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In the following measuves are always positive Borel measures on
a locally compact , separabile metrie space X .

Ex
- 1

Let µ be a measure on X .

Prove that the smallest closed set C which supporto µ exists .
Thus the definition of supporto pe is nell posed .

Ex
-

2

Clive examples of finite measuves µ ,
d on 6, D sit . teta

and snpp(pe) = supplì) = Io , D .

Ex
. 3

Prove that it is not possibile to associate to evevy measuve

pe on X a Borel set slpe) c X sit . SIN supporto pe and

SIM n sia) = ¢ cvhenevev µ 1- d .

An atom of a mea sure pe is a point × EX sit. µ I >0;
µ is non- atomic if it has not atoms ; µ is atomic if

every set E with pe (E) io contains an atom
.µ Note that those are not quit the definitions you Mayfino in textbooks on general measuve theory ,

but

are equivalente for Borel nessuno .

A measure µ is called 6- finite if then exist countably many{ (Borel ) set Xi st . µ (Xi) <+o ti and UXI - X
.



EX . 4

Given a nessuna µ on X ,
let gcx) := µ ({ x} ) for every XEX,

and 'et

à ÷ §, ÷ sup !!!" : È .

Prove that

(a) pt is an atomic measure on X i

(b) µ = pt + A where d is a non - atomi e measuvej
(c) g can be any function from X to Cato) , even not Borel .

E x. 5

Let µ be a 6- finite measure .Then the following are equivalenti
(a) µ is

atomic ;

(b) then exists the smailest Bord set E that supporto µ .

Ex
.
6

Let µ be a non-atomic locally finite measure .

Then for evevy
O sms Mln) their exists E St . ME) = m .

int : use that the function f : Lord→ Lato] defined by
f ex) : = petto ,D) is increa sing and continuare .

We devote by to the measure that
"counts points, on evevy SpaceX ,

ATEI # E = the number of Points of E if E is finite and{ name '!nerwise
.

+0 O

EX
.
7

Let µ be a finite , non - atomi e nessuno con X. Then µ« sto but

Random - Nikodym The0rem does not apply , that is, µ cannot be
Written as pe =p sto for any pe L' ht9 .



E x. 8

Let µ be a (Borel) measuve on X , f : X→ X
'
a Borel Map ,

and lat % µ be the push - forward of µ accordi
ng
to

f ,
that is

,

[[MIEI µ ( ÈIED VEEB

Prove that ↳µ is indeed a (Borel) measuve on X
'

.

Ex
.
9

Let µ be a measure on X. Then for avery × e supplite)
(and in parti cnlar for pe- a. e. x) therehdds

µ (Byrds o tir > 0
.

This proves that the ratios in the limits and the limsup
in The0rem 2

, § 2.1 , Leet . 2, are nell - defined for pe- a. e. X.

EX
. 10

Let µ be a 6- finite measure on X and fix XEX .

Then µ ( 0134,4) = 0 for all r >o exceptcountah.ly many .

In particellar µ (Bat ) = µ ( BG,ri ) for all snch r .

Ex
.
11

Lei µ ,
a be localiy finite measures on X

, letxesupp (µ) ,
and for r > o set

giri f¥ i neri .

Then
(a) gcr) and him are Welt -defined for overo where

vo is Stich that BART is compact ;



(b) g ,
h are resp . right- and left- continuous on (0, ro) ;

(c) gir ) = hcr)iffdldbkrll-pecobcx.nl/=O(thatis,allrsoexceptcountablymany) ;

(d) g , r are continuous at all velo, ro) sit . gcr) = hcr)

(that is , altro exceptcountab.ly many) ;

(e) linnsupgcr) = linnsuphcr) ; linninfgcr) = linninfhcr) .✓→ o no r→ o no

This exercise shows that all limits and limsups that

appear in teorema 2 and 3 and in Corallary 4 in

if we heplace the{ § 2. i , lecture-dowiffotthechfffnebanstscx.rs
.

closed balls BCX, r )

a localiy finite measuve In on X has the doubling
propertyifthereexistsmc-icos.tn

{ te ⇐ " htt" ttba " '* '

µ has the

asymptoticdoublingpropertyiflimsup.tk/3kzrTI- (*⇒
"→o pelta

< + a forte-a. e. × .

EX
.
12

Prove that the definitions above are not affected if one replaces

(a) the closed bells in and (**) with the correspending Open ones ;

(b) the number 2 in BCXRT) in and (**) with any m > i (and
in ⇐ *) m may depend on × ) .



§ In the next exercises F is a finite dimensioni
normed space , and d =p µ an F- vahied measure .

Ex
.
13

Data pe L' Gu , F) ,
dimostrare che effettivamente

AlE) ÷ ! gdpe
è una misura di Borel a valori in F.
Cosa succede se invece g E L'iodµ ,F) ?

Ex
.
14

Let a =p pe and D=5ft be tuo representati0ns of d .

Prove that 191, in = 151, te and Hetty, = Il ftp.ypi ) .

This the definition of IN and Ncd) do not depend
on the re presentation of d .

E X. 15

For every set EC IN let NEI c-è be defined by

(NEIL : = {
È if ne E

,

o if n E IN IE
.

Prove that

(a) d is a g- finite measure on IN j

(b) a Carnot be Written as a=p sto for any ge
L'ato);

(c) Theorene 1 in § 2.2 , Lectures, does not apply to d .



{
Given a localiy compact topologica SpaceX , È XU {a} denotes
the one -point (or Alexandra) compactfiction of X .

Thus a base of neighborhood of co is gi ven by the set
XIK with K compact in X ; in particolar co is an isolated

point iff X is compact . Moreover if X is metricalde so is t .

Ex
.

16

Consideri the following classes of Maps g :X→ F
*

:

Bs : = { g : g Borel , lglt.SI on X } ,

Ba : = { ge B ,
i g continuous } ,

Bs : = { se Baiftp.go.of.io/itYY:nFi:p%f4ivendeM(X
, F) , prove that

MIN = inffgdd = inffgdd = inffgdd
943
, X 943

, X 943
, X

"

and the first infima m is a minimum
.

This exevcise proves (mostof) Propositi on 3 of §2.2, Lect. 3 .

The Key point is that for avery VEF there holds

<w ,
v) siwl lui, VWEF

*

(by the definition of the dual norm I. i. * ) and eqnalityhdds
for sane WEF

* (this is a corollavy of Hahn - Banach Theorem) .

Note that the proof does not realty uses that Fis finite

dimensionali



Ex . 17

Show that Riesztheovem (Theorem 4 of § a. 2 , Lectures)
for an arbitravy (finite dimensioni) named space F
follow s from the case F = IR .

Ex .
18

Show that Riesztheovem for X locally compact (teoremi 5 .
. .)

follow s from Ries2 Theorene for the one-point compact, fiction
X (Theorem 4 ) .
Ht : Let X be locally compact . Then Eolo ,#I is naturaliy
identified with a subspace of ECT, f-

*) ; then a bounded linear

functional T on lo CX
,
#) can be extended to a bounded linear

functional t on ECE , F
*) and the is vepreseuted by a measure

I eMIT
, F) .

Let then d be the restriction oft to X . . .

Ex
.

19

Let duedl (X ,F) be of the form dn - Ansa with XNEX and oneF.

(a) if in→ x in X
, an→ a then in# a. Sx ;

(b) if An d and tifo then Xu and an converge;

(c) if in 0
,
what can we say about on and Xn ?

Ex
.

20

For evevy Noi, 2, . . . le t D µ
be the set of all de il of

the fogni D= a sx ,+ . . . + in Sxn with ai EF
, Xie X ,

and let

Di = UD
n .

NE 1

Prove that each Dn is week* closed and D is dense in MIX,F) .



Ex
.
21

(et an ,
a be measures in UK, F) such that :

(a) IM (an) s c for sane Cato Independent of n ;

(b) fygddn → fyg di forevevyg in X dense in E ←III.⇒ i

Then in a
.
Moreovev (a) is automatica lly verifica if X - E .

Ex
.

22

Let X ÷ Io, D and let dn ÷ n (Sun - so) E MIX) .
Then :

tal f. gddn converges for avery g e C' CX) ; % io! È

(b) for every ce lo, D their exists g C-CSÌ,gddn→+co .

È Ebe the standard Cantor set
,
that is

,
⇐[Cn where

Co Io , D , ci IO, 113) ULZB , 1) and so on . . . Thus each ( n is the

Union of closed Intervals Ins . . . . . , In,an with length 3-
n
.

zn

For avery n let peni = è
"
E qui with Xni C- Ini .

[= I

Then pin# µ in via where µ isuiquey determinerà by
µ (Imi ) = 2

" for avery n , i .

Ex
.
24

Let 7 be a family of functions g :X→ Eco
,
-1A

,
and letft, f-

be the upper and lower envelopes of 7 ,
that is

ftx) : = inffgcx) : g e 7} i fidi = supfgcx) : g e 7} .

Prove that :



(a) if every get is tower semiconti then f
"
is t.s.ci;

(b) if every get is upper semiconti then f- is U.s. c.

Note that this exercise works with X any topologica 1 Space .

⇐ zs

.
mi

Let 7 be a family of functions g :X→ R with sup hip (g) « co
,

and letft, f- be as abore .

se7

Then either ft, +non X or ft takes values in IR and Lip (F) SL .

And a similar statement hdds for f :

Ex
.

26

Let E CX
,
lat f : E→ fa ,xD be finite at some point of E,

and for avery XEX , mio set

fm i = Inf ff (g)+ m.dk, y) : ye E }
Then

(a) fin is Lipschitz and Lip (f)Em for every MIO ;

(b) fmlx) is increasing in m for evevy XEX ;

(e) ftp.uol.mkl-smgpofmcxlsfldvxeeand-holdsifffisl.s.cat × .

(d) if f is t.sc, fmcx ) Tfcx) VXEE .

In Exercises 25 and 26 it is not needed that X is locally compact .

EX
.
27

Using Exercises 24 -26 fili the Missing details in the proof

of § 2.2 . 4
,
Lectures

.



Space of positive

finitepmeasure.scEX
. 28 -

Given µ c- MIX) , Iet piedi# ) be the natural extension
of pe to the compactfiction F , that is ,

NEI ÷ MENA = HEIDI HEEP .

Let in⇒ µ in MTA and assume that their exists

mi = line MAh ) .

n→ co

Prove that pin⇒ Tu+ c. Soo with c : = m - Mln) .

Ex
.
29

Prove the statement container in § 2.2.5 , Lectures .

int : Use Exercise 28 to reduce to the statement in § 2.2.4 .

EX
.
30

Let in a in MIX
,
F) and assume that tant µ .

Then

(a) IN 5 µ ( that is , IN LEI E NEI V. E) ;

(b) if MAH→ Mld) then IN - µ .

inforca : prove first that for avery A Open in X

IN IA ) = sup g di : goffa,FI , 191
,
si }

and deduce that IN (A) spia) .

Ex
.
31

Prove the statement container in § 2.2.6 , Lectures .


