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D’ Tn the next exevciseg Y is a welvie space (cui‘l’l,t distance C‘)

Ex. 1L
The -fol/lo(n(uj ave QqMakuT:

@) Yis totally bounded (thalis, fov every >0 Y can be
coveved by Linitely meny (clesed) balls with vadius $8))

(b) Y ig the limit ((in Hausdovl dlistonce dy) of a sequence
of finite gelx.

In pavTim\av evevy compact melrie space Y is the |imit of
3 sequeuce of " Pnite sets.

Ex 2
Let
B = {CcY st Cls closed, ctpl

be cudowed with the Hausdorl distsnce d,,. Rove thst:
(@) f Y is complele so is EY);

(&) 1 Y s Tefolly bounded so is BO);

@ €Y is compact so is ew);

(d) gce?i(Y) . C compad} 1s closed m EY);

() {ce®() © C comected & compact? Is closed  EXY);
() §ce &R © Ccomected ¢ i el closed m E(RY).



Recall thet a path in ¥V is o conlinuous map 7 Iy
and L(}f) denctes the lem@*‘lr\o,ey. _r

closed vtevusl

Ex. 3
Prove, +ha+ N

@) ¥ > L) is lower semicontinuous w.rt pointwise convergence

(b) 1 genersl Y I—> L(7) is mat covlinuous on the space
X =S st Lip) gmj endowed with uniform distance

thst is dx(Wo)?fl) . i:\"_)[ dC(UO(t)/ZuctD ’

Let Y I>Y be 3 psth in Y, and fov cvevy closed intevial JcT
o let L(1,7) be the length of the vestviction of 4o T

We Say st T hWas coustout 5peed v P L(j,I):U-lajW(T)
Lov evevy JcT.

Ex 4
C|ivev\ 'Ki [O,l__]—>y, l;)\rovg, +t19+ L(X)Q LiP(YD BV\J 'LP
L) <+oo then equally holds iff 7 has cowghout speed.

Ex.5 ;

Let 7ol =Y be a psth with L) <teo sud assume
that 4 is wet conglont on avy subintervsl of T,
Then there exists a veparameliizslion ¥ = 706 Such that -

@G 6:1I=>1 |s an '|V\cvea<s\‘m\<j homeomorphism ;

() ¥ has constant speed V=), In parTicular L(%) :Up(’{)
Hivl : let c be the mverse of ¢.T—T, 2() - L(.b4 |

(Yow must prove thal € is an 'lhcvessim\ej \’\QW\QOVVI) L)



Ex 6 3
Let 'K‘-m—é\/ be a hon-constovit psth with L(y) <+eo,
Then there exists 3 veparameliizstion Y = YoS such thst:

@ e:.I—=T s stvietly increasing and &@)=0, sH)=I;
Y ¥ is coiltnuous | F (1) =7), L) =L®)
(0 T has coustsul speed V=L(F).

Hiit © in tie csse the funelion € from previcus exeveize
s shil ivaea&\'vng but Pcssl\o\j hot s‘tvid‘lg) and thevefore may
be wnol invertible. However cowme sot of inwevse of €
WovKsS.

Ex 7 i
Let yrled—=>Y be a paﬁ\ ith () <too and £ix $>o.
Then there exists 3 veparamelrizstion 'f::vos such that:

6) 6:I>1 s an Incveasing homeomorpmsm ;
® Lip(F) < L+
H‘W\‘f et s be the myerse of €S:I%I) € (t) = L, oLt gb
LG+ S
Ex. §
Civew Ko, % eV with XoF X\, define
X:= ?7: 1Y st Y confinuous, Y(0)=X%o, 'b'(i):)(l})'

&) Lwin = g {LG) = yex},

and assume thet Ly <to. Prove thsh:

(3) £ Y ols covmped' He mBimum 1n (*) is a“T&iV\edj
(COWLp\e\‘e the sKetu of pVOof givew N Lec‘hwei/§ |.2,3)



) 1€ Y is locally compael fhe mEimum m (¥) may be not gitsined;

(@ 18 the ball B(olw) is cowpsct the infimum in () is
S’ﬂ'&iV\Edj

d) 1§ the MPimum In (¥) is Strsined thew every minimizer Y has
He Lollowing propedy : 1 (t)=y(t) for Some o < b1 Then
¥ s Congtadt on [to,t];

(6) .'f 1'\/\@, ‘IV\EiVYI(LV" n (*) 1S e‘ﬁ“aiv\ec‘ then ﬂ'\eve exigle & m'\nimiZﬁv
Y whick s im\"ecﬁue.

Ex. 9

Toke X, Lpi, 3s ' Ex 6, assume. 1hst Ly <t aud let
() Coin = 10 § Lip() yex}

Prove that-

(3) tm‘m = Lhn'm )
(b) evevy minimizer Y of (*#) is 3lse a minimizer of (%) and
has constant speed ;
() 18 Y ig cowpach the mfimwm v (%) e sfteined.
I

A netwerk N in Y is a finite collechion of paths fﬁﬁ)’

such that the get
S(N) :X%)NW(I) & guppoff of N

P s Cohned'ed)- for such N e defive
(N) - L(V) = Z L@G).

Lip(N) = sup Lip) ;
YEN 7N YEN

Lipschitz const. of N \evx\g*'\/) of N




Ex.10
(liven a fimﬁ‘e set T'CY define

(*) Lyn'm'.: 'IV\E % L(N) . N st S(N)D["j .

Assume that Y is compaet and Ly <too.
Fove that this WmPimum in &) is attained.

H'W\‘}‘ y onve ﬁ/\é{' 3\\;6\4 a V\e"\'ooov\( N st S(N)DF ‘H/\eve

exicts a V\eﬂ'work N st. S(N)DSN) DI, L(ﬁ)<L(N]
and #N < H17 -1 . Thewn prove st Loy IS equ.al ‘1'0

Cin = mf{ Ly N st ser, #NS#P_\} )
L\P(N) < Lmin+l

and that this mfimum s sittsined.

Ex.14
Prove thst there existe a minimizer Ng of (x) in Ex.lo

such thst ezcu Ye< No ls m\]ee‘\’\ue

Hoveover, givew %,%, € No, Y075, P (D) Ny, (I) contains
st ot 4 poivit.

Ex. 10 avd Il show Thst the mivimizstion oe L(N) among
sl wetworke N suck thst SIN) cowboing N lesds 1o

a S&K$€ad‘ovi/\ variant O S+@Jwev pr&o\ew

Cue can show st ths vaviswt is completely equsledt T
the one desevibed i Lecwve 4,81.2.2.

Nae thst for existence it is esseitial thst I ic Pmite .



DFV\ the nett exervcises ¥ is an n-dimensional suvbace
of clsse C' In le) Possilo\ﬂ it ]Oow/\devg.

Sowme exevcises reqmve seme Kwowleclge o\q the ﬁ\ed/j
of Sobolev Spscee and Calewlus of Jsristions.

Ex. 12

Assome st Y: [, 1—Y is a contiauous path in the
Sobolev class W' (as a Luncion coith valueg In Rm)
Prove Thst

LG) = fo \yel dt

The imcctu.a(ﬁ(ﬂ < is easy. The pvoo.[? of < I1s gule
delicste : the one T Kuhow Uses the poivits of
Lt Sppreximate continuity of ¥ snd s covering argument.

Ex. 135
Fix Xo,%€Y with XoF X , and define

XP = 1Y oY st 7Yis contin. and WP '
Y (©)=%o, YA =X

Brove that if YV is compact then “ﬂlP admits a minimizer
ovev all e Xp -

Ex. |4

Following the scchewe outlumed i Lecture s k §|-2.3)
prove That a minimizer ¥, of ||XUP on Xp is 3lso

a minimzer of [ylly (e, the lewgte of 7) on X, and
that ¥, hes  cousteul speed and meve preaisely |Fe)] = liFl,
Lor a.e Teloi].




Recall thst a linear map T R R" s conformal 1 T= AR
ooheve Nis a dilstlon opg R" (e, Aix—=>2Ax with A >o) and
R-RYS R is a livear lsow\eJrv (e, [Rx| =Ixl \/xeR)
Th other words, a mstvix MeR™ s conformal ¢ M=2AR
Dl with 220 aud Re R™' s+ RR =T < dxd identity wabix.

For c‘—.n:z) conformal matrices are

b a b -a

M M
Ex. 15

Let QL be an coen set in R* and let £: 50— R* ke
a msp of clsss C'. Then

We ‘\dewufitj [Rz amd C
. . , . T .
) i £ is hdemorphic or  auti-holomerphic thew £ ic

conformal ;

(b) 1 £ is conformal, ST iz cownected and ¥ +0 on L,
then, £ i1 either holeworphic or ewti-holeworphic .

(c) Does the conclusion in (b) hold without Sssuming Vf?:#o?

The answer to () Is posiive 2t least Por £ of clsss C'NWZ.
Hint -

Set A%.= {xcﬂ VR =0} and AT {xesz\no Vf(x)eﬂtj
and prove 'W\ST the -plu\ct&om 3 SL— R* 3\\)@\ btj

%—% 1P xeh”
9= 0 1 xeA°
%%(x) P xe A

s ho\ovmov \c. [“e\re I heed 86 W'é\bc, which 1 pvwe u@ivxg ﬂ/\e
agsumPTloV\ f S \I\/Qm__ 1



Now theve ave Wow Two possibilities
j_) H‘):g\(o) has an acecumulation poivd' m ST, thew g=0 om St (L:eCaULsa
g s holowm. and SUis comecled) and £ is consteut (in part fisviel).
2,) Ao has no accumulstion POIYT‘-\S w 52, then ﬂ+ov A 1S SJY\ pIg (*),

ond then £ is anh haomerphic o lnclcvwovp]nic)

CliOQ\L A_, A+ Opeum olﬂs\jo\\vﬁ', V\OV\e\AL\!Y(ﬂ subsele G? a Covw\eef(eJ
Open cet LR, then SWN(ATUA) cammct be discete.

Ex. Ic e
Let Me R with 1«3 <n. Then

£ IH] Frobenlue norm of H
det (™) < IH‘ ﬂ = (2 )" = 1 (MeH).
and earualli’ﬁ helds 12 M ie Cvafovmal.

Hint - nse e S\V\qulav value decompeeition M= RAR wheve
Resod), Ne |Rdx°' Is dlajOhS' a)d‘k posifive entvieg, Re R

saltefies R'R=14 .

Ex. \F
For 1<d<n, let €L be au open set W Rd and $ =R
& map of class C' Rove st

avea Jb dx < d
functional fﬂ—qb S d177_ L‘VCH dx )
and e,C}MalLtld holds \°P P Is conformal.

This  sfsfewert  geverolizes the inequality F@) <E@)
pvo\/ec\ (c*m\\tj for n=3) i Leture i} §I.l-?>.



Ex. 18
Lot Me R¥™% and Lo Qvery j=heom et T(J be the 2X2 wmivor
Lovimed \03 the rows 2j- ,2). Then

@ der(f) > (2, detty )

J

(b) equalify halds in () if M e Mo %(t’:) : a,hel‘;{} ;

() eq.ualﬁcd holds in (3) 1P the colums of M gpou o complex
subspace R (RZW'/ whch 1s 1 dentified onth €M oy

(e, K] 2 (Kt lte ) XgrCxy ) o) X $0% ) -

Hivt Oov @) cet ¢ (M) = det (MEH) ;. PM):= (Z det HJ')L and hatice thst
D) = D(RM)  for evevy Redzw), B(H)= B(RH) for every R of the

Lovwn

Ry |
R= ( ~\‘Rm) wth R, ... R, € S0(2).

Then shaw thst  au@ices o pvove (&) whew &) minovs M; sre
wppev  Tridugular ...

P‘I\Aectw.atdy (3) Is & simple caze of Wit \'vLjev 'mequaw’ﬁ,

orievted
E X. IS counter- clocKwise

Let D be a closed dewmain in R% with l:\oumc!avg of e\asscl)

and let @:D% R* be 2 map of clags c ,
/#::\ng;hbmeaswe,
K

2
e j;jdej(vﬂdx = [ ¢ % g
D

Kﬁ Tausentéd derivalive of £,

Thus | det(W)dx depends only on the veshiction of ¢ To OD.



EX. 20

Let D be as m Ex. 13, and let 1E:'-D% [E?'W‘ be, a W\@p
of clags C' Then

[V >
D 3D 2T

jﬁ‘ezj-la_ﬁ‘jd(}{" )

and eﬁf\ﬂél\*g hold: lle Q iS lqoloW\owrp\nic '|v\ ﬂ/te 'll/d’eviov OeD
(\)Je 'ldev\ﬂea R> with € aud R™ with T as in EX.IX.)

Hint - use Ex. 1R awd Ex. 9.

Ex. 21
Lej- D be QA ’HA EX |3) \e,+ e —D% (‘ngd:w‘ bQ an

mjective map of clase € which is hdowmerphic in the
wteviov of D, and set

M= f@@), 2 =¢£0),.
Thew

avea (Z) < avea (X))

for every a2 vface g of clees C' in R p;vavwe*v\z,ec‘ bj—‘D
and  with bou.vxdavB [T,

“This exevelse gives 2 pavtial proof (for d=2) of
the claim in  Exawpe 3, § 1.3, Lecure 2.



Ex. 22
For evevy 1 <jgsm, let P R¥™ 5 R* be the P/G\jeC’:tiOVl 3ivevn lo:)
ﬁ(x‘r“‘/xzm) = (XZJ—l )X?(j) .
Let V be 3 2-dimensionsl subspace of R™ awd let 2 be &
boumded Borel set in V. Thew
vea(Z) > 2 area(7(2)

and equality helds fP V is & complex Subspace of R™s~ <"
(\}Je 'lde.v\ﬂgg R with €™ as in EX. 1&.)

Hint parametnze V by a linear map  X+> Mx aud use Ex. /8.

Ex. 23

Let 2. ke a 2-dimeunsional COvv\P‘acj' Suvface of class C' R
(possib\j wrth bouhciavy , and  possily hat on‘eyﬁs\de)) owd fev
J=1) o, M Take Py 8 iw Ex.22. Prove tat

@) arez (Z) > % avea(ﬁ.(Z)) )‘

(b) eq.u,alitg holds n ) ff the T'augevf\’ ploanes 1o 3 are
Complex Subspaces of R "

(c) area (Z) 2 éa‘”@ (Zj) wheve
ZJ ’.:i«de R <t '34515-(32) and degl\I/(Z’PJ’v) :i} .

Aegvee module L at Y of
(ﬁqe restriction of.’) P to 3




Ex. 24
Tn R R*xR* defive fxe R : 1x=] fxeR™: i<

M= (S'x5e3) U (o5 x8) ,  Zg= @ 303 U (03 DY),

and let > be a 2-dimensionsl compact (possilly nat orievtsbe)
swhfae of class C' with 27.=1". Then

avea (Z) > 2m - ame(io) .
(@ompave with the claim in Exawmple 4 in § (.3, Lecture 1,)

Huat : use stotement @) in Ex.23 2ud deﬁ\/ee %eov\nj To
PVO\)Q that ZI :ZQ_:_Dz.



