ( | < d < Iﬂ-—l).
Finite per. sde  ave psvliowbr cszes of iutgrsl cuwadks.

Tn fis cowe T will desaibe the coustrudhim & these

classes o gewersliced swfaer , prave the relewit

c:.ou.\,pac'\“me.s.s ’rb\eovmbg, and uge thece To prove
7 mini ma)

e xietounce o£ seldilams Plaﬁauﬁ%@u/—) < v egs

Regu\avﬂ'{j —Hﬂeov% e delcse swd ot 842‘\' \Quﬂﬁ ectsbliched.
T+ will wst be covered in Tms Couvee,

WARNING  Juw Hus cowse “wiwiwal swlsce, mesue
mwivmzer  of the aves Lol (iu awblble clseges).

Outside e ouwvge T wmesus /suwfee with vauiebu‘,u%
ME SN eumvuslinne (H:O) P i,e", Cvft;(‘-al }:o'm’\'s Og ‘R\@,

ores  Lumelional.




4.2.2| Second zpprosch : 7 set theovetic , (Mot IN THIS cOURSE)

Let me lsejin with 3  1-dimensionsl veverow of TP

Steiner PV'OL)\*CUL [ 39[‘\;&)_ wolvic

"Find the connected Compset st & spae Y

it mni ma| leugﬂk S 4- Awensidus!
Wt contains a gvew set T, ch,saiixjf measive
(explained  [stev)

1f the owbed 2pse V is cowpset
2 soliliow cal be found o= Blows:

Let
X = gz st ey, Zc@uupad& COMh@d’@J}

c\H:: Hausdorff distsuce ol the cbss & cloced
subeets of V|, that is
dy(€,€)=uf i st L,(9)¢1, (cr)ae}
Cloged r_MeighL.q?@
Woo 4-du Hausdofl westure (of eubtets of y)
“Thew

O X ewdowed with distsua AH Is CONPACY;
(f@Umcos easm'% loj standsvd vegults ou Hausdovff di&lfav\ca)

O ’}(,l Is fower Sewncenlhinuouns om X
qul’a]ofg Tmepm)

Let's assume st X is wob eleﬁl\Zj and cowtaiug at lesgt
ove eleweddt 7 worte [HI(Z] <400 .

Thew K sdmite 5 mimwizer om X



Reluav Ke

() Iu Yo stotewedt of Steinor Robew twe Vegmi remevt that
T is connected sud contsine M, is 3 subchtute fov

72 spaws I,

() Tw the pvood abeve s essedtisl that fhe el W X ave

C,@MVU’-C*QA, m 'HAQ Senge 'Hda']‘ CHI i< l&m‘l‘ l,bwev sewmic .
ow the <pac e?_al\ CB'M-PQG’]' Subgts Oﬁy(eho\e(xﬁd

ot the Hauedovfl dictonca dn),

Let iwdeed Vi= R, C:= [o1], C, S K:C_J,_.‘)uj fov N2,

w

Theu CL\?;* C. /C’k
NG

(Hove, preetsey, ClH(C‘,Cu)=1/1h V"L)-

On tae other hawd (H'CC’W)z &A@’c\\(&) =0 \c/vk,

while HCQ) = Gugh () = 1

Exteusiow 1o highev dimension (__d>l)?

E vVew -(E]ov cl::)_ 6X+QLS\‘0Y1 Pveg;&d's Sevious -'P\/G]o\ew.g .
Fivst issue: givew o euvve [, whst could be the ebss
X of sdwmissible ¢ suvfaces Z?

A Fossi]o\e candidate g

X oo {z st Z couped, 22T }
M is howsfopic w2 To o point



o=

Thew T i natuwel 1o defwe 2avea(Z) fov JeX ag
WHT)  oheve W= is the  2-dim. Houedovff mesgure (mY)

“The main offﬁffcuwd s that UZis mot lowe
semi ecaninuous ow X Cu.r.‘l". Hau.gdoyff dLI-S'lLancc.

(_]Tneve 1S ub vevelen oﬁ (f|ol’a(o Thasvauw for %2)

Le,'\' indeed [ ke 2 civele dx.ﬂf, Zoke the diele. SPath_c\
lag [ and Covsider 3 sSwooth swfea I diffecwmorpue
£ 2o 32 .Folkeoos

Note thst the blue r_t' of 2 can have swes 38

small  3s  desived amc\ at the sawe Wwme it con
include awy givew bute st F (wite F0Zo=9).

Tw poviiculsy we cam tske a sequence Gﬁ Pite
grz.‘tg F CU'N\Q].Q Cowvevge " d W s clegee{ ba\l B "Hna'l'
ontaine The dick aud C.ous*tmc'l' 3 sequeunce of

sawfoces 2, R as sboe Suel thst

H*(,) = aves (Z.,.} < A+

S 2o
Thew 2, 7> I ree o
Rut HA(Z ]—>Q while H¥(R)=+oo.

Howeoev 3 "set theorelic approsch, 1o Pltesu Problew
W gewoval dimewsim and  codimmsion cusg Successﬁx\lﬂ

cavrted  out lﬁ\)y E R, Qelf%bag m mid (960s.

Im.Poﬁ‘an(‘ recewt  cavityibution |03 J. Hovrleon aud by
C . Delelis + F Ha&ji +al.



1.2.3] Third Sppvoach: pavé\me'ﬁnc., ( NoT IN THIS COURSE)

The itdea is To cowsider suvfaca.g aké ewvoee 3 Ssols
pavawelvized by 2 disc and an ivlens regpe&uetg
Let me b@m wnhr- > bosle 4- clnmeugt‘cma\ pmam

Existence of geoolesfcs.I

Let ¥ be a compact wetric space . T keep fhe
« digtinel'an be,‘\'wm
Qiven %o,% €Y D a etk I
TN and the cuvve
find the econtinuous pstih - [cﬂ N vowised by
of minimal length

lewng I hamely the st 7(I)
et COTL necls %o ahchN

thatis, ¥(9=%,, y()=X, The lehg‘HA A s ,\Ea&h Y is
L Q) = inf %d(r(n-.),g(m)

wheve the infimuw i1 TaKen ovev sl Mm=1,2..
and all osty<t; < <y,

We prote the exictwe of 3 solullm y (called 2 “geodesic,
Connedling X, auelx\) undev the assumplion that

Lh\llh —:U&/f L(‘ﬂ s E,inil‘e,)
where, TeX

X .,:h-. P>y sty cod., Jor% /6(4]:)6,} |
To this end we set S Lipsewita coustort of ¥
X= { reX sk Ln) < Lt o=, e |

aud nete that: A7) = Sub (o), %1))

o )( endowed with the supemum dieckpee s Cpmpad
(ﬂvaela Ascolk Tht?.om)




O The leugth fundiamsl L is lower seumemlinusos owX
(w.rt the Supremum disﬁ‘amce).

o Thew L. adwits 3 minmmizer Y ow X*,

0 Lpne= a8 L D up LG) = LF)
YeX rext
and thew ¥ is a4 geodesfc comnecil'u.ﬁ %, aud X,

To prove (%) we use the ﬁouowius lemma Svevy Y worth
L) <t admils 2 veparamelrizstion ff in X

N

if s 2 vepsva . OQ'}' if ’j"‘: I UUH'L»
S - [o,;\—é[o,q s an 'vacweasrus

homeomorpusw . Note thst LG)=L(7).

E xistence o]f 9eodegfcs.ﬂ

Assume Mow Fst Y s on  n-dimaugionsl swhra
of eclass C' u. R™ (ov 2n n-dimensiomal Riemsnnian
mauifdd) aud yeX is also of cbss C'

T e 1
' L= ol &

Now we woudd ta pvove the exigctouce of o

“ A AW, 201 sz L (ovev X ﬁC') M,S\'\.\S he direet
wmethod . But theve is 3 Liffienlly , due To the

[aek of cowpactness m the 7 matwval, Sebolev

space W"',

There is however su in‘téve%'ﬁ,'uﬂ 0Tn‘cK,,, | et
! 2.
E®:=[ lyw)\"d



and let Y, be 2 minimzers @ E ovev XNC'.

The existeuce of such mimwnzer is o standavd
applealion of the diveet methwd: owe PLivet proves
the existemece o€ 2 minimizev Y, OVeV XN W2 sud
thew proves +hat Yo IS VESUJar.

Thew

'PVOPOE\-CUH The Paﬂt YO 1S a]so a MII;VU;/M|Q& qe
L over XNW". Moreoyer 13| is (3-¢) consTout.

Boof
(1) Fov 8U€WJ ¥ € XN C' l/ Jensew Inequ.alwd

Ew =/ il > ([151dt) = (e
(2) Equeed'y w (0) holde ff Iyl is constant.

(3) Eb’ewér T & XOC' admits a Vepafameﬂiiaueh 3’:7"6
witle 7 coustaut Spee,d,} thst Is, l'a'l: constant.

Thew , fov every § € XNE',

W ) = LE) = EQ) > EW 2 L))"

5 ot )
Thus Yo mimwml 2ev L(’j)

One

choice (i)
°f %

Tal(ima =5 wa (f-\) we 86"" (L(}’o))2-= E(%) which
implieg |y, = cowstonT bg (2).

REUU.BVK _\T;\e kej ‘lﬂave_ou&zj— Oe 'HAE p\roe-e IIS 'Hne fad
that L. s wuavisvit  wnder reparamelvizsTions.



Solution Cﬂe ?lei‘eau Re‘ole& -(Z)C'V d=2

Let D be the closed dick B(0,) w RZ
Let 2 ke 3 suvface M R" pavamelvized lo\(j (;S_D—HR“
_H/\é_l' ig) Z = ¢(D)
Thewe 1€ @ is suffrciewt fy vegquby and (wjeetive
area(s) = F@) = [ J ds
D

wheve
b (e):= (dei' (V) - Vb ))‘/2. _ ( %(clej‘ H)?-) 8

_1_,
I€ N= 3 Jdb (3): ’ciia P ﬁa \!ed’oy an akeh e
oS, '@/‘ pyoe&g;‘r
ur IR

all 232 minevs
Hoof V(s)
Let T7 be 3 gloen V‘egulav cuvve Uy R™ ParameTvi5ed
53 3 Pa‘HA T Q'- D — R,
"2 spans [, mesns [M=32 , aud is Imylied by

Thew
the bOUMAEVﬂ condition

db:’a’ on 3D,

Ve wowld UKe To prove the existeuce 6 o minimizev
the divect method o 3 swtade Sclolev Spa,

OQ F us\‘ua
.fcv exam.p\e W%z‘ = %CFJG Nl’?'CD)fR“) st Cb:'b’ OL?DE
To s eud, wote that F caw be wrilter as F@;):ziﬁf(vw]ds

wheve f is poBconsex oud thevefore T i
(,oe.aK% Cp wer - seumContinnons on W"Z

The poblew is that F is ust ceercive, thatis, the
sublevels ;_d() st F(cb]Snm] v st wea\tlg Compad’.




The veszon -?ov this lsck of compactuess lies ‘n the faet
st F is musviont under veparawetnztion, that is

F () = F(¢os)
{ov evevy : D—D difFeew.evph\'sM of elass C'.

Tndeed we can find diffesmorphioms 6,: DD for
n=1,2,.. That aqree with the identity on 3D and
Converge poinlwite To 5 conetant Xy in the wmtevior
O#D:

—

1/mL

TD\.LLS; cl}og‘h CDMU&/SQ, (Im the ‘Ivﬁ@vfm/ &D) To 'Hre Comgtant
3P CP(XO) . which does wel agves ot the bclad'ng cm'QD)

N Fav'h‘cu.lar COVer-VﬁeM(:Q, camnot be we WYL -weaK.

ﬂeve e however a Tvick similar To He 4-dimensions!
caee . Let

E((I)) = l.’l-. J‘DIV(I)[Z ds (Divi chlet cnevgy)

Thew , fov n=3 (btd' similay computstions woks for Sl m)
and ¢ regu[ar €enough

@ E@l - [ 4(1%[*[3E]) s
> LIRI[58] & 7 1383 ds=F@)



2) Iueaiu,ali,’% (@) n i s an equslly ff %'
Inequality (b) is an equslily ff _SQJ_&

oS,
Thus the mequab.\'j i () is s equah."y (E@=F@)
[

aSzJ

ag l l% l D% %, 1 &Q at E\;‘e\rj SG;D

Tms s e_c’.uiua\ed‘ to say that the differential
ds¢ of ¢ st s iutewded as 5 lineasr msp from
R* To UQ}} = c,ompcs'.‘\'fon of on i:ome‘l"rj swnd
a dilblion of 3 factor ) thet is

Clscl—“’ is 3 cowformal lineav map (it presevves ahglﬂ)

@) EVGV\LJ cib adwifs a repav awelvization EE: Po6
whieh is conformd) (Lichfemﬁe\‘n -t‘lr\eovcm)

twat is, E($) = F(¢)

Thew, 1 P minimizes E,_ it slso minimizes F. |Thats, dsb is
'0 Conformal for

Moreover the map 4’0 ie harmenic a conformadl — every seD.

because T minimizes
Iv\c\eecl, fc‘\f Q!O€V3 cther Cb’ the Divichlet enevgy

() F@)=F@)=E@Q) > E®@,) =F () .
) n " ),r ]T )

—

1;3:?“?2) (‘1’) cholee of ¢y (i)
Mowe over Taking C|D:=c(>o in (A) we get 'F(d)c):E@o)
which {mp\ies that 430 is conPovmal bﬂ 2.

This compulstion suggests thet one can sclve Plstesw. Pb.
by minimizing the Divichlet enevgy E iuctead of the
area funclonal T,



Final remsvks

This appreach wss cavied out laj J. 'Douglas aund T. Rado
in the mid 1930s.

It presents mawny difficultties (bi¥ it also giee Sewe of
the best resutts wm term of VEgu,lavf'ty.

One of the clllf-Fme'j (g in Step @-) the conformal
re pavemetintzstion $ = oG s given by an homeomorphisim
c:D—=D Liwch in geneval CANNOT be the llde\il'{’rg on
oD . Thus Ncp dees wnot ssltisfes the ‘Ooumdéfy
condition d =7y on 3D.

Tims weans that the soldion of Plstesuw Problem Is
obtsined by minimizing E(P) with the (hov\gfamdavd)
]oobmc[av\tj condition

(I)_—.?fos on SD fov some

homeomorphism & : ID—>3D (& is not fixed)

'F;ha\l:l, s appvoacln does nat work for d>a
because Step (2) Lalls, it is not True thst every
map admits o confermal veparamelrizastions | due
To the £sct thet confovmsl mzps are quife V‘igicl
when The domsin has dimension > 2.

Here 8&016 ﬂte review O]C maih alo\ovoaches
to Plateaw Problem



