QMT \3/20, Exevcise Sheet £ [Vevgion: L;/5/ZOZO:I

Reference: lectuves 2 &3

Ty the ﬁoUowiv\j meseuves e alweys positive Bovel measuves on
a loca\\j compact, gemveble wetvie space X.

Ex. 4
let & be @ messure ou X.
Trove Pt the smallet elesed st C whieh sup}oov'tr pe exigle.

Thus the definilion of Support R o is well posed.

Ex.2
Give exswples of Linite meaguves Ik, X ow [} st Wl

and supp(W)= supp(n) = To,1].

Ex.3
Prove st it 1s not poss\lo\e o associske 1 ey medeuwe

e onX 8 Borel set S(u) < X st S supports M awd
S N SA)=¢ whenever | L%,

An afom of o measwe W is 2 pot x e X st }A({x})m)
1S moun-afomic 1€ It hazs het otowms ;P IS atomic if

D every set E wite W(E) >0 conlsing an stom.

Note ‘H/\ei' these 2re hot C}uﬁ‘e Jl'he deqffniT/x’Gns Cjou, Wlay

find 1 Tfextbooks ewm genews| Jnesgue —Hnecw\y o ot

ave. equivstaat for Rorvel Imessures.

A measure W is called c-LPnite 1f there exist coumTaLlﬁ many
(Bowe_‘) sete Xb st fk(XL) <+4oo ¥ and UX! =X.




Ex. 4
Given 3 messwe (L o X, let PO = p,({x}) for every xeX,

owd let s

X) \— supld ) P ECE
Rrov 'HI\B'\' P“( XGEP P{XGE'P( Efwn']“e}
rove

€) FL/ 1t an Stomic wesswe ow X
) = +X where N\ is 3 non-sfomic messuve
Q) p can be ny fune:ﬁow fvovn X to [0,t00 ] , even ust Rorel,

£x.5
Let 1 be 3 &-finite messuve. Thew the followiuﬂ sve equivalewt:

@) p s sfomic ;
() theve exislke the smollest Bowel set £ thst suppats L.

Ex. €
Let W be a hon-stomic localL_tj Pinite messuwve . Then for evevy

0<sm< M) there exigcle £ st p(E)=m.
Hitt Por X=R : use thst the Lunclion £ : [0,x00 — [o400] defived b_(j
L y:i= p,((—x,x)) is Increasing and Continuous .

D{ We denste bj HC the meazwe Wt “counts points, on evevy Space X,
hamelﬂ HAE) = $E = the numbey of |aowd's o E ¥ £ icfinife and
+x other wise.

Ex.#

Let W be a Limite, non-afomic mesawve own X. Thew TR % byt
Radon - NnKoclJvn Theoem doee not applg , Thstis, W cennct be
wvitten as W= f’(}{ for Shy pe L (% )



£x.8

Let k ke & (Rovel) messuve on X, £ X=X a Rorel msp,
ana let '“ﬁt - be the push-forward of W according to

{:, ‘I"VlB‘l‘ IIS} _
2p16) = p(flE)  VEer
Rrove  that JC#VL i3 ndeed 3 (BOveD measwe on X’

Ex. 9

ek M be 3 messwve ow X. Thewn Fov every Xe& SU‘\"P(P‘)
(and 10 Pavticwav for p-a.e.x) theve holds

I (BGxv)) > O Yv>o.

This proves that the ratios n the limie and the [ivvxsup
in Theorem 2, § 2.1, Leet. 2, ave well-defined for p-a.eX.

Ex. 10

Let be 3 6-{inte measure on X aud fix xeX,
Thew PL(QB(X)V)):O {or all >0 excepl cowrtebly Mmny.

In Pav'hcula\r M(B(x)r)) — IUL(B(XJV)) Lor all such I,

Ex. 11

Leb i, be locally fmite measves on X, let xe Supp(it),
dnd for r>0 set

3(!/‘) = —H (Im 5 l’\(V‘) = —H (BG(JV) .
W (BG,) K (Bk)
Then




(k) 9,0 are vesp. right- and left-cotinuous on (0,%);

) g0)=he) iff A(IRKr)) = (@R () =0 (thst is, all r>o
except  cowrtsbly many) ;

(d) g,r sve covilinwous at all Yé(O)To) sT. 30»)=l/\(!r)
(thst is, Al >0 except cowntsbly many) ;

©) lir'/“j%p 3(r) = Hr'mjlép hr) lri\v_v;ig# 3(r) = l‘i(yn%ing h(r).

This exevcise shows thst all limits aud limsups thst
> 2ppear m Theorews 2 and 3 aud in Corslovy 4 in
§2.1, Lecture 2, do not change € Wwe replace the
cloted balls B(x,r) with the open balls B®Rv).

A loaslly finite wedsuve . on X has the cloub\iv\j
propety if there exicts M<too st

> L(BG2)) <M w®&v) V bsll BRY); (%)
I has the astjm[a‘\‘o‘ﬁc dou.b\\'v\j propevly £

el'fl/\hsup H(Bﬁr)) <toq  fov M-a.e.X . (%)
r—-o WwR&r)

Ex. 12
Rrove that the definitions above ave NoT sffected I one veplaces

(3) the closed balls in () and (%) with the covvesponding open ones

() the number 2 in BX,20) n () and (k) wotth any m>1 (and
in@* M m3y depevd onx).



D(In the next exevcises F is a Pinife  dimensions
normed spsce, and X =pp an F-valued measwe.

Ex. 13
Dsta pe* (w,F) , dimostrare che effettivamente

AE) = fE P

& ums msws di Bod a valori in F.
Cosa succede se ihvece fe L‘k,(_(pL,F)Z

Ex. 4
Let A= pp and A=pfl be Two vepresentslions of X
Prove that |J0\F|L = [Pl.ix awd “f’“u@ = "F“L’(pﬁ)'

Thwe the definifion of |Al aud MQ) do wnet depand
on the vepresentalion of A.

Ex.I5
Tov evevy set ECN let )\(E)ée,z be. defived '03
QE), - = %“\“ F ek,
" O 1P ne N\E.
Prove thst

@ Nis a o-finite messuve on N,
W A camnot be writfen as A= p&f° for omy pe L(H°);
(c) “Theovew. 4 In §2.l) Lectuve 3/ does wat app[& o,



Given 2 loeally compact Topdogicsl space X, X:= XU{oa} denctes

e one-pant (ov AlcxaV\d\roV) compac:h(ilca‘\'\on of X.

M Twus s base of V\e\ghlaow\nooc\s of oo is \9|vev\ \o_cj the sets
X\K with K compact in X n \oav'hculsr oo Is 3n tsolafed
point W X is compset. Hove_ovev W X ig wmetrizsble go is X.

Ex. 16
Cousidey the -Col\owiug clsses of maps g: X—> .

81‘;{3 . 9 Bovel, ISIFSI ouX} )
Bz: = {cjé BI - g C.OV\T]V\LLOUS} )
This make sense omly
BS B {36 'B ,(-;oOacx } ' H \f £ is net compact
Given N€ JU(X,F), prove that

M@K = 5}2}2 fﬂc\k -52221])(30\7\ =;21g3fxgcb\ .

and the Livelt infimum s a minimum.
This exeveise proves (most of) Foposition 3 of %l.ﬂ,, Lect. 2.
The Key powit is thst for evevy veTF theve holds
Qwvy < lwle vl Vwe FX
(oy e depinition of the dusl novm |-lp+) and equelity holds

fov some wet* (‘ﬁ/\is is & covollory of Hahm-RBanach Thearem).

Note tst the proef does not really uses thst Fis finite

diwien glonal |



Ex. |3
Show thwst Riesz Theorem (-W\eore\m Ly of §2.2, Lectuve 3)

-\Fov an avb'ﬁvavg (fiv\ﬂ’e d\'meusu'owa\> Novmed spsce T
follow s from the case F=R.

Ex. 18

Show 1wt Riesz Theovewm for X Joeally compact (_ﬁ/\e@vew 5)
follows from Riesz, Theoreww for the one—poirit compactificstion
X (-W\eore,w\ Lq)

Hiat: Let X be locally compact. Thew & (X,F%) is naturvally
dedtifled with a subspace of E(X, F*); Thew 2 bounded [inesy
funclional T on Eo(X,F*) csn be extended 1o 5 lbounded linea

functionsl T on @(X,F*) aud the s vepreseited by @ mesuve
X G.J’((S(,F). Let then A be the restvichion o@"i o X ...

Ex.19
Let Ay e M (X,F) be of the form Ay= o, Sx, with XX and xueF.

@) if xu—>%X X, «,—> « then A, "> .8,
(lo) llﬁ >\M—*—> 7\ avmd 7\%0 "'hcvx Xn 8nd [ COVlVEVﬂQj'

@ ¥ A2>0, whst can we =y about o, ond Xy !

Ex. 20

Fév evevy N=l,z, .. let :DN be the set oF all Ae J((Xﬁ'—) O‘F
the form N= oS-+ Xy 8y, wik x;eF, xce X, and let
D= 'g‘fDN .

Prove that each Dy is Wesk* closed avd D is deuge m M(XF).



Ex. 21
Let A RN be messuves n J‘{(X)F) such thst:

(3 M) £ C Lfovr sowme C<+oo inée‘oev\clev?\‘ of n;
‘ . hat
(k) JX 8 dy, F—:Z jxﬂ dx fov evevj 3 n X deuse in &(X) S

Ex, 74!
Thew Ny 2> N . Hoveover @ s alI\'owlahca\Ij vevified \f A= ex).

Ex. 22
Let X:=[o1] and let )\V\': Y\(Sl/M——éo) < J{(X Thew.

(a) fx 9 dA,, Convevges -fov evevj 9 c C' (X) / fswv?ffeo:ﬁ; i’geﬂ;\
(k) fov every o& ) theve exists g€ C’O’d()() st fxﬁ dAy—> +00.

Ex. 23

Let C be. the stondsvd Caiitor set, st | 1S, C:= r\ Cy\ wheve
Co=[0,1, C;=lo 3 uu3, 4] and so on - Thus eeclq Cw s The
wnion of closed interusls IM,... s Lnan b\)l'H/\/ \evngr\n 3"

:‘;DV eVeV'S ] |e+ IA’V\ Z gx (Ul-l'\A XNQI_M .

Theu W, > H_ U J'C“(C) wheve | 13 Mmquel\oj determined L;j
P‘(IV\/L) 27" for every M, .

Ex. 24
Let F be a fomily of Pumdtions g:X—>[oo,rsd] , and let f*, §°
be the upper and lower ewvelopes R ¥ thstis

Lo = 'mf{g(x): 365"} ; .EJr(x):zsuF{g(x): 365’} ,
Trove thst:



(@ if evewy 363 i< lower semicemt. Then f+ is Lsc,

(b) ¥ evevy 365‘ 1< Upper Semicemt. then _{3“ Is W.s.c.

Note that this exercise works with X 3ny To\oolo\giCa] Space .

Lipsdni‘f z constant of g
Sl
Ex. 25 :
Let 3 l)e = '€3W\i15 o€ ?Lkheb.'dhs 9:)(—)“2— with L= SWp L‘P(j) <+69,
and let £, £~ be as sbove. 9e¥

Then either £¥=100 on X ov £ Takes vslues m R and Lip(e7)<L.
And 3 similav statewment holde for -

Ex. 26
Let EC X, let |- E—> Coo,ree] be finile s some poiat of E,

and for evevy x€X, mzo set

f 0= Inf {f(ﬂ)+ m.3(xy) UGE}

Thew
© £,00 is ncressing in i for every xe X ;

@ %gkm fm(x) = 'SV;L;% Fm(x) $P&) VxeE and = holds iff fis s atx.
d) fis (.S.c_.) PW‘ (x) T?(x) Vxe E,
Th Exevoises 25 ond 26 it is et needed That X is locallﬁ compaet .

Ex 27

US"V‘S Exevcices 24-26 fill the missimg detsils W the pVoof
of §2.2.4, Lectwre 3.



Space of pos'n)ﬁ ve
finite measuves on X

Ex. 28 1 o
Given M e MX) | let LeM (X) be the natuwal exteusion
of m To the Covmpa@j'\'(—:ica"'(cn >A(, thst s,

HE) = WEN) = WENeS) YE €p(X).
et f.t 2 - in MX) and assume that there exicts
M := QLLLL IH('ULH)

M- 0

Tove that ’F%\ -iéfF_+C~<Soo with c:= m—M(u).

Ex.29
Frove. the s’re*l‘e_mem‘l's covﬂ'éi\nec\ wm § 2.2.5 ) Lecfwe_g ]

Hint : Use Exevcise 2% 1o reduce 1o fve statemeils n §$224.

Ex. 30
Let Au®> A n M(X,F) and assume that A, 2> . Thew

(B A€ p (fustis, ()< wE) VE),
() i MA)—>MOA) then 1al=pe.

Hiit Lov @) : prove Livet that fov every A opew m X

A (R) = sm\o{jxadk : 3682)(:4,1:*), IS|F<I%
and deduce that |M(R) < p(A).

Ex. 3l
Rove the ststemelts covitained in § 2.2.6, | ectiwe 3.



