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STOCHASTIC ANALYSIS AND APPLICATIONS, 131-186 C1984) 

AN APPROACH TO IT0 LINEAR EQUATIONS I N  HILBERT SPACES 

BY APPROXIMATION OF WHITE NOISE W I T H  COLOURED NOISE 

P . Acquistapace 
Scuola  Normale S u p e r i o r e ,  56100 P i s a ,  I t a l y  

B .  T e r r e n i  
Dipar t imento  d i  Matemat ica ,Univers i tS  d i  P i s a  

56100 P i s a ,  I t a l y  

ABSTRACT 

We cons ide r  t h e  s t o c h a s t i c  problem du ( t)=[ A ( t )  u ( t )  + 
+ 1/2 ~ ~ u ( t )  + f ( t ) ]  d t  + Bu(t)dWt, u(O)=X, i n  a H i l b e r t  
space H I  where f ,X  a r e  p r e s c r i b e d  d a t a ,  Wt i s  a r e a l  
Brownian motion, and A ( t ) ,  B g e n e r a t e  an a n a l y t i c  semi- 
group and a s t r o n g l y  cont inuous  group r e s p e c t i v e l y .  The 
domains D (A (t)) may vary  w i t h  t and we on ly  r e q u i r e  
D ( A ( t ) ) c _ D ( B ) f  each t. A unique g e n e r a l i z e d  s o l u t i o n  
i s  c o n s t r u c t e d  a s  t h e  pathwise  uniform l i m i t  o f  s o l u t i o n s  
of s u i t a b l e  approximating d e t e r m i n i s t i c  problems, which 
a r e  o b t a i n e d  by approaching t h e  whi te  n o i s e  dWt w i t h  a 
sequence of  r e g u l a r  coloured n o i s e s  W A ( t ) .  

0 .  INTRODUCTION 

Let  ( n , ~ , P ) b e  a p r o b a b i l i t y  space ,  l e t  H be a r e a l  se-  

p a r a b l e  H i l b e r t  space .  We look 

lowing s t o c h a s t i c  problem: 

f o r  a s o l u t i o n  of  t h e  fo& 
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132 ACQUISTAPACE AND TERRENI 

where C ( t )  and B a r e  c l o s e d  l i n e a r  o p e r a t o r s  on H I  with  

domains D ( C  ( t )  ) and D ( B )  , Wt i s  a  r e a l  Brownian motion 

on R ,  and f:[0 ,TJ x  R -+ H , X :Q .+ H a r e  p r e s c r i b e d  d a t a .  

Problems of t h i s  k ind  a r i s e  i n  a  l o t  of  a p p l i c a t i o n s ,  

a s  f o r  example f i l t e r i n g  t h e o r y ,  c o n t r o l  t h e o r y ,  popu- 

l a t i o n  dynamics, hydrodynamics, t h e o r e t i c a l  p h y s i c s , e t c .  

( s e e ,  among o t h e r s ,  Zakai 1261,  L ips te r -Sh i ryayev  [ 171 , 
Cur ta in -Pr i t cha rd  [ 61 , Kry lov-Rozowskii[ 161 ) . 

One among t h e  most f r u i t f u l  methods f o r  t h e  s tudy  of 

Problem (S ) i s  based upon semi-group theory :  fo l lowing  
0  

t h i s  approach s e v e r a l  r e s u l t s  have been o b t a i n e d  by a 

l a r g e  number of a u t h o r s  (Dawson [ 101 , Balakr ishnan [ 31 , 

Metivier-Pis tone [ 181 , C u r t a i n  [ 51 , Krylov-Rozovskii[ 151 , 
Chojnowska Michalik [ 41 , Kotelenez [ 141 ) . I n  a l l  t h e s e  

papers  i t  i s  assumed t h a t  B i s  bounded and C ( t )  genera  

t e s  a  s t r o n g l y  cont inuous  semi-group, and e x i s t e n c e  and 

uniqueness of t h e  s o l u t i o n  a r e  proved by t h e  c o n t r a c t i o n  

p r i n c i p l e .  

The case  of unbounded B has  been s t u d i e d  w i t h  v a r i a  

t i o n a l  methods by Pardoux [ 191 ,[ 201 and Krylov-Rozovskii 

[ 161, and from t h e  semi-group p o i n t  of view, by Cur ta in -  

P r i t c h a r d  [ 61 , Ichikawa [ 121 , D a  P ra to - Ianne l l i -Tubaro  

[ 81 1 [  91 . 
The method employed i n  [ 91 c o n s i s t s  i n  s o l v i n g  (S ) 

0  
pa th  by p a t h ,  by t r ans fo rming  (S i n t o  an e q u i v a l e n t  0  
d e t e r m i n i s t i c  problem; t h i s  one i s  i n  t u r n  s t u d i e d  us ing  

t h e  c l a s s i c a l  theory  of Tanabe 1231  about l i n e a r  a b s t r a c t  

e v o l u t i o n  equa t ions .  I n  [ 91 it i s  supposed t h a t  B gene- 

r a t e s  a  s t r o n g l y  cont inuous  group whi le  c ( t ) ~  i s  a  c l o  - 
2 s e d  l i n e a r  o p e r a t o r  w i t h  domain D ( C ) E D ( B  ) such t h a t  
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IT0 LINEAR EQUATIONS 

~ 2  C - - genera tes  an a n a l y t i c  semi-group. 
2  

The method of  [ 9 ]  can be adapted t o  cover  a l s o  t h e  

caseof a  family  of o p e r a t o r s  C ( t ) ,  p rovided D ( C ( t ) )  i s  
2  cons tan t  and con ta ined  i n t o  D ( B  ) and,  f o r  each t € [  0 ,TI , 

~2 
C ( t ) -  2 g e n e r a t e s  an a n a l y t i c  semigroup. 

I n  t h i s  paper  we s tudy  problem (So)  from t h e  same 

point of  view of [ 91 , b u t  we a l low D ( C ( t ) )  t o  vary  w i t h  

t. The method of [ 91 cannot be d i r e c t l y  extended t o  

t h i s  case ;  i n  f a c t ,  t h e  t r a n s f o r m a t i o n  i n t o  an equiva- 

l e n t  d e t e r m i n i s t i c  problem l e a d s  t o  a  non-autonomous 2 
'L 

v o l u t i o n  equa t ion  where o p e r a t o r s  C ( t )  w i t h  v a r i a b l e  

domains appear:  i n  t h i s  case  t h e  c l a s s i c a l  t h e o r y  of  

Kato-Tanabe [ I 3 1  r e q u i r e s ,  f o r  s o l v a b i l i t y ,  a  d i f f e r e n  

t i a b i l i t y  c o n d i t i o n  i n  t f o r  t h e  a n a l y t i c  semi-group g e  
'L 

n e r a t e d  by C ( t ) .  Now, t h i s  c o n d i t i o n  does n o t  h o l d ,  sin 
ce  t h e  Brownian n o t i o n  has  n o n - d i f f e r e n t i a b l e  sample 

pa ths .  

I n  o r d e r  t o  overcome t h i s  d i f f i c u l t y ,  we w i l l  consi -  

de r  f o r  each n€N and f o r  a .  a .  w € R  t h e  d e t e r m i n i s t i c  

problem 

where W ( t )  , n€N , a r e  r e g u l a r  f u n c t i o n s  converging un& 
n  

formly,  a s  n+rn, t o  t h e  p a t h s  of t h e  Brownian motion.  Now 

it  i s  w e l l  known t h e  fo l lowing  phenomenon ( see  Wong-Zakai 
m 

[ 241 , Sussmann [ 221 ) : given i n  IR t h e  s t o c h a s t i c  problem 
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ACQUISTAPACE AND TERRENI 

where W i s  a  r e a l  Brownian mot ion ,  i f  we approximate 
t 

uniformly t h e  p a t h s  of t h e  Brownian motion by r e g u l a r  

f u n c t i o n s  W ( t ) ,  then  f o r  a .a .  w E R  t h e  s o l u t i o n s  u  of  
n  n  

t h e  corresponding d e t e r m i n i s t i c  problems (wi th  f i x e d  w )  

+ h(un)WAI t e I O , T I  1 

converge uniformly p a t h w i s e  a s  n+= t o  t h e  s o l u t i o n  of 

( 0 . 1 )  i n  t h e  sense  of S t r a t o n o v i c h  [ 2 1 ] ,  i . e .  t o  t h e  so 
l u t i o n  - i n  t h e  c l a s s i c a l  sense  of  1t6- of t h e  problem 

1 
du = ( g ( u ) +  - < h ' ( u ) ,  h ( u )  > )  d t  + h ( u )  dWt 

2 

u ( 0 )  = X 

I 
where t h e  e x t r a  d e t e r m i n i s t i c  t e rm - < h l ( u ) , h ( u ) > d t  ap- 2  
pea r s .  Note t h a t  i f  h (u )=Bu,  where B i s  a  mxm m a t r i x ,  

1  1 2  
then  - < h t  ( u )  ; h  ( u )  > = - B U. 2 2  

This  i s  a l s o  t h e  case  i n  our  s i t u a t i o n .  We w i l l  show 

t h a t  t h e  s o l u t i o n  u  of (S ) converge uniformly path-  
n  n ,  0  

wise a s  n+rn t o  t h e  s o l u t i o n ,  i n  t h e  sense  of S t ra tono-  

v i c h ,  of 

i . e .  t o  t h e  s o l u t i o n  of  (So)  i n  t h e  sense  of  It5. 

Thus e x i s t e n c e  and uniqueness of t h e  s o l u t i o n  of (S ) 
0 

w i l l  be proved, g e n e r a l i z i n g  t h e  r e s u l t  of  [ 9 1  ; i n  addi-  
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IT0 LINEAR EQUATIONS 135 

t i o n  t h i s  s o l u t i o n  w i l l  be ob ta ined  a s  t h e  uniform li- 

m i t ,  p a t h  by p a t h ,  of  t h e  s o l u t i o n s  of t h e  d e t e r m i n i s t i c  

problems d r i v e n  by a s u i t a b l e  co loured  n o i s e  W '  (t) ap- 
n  

proaching,  a s  n+m, t h e  whi te  n o i s e  dW t ' 

I f  we s e t  A ( t )  = C ( t ) -  B ~ ,  problem (S ) can be r e w r i t  
2 0  

t e n  a s  fo l lows :  

where B g e n e r a t e s  a  s t r o n g l y  cont inuous  group and f o r  

each t € [ O  , T] A ( t) generates an analytic semi-group. Prcblem (S )is 1 
exactly equivalent t o  (S )provided we assum that  D ( A ( t )  ID(C (t) )C 

2 
0  

F ( B  )for each tE[ O,T] ; hmever th i s  formlation allows us t o  weaken 

sl ightly the hypotheses about D ( A ( t ) )  :we w i l l  require only that  

D ( A ( t ) ) z D ( B )  for each E[O,T] . 
1. NOTATIONS AND ASSUMPTIONS 

Let  us i n t r o d u c e  some n o t a t i o n s .  

Le t  H be a  H i l b e r t  space .  We w i l l  cons ide r  t h e  fo l lowing  

Banach spaces  : 

0  a )  C ([ O,T] ,H)=(u:[  O,T]+H con t inuous ) ,  wi th  norm 

b)  f o r  each BE] 0,1] , t h e  *-Holder space  C o t  a ([ 0  ,TI , H )  = 

1 

c) c I ([ 0  ,TI ,H)={u:[ 0  ,TI  +H s t r o n g l y  d i f f e r e n t i a b l e  w i t h  
0  

U ' E C  ( [  0  ,TI ,H) 1 ,  w i t h  norm 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ita
 D

i P
is

a]
 a

t 0
8:

16
 0

7 
M

ay
 2

01
3 



ACQUISTAPACE AND TERRENI 

P f o r  each p€[ I ,  4 , L (0 ,T,H)={u:] O,T[-+H s t r o n g l y  mea- 

s u r a b l e  w i t h  llu(-Ill € L ~ ( o , T ) ~ ,  w i t h  norm 
H -- 

[ l o T ~ u ( t ) l ~ d t l  lip i f  p < -  

I1 u  II 
L~ ( o , T , H )  

e s s sup  l l u ( t ) I H  i f  p  = m 

tE1  O,T[ 

denote by L ( H )  t h e  Banach space  of  bounded l i n e a r  

o p e r a t o r s  H+H,  w i t h  norm 

i f  more g e n e r a l l y  A i s  a  l i n e a r  o p e r a t o r  on H I  we deno- 

t e  by D ( A )  i t s  domain and by R ( A )  i t s  range ; p ( A )  i s  

t h e  r e s o l v e n t  s e t  of  A ,  o ( A )  i t s  spectrum, and t h e  re -  
- 1  

s o l v e n t  o p e r a t o r  (A-A) i s  denoted by R ( A , A ) .  I f  B i s  

ano the r  l i n e a r  o p e r a t o r ,  we w r i t e  [A,B] = AB-BA whenever 

t h e  r ight-hand s i d e  i s  de f ined .  Now l e t  {W 1 be a  
t t,o 

r e a l  Brownian motion on t h e  p r o b a b i l i t y  space  ( 0  ,E ,P) 

and l e t  F={F t 1  t > O  be an  i n c r e a s i n g  family  of a -a lgebras  
- 

conta ined i n t o  E l  n o n - a n t i c i p a t i n g  w i t h  r e s p e c t  t o  

{ w t k , o ~  and such t h a t  ( Q , F  ,P) i s  a  complete measure 0  
space.  

0  
We denote by C F ( [  0  ,TI , H I  ( r e s p .  tire ( I  O , T I  , H I  ) t h e  

c l a s s  of p rocesses  u:[O,T]xQ+H adapted t o  F ,  and such 

t h a t  t + u ( t , w )  i s  cont inuous  ( r e s p .  0-Holder cont inuous)  
1  

f o r  a .e .  w€R. C ( [ O , T ]  , H )  i s  t h e  c l a s s  of p rocesses  
F  

u:[ O,T]xQ+H adapted t o  F  and such t h a t  t + u ( t , w )  i s  s t r o l l  
a u  g l y  d i f f e r e n t i a b l e  w i t h  t + - a t  ( t l w )  con t inuous ,  f o r  
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IT0 LINEAR EQUATIONS 137 

a . e .  den. 
P  F i n a l l y  L ( O , T , H ) ,  l z p ~ m ,  i s  t h e  c l a s s  of p r o c e s s e s  
F  

u:[ O,T] xn+H adapted t o  F ,  and such t h a t  t + u ( t , w )  belongs  
P 

t o  L ( O , T , H )  f o r  a . e .  w E R ,  and LF ( H )  i s  t h e  c l a s s  of  
0  

a l l  H-valued F -measurable random v a r i a b l e s .  
0  

L e t  us  l i s t  now our  assumptions.  

Let  W be a  r e a l  Brownian motion on t h e  p r o b a b i l i t y  spa  t 
ce  ( Q , E , P ) ,  and l e t  { F ~ } ~ > ~  be an i n c r e a s i n g  family  of 

- 
a-a lgebras  con ta ined  i n t o  E ,  n o n - a n t i c i p a t i n g  w i t h  re -  

s p e c t  t o  {W } and such t h a t  (Q,F , P )  i s  a  complete 
t t,o 0  

measure space.  

Let  H be a  s e p a r a b l e  r e a l  H i l b e r t  space.  Let  I A  ( t )  It€[ 

B be o p e r a t o r  on H s a t i s f y i n g  t h e  fo l lowing  c o n d i t i o n s :  

HYPOTHESIS I B i s  a  c l o s e d  l i n e a r  o p e r a t o r  on H w i t h  

domain D ( B ) ,  which g e n e r a t e s  a  s t r o n g l y  cont inuous  group 

{eCB} EEn; i n  p a r t i c u l a r  

i) t h e r e  e x i s t s  r , > O  such t h a t  p ( B ) ~ I h € C :  

ii) t h e r e  e x i s t s  N>O ruch t h a t  

HYPOTHESIS I1 For each t E [  O,T] A ( t )  i s  a  c losed  l i n e a r  

o p e r a t o r  on H w i t h  domain D ( A ( ~ )  ) , which g e n e r a t e s  an 

a n a l y t i c  semi-group {e 
5A ( t )  1 <, ; moreover : 

- 
lT 

(i) t h e r e  e x i s t s  8  €1  - ,r[ such t h a t  p (A ( t )  ) 2 
0 2 - 

~ I ~ E C :  l a r g A I < 8 0 } b { O } = : C  Vt€[O,T]; - 
Oo 

(ii) t h e r e  e x i s t s  M>O such t h a t  
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ACQUISTAPACE AND TERRENI 

t h e r e  e x i s t  K>O a n d  a € ]  0 ,  I ]  s u c h  t h a t  

d < K ,  II- a R ( X , A ( ~ ) ) I I  K 11- ~ ( t 1 - I  l l L  < - 
d t  a t  L ( H )  - 

I h l "  

HYPOTHESIS I11 

( i )  D ( A ( ~ ) )  5 D ( B )  VtE[  0 , T I  . 
( i i )  F o r  e a c h  t € [  0 ,TI t h e r e  e x i s t  A ( t ) E C ,  L ( t ) E L  (H)  

0 
s u c h  t h a t  : 

( a )  AOEC ( [  0 ,TI ,C) , LEC ( 1  0 ,TI , L (HI ; 

( b )  D ( B )  5 {XEH : B R ( A ~  ( t )  , ~ ( t )  ) x E D ( A ( ~ ) )  1 

VXED (B) . 
I n  v i e w  of R e m a r k  1 . 2  b e l o w ,  w e  s h a l l  a s s u m e  A. ( t )  - 0 .  

HYPOTHESIS I V  

t -+ B A ( ~ ) - ' x €  C ( [  O,T] ,H)  VxEH; i n  p a r t i c u l a r  t h e r e  

e x i s t s  E>O such t h a t  
- 1 

< E V t € [ O , T ] .  ' B A ( t )  I IL(H)  - 

REMARK 1 . 1  H y p o t h e s i s  I1 i s  c lass ical  i n  t h e  t h e o r y  of 

a n a l y t i c  s e m i - g r o u p s  w i t h  var iable  d o m a i n  ( s e e  K a t o - T a  

n a b e  131 , A c q u i s t a p a c e - T e r r e n i  [ 11 . I n  t h e  f o l l o w i n g  

w e  s h a l l  u s e  t h e  r e s u l t s  of [ I ] ,  w h e r e  h o w e v e r  c o n d i t i o n  
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IT0 LINEAR EQUATIONS 139 

(iii) of Hypothesis  I1 i s  r e p l a c e d  by a  s l i g h t l y  s t r o n -  

ger  one, namely 

e x i s t  K > O  and a€]  0 ,  I ]  such t h a t  

Hence we have t o  v e r i f y  t h a t  a l l  r e s u l t s  o f  [ 11 s t i l l  

ho ld  under Hypothesis  11. Indeed,  t h i s  i s  t r u e  w i t h  e g  

s e n t i a l l y  t h e  same p r o o f s :  i n  f a c t ,  some of t h e  p r o o f s  
a 

i n  [ I ]  u se  only  t h e  e s t i m a t e s  about  - R ( X , A ( ~ )  ) , s o  t h a t  a t  
no change i s  needed; i n  a l l  o t h e r  c a s e s  t h e  o p e r a t o r s  

a 
-RO, ,A(t ) )  a r e  always e v a l u a t e d  a t  a  f i x e d  v e c t o r  o r  a t  
a t  a  cont inuous  f u n c t i o n  g ( t ) ,  and t h e r e f o r e  c o n d i t i o n  

(iii) of Hypothesis  I1 guaren tees  t h e  c o n t i n u i t y  of  t h e  

composit ion,  which i s  a l l  what i s  r e a l l y  needed. 

REMARK 1 . 2  Hypothesis  I11 a r i s e s  from a  s i m i l a r  (and - 
a p p a r e n t l y  weaker) assumption o f  Da Pra to - Ianne l l i -Tuba  

r o  [ 91 , where an analogous s i t u a t i o n  (wi th  A ( t )  :A) i s  

considered.  They suppose therc? t h a t  c o n d i t i o n  (ii) of  

Hypothesis  I11 h o l d s  f o r  a l l  x  i n  a  dense ( i n  t h e  graph 

norm) subspace VcD(B) - (and n o t  p o s s i b l y  f o r  a l l  xED(B)) .  

But we s h a l l  s e e  i n  t h e  Appendix t h a t  a  s i m i l a r  condi-  

t i o n  i n  t h e  case  A(t )$A ( i . e .  t h e  e x i s t e n c e  of a  f ami ly  

'v'tY tg[ 0 ,T] o f  dense  subspaces  of  D ( B )  such t h a t  (ii) 

holds  f o r  a l l  *V(t)) i n  f a c t  i m p l i e s  t h a t  (ii) i s  s a t i -  

s f i e d  i n  t h e  whole D(B). 
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140 ACQUISTAPACE AND TERRENI 

I t i s  a l s o  easy t o  s e e  t h a t  i f  Hypothesis  111 h o l d s ,  t h e n  

f o r  each tE[O,T] and X€X we ~ ~ V ~ D ( B ) E ( X E H : B R ( A , A ( ~ ) ) X E  
0 

E D ( A ( t )  ) ) and t h e r e  e x i s t s  an o p e r a t o r  L ( t )  such t h a t  
X 

LXEC([O ,TI , L ( H )  ) and 

[ A-A(t)]B R ( A , A ( ~ ) ) x  = Bx + L A ( t ) x  V X € D ( B )  

(one h a s  simply t o  t a k e  L ( t )=  L ( t ) [ X  ( t ) - ~ ( t ) ]  R ( X , A ( ~ ) ) ) .  X 0 
Th is  shows t h a t  i t  i s  n o t  r e s t r i c t i v e  t o  assume h ( t ) : O  

0  
i n  Hypothesis  111. 

2. AUXILIARY RESULTS 

I n  t h i s  s e c t i o n  we c o l l e c t  a l i s t  of r e s u l t s  which 

w i l l  be used throughout Some of  them a r e  a lmost  obvious ,  

b u t  we s t a t e  them f o r  f u r t h e r  r e f e r e n c e .  

Z PROPOSITION 2.1 D ( B ) ,  D ( B  ) , D ( A ( t ) )  ( f o r  each ~ E [ O , T ] )  

a r e  dense i n  H .  

Proof See e .  g. Yosida [ 251 . 

Proof .  I t  fo l lows  by s t r a i g h t f o r w a r d  compactness argu- 

ments. 

PROPOSITION 2 . 3 . ( i )  There e x i s t  N > O  and w a  such  t h a t  - D
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IT0 LINEAR EQUATIONS 

i n  p a r t i c u l a r  Ile 
o A  ( t )  

< C Q o l O  , V t € [  0  ,TI I J u H )  - 

( v i i )  X ~ H  * l i m  11 u ~ ( t ) e  u A ( t ) x ~ ~  = O  Y E [  o ,TI 
U+O + 

H 

a u A ( t 1  c 
( v i i i )  11% ( e  ) " L ( H )  - < -  I - a  Qo>O,  Vt€[ O,T]  

u 

P r o o f  (i)- ( i i )  S t a n d a r d .  

( i i i )  I t  f o l l o w s  by (ii) s i n c e  WBR(h,B)II < C V&C 
L ( H )  - 

( i v ) - ( v i i i )  S e e  1 I ] ,  f o r m u l a  ( 1 . 1 ) ,  Lemma 1 . 5  a n d  f o r m u -  

l a  ( 1 . 3 ) .  

PROPOSITION 2 . 4  For each t E [  0  ,T I  and w e  have 
Oo 

I R ( h , A ( t ) )  ,B l  x = R ( h , A ( t )  ) L ( t ) A ( t ) R ( A , A ( t )  x Q x E D ( B ) ,  

c o n s e q u e n t l y  t h e  operator [ R ( A  ,A ( t  ) ,Bl has a u n i q u e  

e x t e n s i o n  t o  an e l e m e n t  T € L ( H ) ,  w h i c h  s a t i s f i e s  
I t  

H T  n < -{O}, Q t € [ O , T ]  
I ' T ~ l t U ~ ( ~ )  5 , 0 , t  L ( H ) -  
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142 ACQUISTAPACE AND TERRENI 

Proof By Hypothes is  111 w e  have 

~ ~ ( t ) - l x = ~ ( t ) - ~ ~ x + ~ ( t ) - I ~ ( t ) x  VXED ( B )  ; 

now i f  e D ( B )  and A d  we g e t  
Oo 

which i m p l i e s  

Now x€D(B) i f  and on ly  i f  y : = ( l -  A A ( t ) - ' ) x €  D ( B ) ;  hence 

The o p e r a t o r  T = - R ( A , A ( t )  ) L ( t )  R ( A , A ( t ) )  i s  obv ious ly  
A 1 t 

i n  L ( H )  , with  norm bounded by - , and t h e  r e s u l t  f o l  

lows. 
I A l 

COROLLARY 2 . 5  For each t€[ 0 ,T]  and KC t h e  o p e r a t o r  - 
Oo 

R ( X , A ( t )  ) B  can be uniquely extended t o  an e lement  of L (HI 

w i t h  norm bounded independent ly  of t , A .  

Proof We have R(X,A(t ) )Bx = B R ( X , A ( ~ )  )x+[ R ( X , A ( t ) )  ,B] x 

Vx€D(B). The r e s u l t  fo l lows  by Hypothesis  I V  and Propo- 

s i t i o n  2 . 4 .  

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ita
 D

i P
is

a]
 a

t 0
8:

16
 0

7 
M

ay
 2

01
3 



IT0 LINEAR EQUATIONS 

PROPOS I T I O N  2  .6 

( i)  / [ B e  u A ( t ) )  l l  C < - VU>O,  V t € [  O,T]  
r ; ( H ) -  a 

( i i )  XEH * l i m  11 u B e  + u A ( t ) x ~ l  = O  V t E [ O , T ]  

u+O 
H  

( i i i )  x € D ( B )  *IlBe u A ( t ) x ~ ~  < ~{llxll  + I l ~ x l l  1 VU>O,Vt€ [  O,T]  
H - H  H - 

( i v )  x € D ( B )  * A ( t ) e  u A ( t ) ~ € D ( ~ )  and I B A ( t ) e  a A ( t ) x l l  
H  - 

C 
< - {IlxllH + I I ~ x l l ~ )  V a > O ,  V t € [  O ,T]  - u 

( v )  x E D ( B )  * B e  ' A ( t ) ~ ~ D ( A ( t )  ) I l A ( t ) B e  u A ( t ) ~ l l  < 
H - 

C < - {kxll  + llBxll } V o > O ,  V t € [ O , T ] .  - 0 H H  

P r o o f  ( i )  We have B e  u A ( t ) x = ~ ~ ( t )  - ' ~ ( t ) e ~ ~ ( ~ ) x  and t h e  

r e s u l t  f o l l o w s  b y  H y p o t h e s i s  I V  a n d  P r o p o s i t i o n  2 . 3 ( v ) .  

( i i )  I f  x € D ( B )  w e  can w r i t e  b y  P r o p o s i t i o n  2 . 3  ( i v )  

B e  u A ( t ) x ,  - 'I / e U X [ ~ , ~ ( h , A ( t )  ) I  x d h  + e 0 A ( t l B x  
2 n i  y 

and t h e  c o n c l u s i o n  f o l l o w s  b y  P r o p o s i t i o n  2 . 4 .  T h e  ge- 

nera l  case f o l l o w s  by ( i )  and P r o p o s i t i o n  2 . 1 .  

( i i i )  We proceed as  i n  ( i i ) ,  a p p l y i n g  aga in  P r o p o s i t i o n  

2 . 4 .  

( i w )  We have 

B A ( t ) e  u A W x  - / h e u X  [ B , ~ ( h , ~ ( t ) ) ] x d h +  
2 n i  y 

+ A ( t ) e  o A W B x ,  

and P r o p o s i t i o n  2 . 4  g ives  t h e  r e s u l t .  
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144 ACQUISTAPACE AND TERRENI 

A ( t ) B e  a A ( t ) x  = [ B + L ( t ) ]  A ( t ) e  
UA ( t)  x;  

t h u s  t h e  conc lus ion  f o l l a J s  by ( i v )  and P r o p o s i t i o n  2 .3  (v) . 

PROPOSITION 2.7 D ( A ( ~ )  ) n ~ ( ~ " ) i s  dense i n  H f o r  each 

t€[ O,T] . 
Proof Le t  xEH; by P r o p o s i t i o n  2.1 f o r  each E > O  t h e r e  

e x i s t s  y€D(B) such t h a t  Ilx-yll,<~. S ince  D ( A ( ~ ) )  i s  dense  
I, 

i n  H I  we have l i m  ll  e  o A ( t )  y-yll, = O  s o  t h a t  t h e r e  e x i s t s  
.* 

a+O 
6>0 such t h a t  11 e  6A(t)y-xll M < 2 ~ .  By p r o p o s i t i o n  2 . 6  ( v )  . 

2  
A. 

e  6 A ( t ) y ~ ~  (A ( t )  )nD(B ) and t h e  r e s u l t  i s  proved. 

Proof See Da Prato-Iannel l i -Tubaro [ 9 ]  , proof of  Pro- 

p o s i t i o n  1. 

PROPOSITION 2.9 For each t€[ 0  ,TI and <EIR we have: - 

Proof See Da Prato-Iannel l i -Tubaro [ 91 , proof of Pro- 

p o s i t i o n  1 .  

COROLLARY 2.10. For each t€ [  O,T],  CEIR and o>O we have: 

SB a A ( t ) = [  eE[  B + ( t ) I  - e S B I A ( t ) e  [ A ( t ) , e  l e  o A ( t ) ~ ~  (H) D
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IT0 LINEAR EQUATIONS 145 

Proof. Immediate consequence of Propositions 2.8 and 

2.9. 

Proof For each XEH we have (see [ 91, proof of ~ r o p o s L  

tion 1) 

e SIB+L(t)lx=e<B 6 a [, ( E-s Bes[ B+L (t) 1 ds = +'o as 
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146 ACQUISTAPACE AND TERRENI 

By a  Gronwall-type argument ( s e e  e . g .  Amann [ 21 , Corol- 

l a r y  2 .4 )  we check 

and t h e  r e s u l t  fo l lows  e a s i l y .  

3. APPROXIMATION OF THE STOCHASTIC PROBLEM - 
I 

Let   EL^ ( O , T , H )  and xEL F ( H I .  Consider  t h e  fo l lowing  li - 
0  

n e a r  s t o c h a s t i c  problem: 

0  
DEFINITION 3.1 We say t h a t  uECF([ 0  ,TI , H )  i s  a  s t r i c t  so- 

l u t i o n  of (S )  i f :  

2 1 
(iii) t + B u ( t )  E L F ( O , T , ~ )  ; 

" 

where t h e  s t o c h a s t i c  i n t e g r a l  i n  ( v )  i s  i n  t h e  sense  of 

I t O .  

0  DEFINITION 3 . 2  We say  t h a t  uEC ( [  O,T] , H )  i s  a  genera- 
F 

0  l i z e d s o l u t i o n o f  ( ~ ) i £ t h e r e e x i s t i u ~ )  c C F ( [ O , ~ 1 , H ) ,  

I 
kEN 

C L (O,T,H) , and {x 5 LF ( H )  such t h a t :  {fklk€N - F  k 
0  
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IT0 LINEAR EQUATIONS 147 

i)  uk i s  a  s t r i c t  s o l u t i o n  of 

1 2  du ( t )=[  ~ ( t ) u ~ ( t )  + yB LI ( t )  + f  ( t ) ]  d t  + ~ u ~ ( t ) d W ~ ,  k  k  k 

ii) f o r  each €10 we have 

We w i l l  cons ide r  now a  d e t e r m i n i s t i c  problem which i s ,  

i n  some s e n s e ,  an approximation of ( S ) ;  it i s  o b t a i n e d  

by approaching pathwise t h e  whi te  n o i s e  dW by a  s u i t a b l e  
t 

Wiener p rocess  5, ( t )  (co loured  n o i s e )  , namely t h e  st2 

t i o n a r y  Ornstein-Uhlenbeck p rocess  d e f i n e d  by 

then  it i s  w e l l k n m  t h a t  

t -n ( t-s) c n ( t )  = n JO e  dws . 
t Define W ( t )  = / S n ( s ) d s ,  then  we have: 

n  0  

uniformly i n  [O,T] , w.p. 1 ;  

< K < w.p. 1 VBEI 0,1/2[ - B 
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148 ACQUISTAPACE AND TERRENI 

Proof By I t o ' s  formula (i) fo l lows  e a s i l y  and i n  par-  

t i c u l a r  

a -n ( t-s) - w ( t ) = c  ( t )  = nW -lt n2wSe t o  d s  w.p. 1 ;  a t  n  n  

hence 
t s 2 -n ( s -a )  

W n ( t )  = jO [ nWs- jO n  Woe do] d s  = 

t 
= n  lo Wsds - IO t [ t n  2  W e  -n ( s -a )  dsl da = 

a  

-n ( t - a )  
= n  1: woe do I w.p. I ,  

and again  I t o ' s  formula g i v e s  

which proves  (ii) . 
To prove (iii) l e t  ~ , T E [  O,T] w i t h  ~ < t .  Then 

1  Reca l l ing  t h a t  Wt i s  8-Holder cont inuous  w.p.1 V 6 € ] O 1 ~ [ ,  

i n t e g r a t i o n  by p a r t s  y i e l d s  

t - n ( t - a )  [ w n ( t ) - w  T ( C J ~  ( u - T ) '  ne ~ U + C T  6 / I - e  - n ( t - T )  + 
n  

- n ( t - T )  -n t  + e  -n -i - n ( t - T )  T 
-e - l+e  I+C[I-e 8  - n ( ~ - a )  I JO ( t - a )  ne da+ 
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IT0 LINEAR EQUATIONS 

Now denote by N t h e  s u b s e t  o f  Q such t h a t  

' P ( N )  = O r  and f o r  each w€NC: 
0  

t -+ f  ( t , w ) E  C ( 1  0,TI , H )  

t -+ W ( t , w )  s a t i s f i e s  t h e  p r o p e r t i e s  s t a t e d  i n  n  
Lemma 3.3. f o r  each neN . 

Now f o r  each ( f i x e d )  w€NL and n€N , cons ide r  t h e  d e t e r  

m i n i s t i c  problem 

1  
DEFINITION 3 . 4 .  We say t h a t  v€C ( [ O , T ]  , H )  i s  a  s t r i c t  

s o l u t i o n  of (Sn(w) ) i f  v ( ~ ) E D A ( ~ )  WE[ O , T I  , A ( -  ) v ( - ) E  
0 

E C  ( [  0,TI ,H) and v(O)=x,  v ' - A ( . ) V ( . ' ) - W ' B V ( .  )=f i n  [ 0,TI . 
n  

REMARK 3.5 I f  v  i s  a  s t r i c t  s o l u t i o n  of  (S ( w ) ) ,  t hen  
0  

n  
B v ( .  ) &  ( [  0  ,TI , H )  by Hypothesis  I V  and by t h e  i d e n t i t y  

~ u ( t ) = ~ ~ ( t ) - '  ( ~ ( t ) u ( t ) ) .  

0  
DEFINITION 3 . 6 .  We say t h a t  v€C ( [  0  ,TI , H )  i s  a  s t r o n g  

s o l u t i o n  of ( S  ( w ) )  i f  t h e r e  e x i s t s  Cv 1 CC' ( [  0,TI , H )  n k k€N - 
such t h a t  : 
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ACQUISTAPACE AND TERRENI 

We s h a l l  f i n d  a  s t r o n g  s o l u t i o n  v ( t  , w )  s v  ( t , w )  of ( S  ( w )  ) 
n  n  

0 
f o r  each f€C ( [  0 ,TI , H I  and XEL ( H I  . We s h a l l  s e e  t h a t  F Fo 
a s  n-+.. v converges t o  a  p r o c e s s  u ( t , w )  which w i l l  t u r n  

n  
o u t  t o  be a  g e n e r a l i z e d  s o l u t i o n  of ( s ) ,  o r ,  equivalen-  

t l y ,  a  s o l u t i o n  of 

where t h e  s t o c h a s t i c  i n t e g r a l  i s  i n  t h e  s e n s e  of S t r a  

tonovich.  

To s o l v e  (S ( w ) ) ,  we w i l l  t r a n s f o r m  i t  i n t o  an equiva-  
n 

l e n t  one. S e t  

u ( t )  = e - W n ( t ) B v ( t )  , 

t h e n ,  fo rmal ly ,  u s o l v e s  

Define 
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IT0 LINEAR EQUATIONS 

Then Problem (Pn 

where F ( t ) = e  -Wn ( t ) B f  ( t ) .  

Le t  us  v e r i f y  t h a t  Problems 

t h e  same: 

LEMMA 3 . 7 .  v  i s  a  s t r i c t  ( r e s p .  s t r o n g )  s o l u t i o n  o f  

(S ( w ) )  i f  and only  i f  u  i s  a  s t r i c t  ( r e s p .  s t r o n g )  so- 
n  

l u t i o n  of (P ( w ) )  i n  t h e  s e n s e  of [ I ] .  
n  

Proof By d e f i n i t i o n  i f  v  i s  a  strict s o l u t i o n  of ( S  ( w ) )  n  
we have 

1  
VEC ( [  OrTI r H )  t 

v ( t ) E D ( A ( t ) )  V t E [  O,Tl 
0  

A ( . ) v ( . ) E C  ([ O r T I  ,HI 

\ v ( O ) = x ,  v l - A ( . ) v ( . ) - W I B v ( - ) z f  i n  [ O,T] , n  

s o  we immediately deduce t h a t  

i . e .  u  i s  a  s t r i c t  s o l u t i o n  of (P ( w )  ) i n  t h e  s e n s e  o f [  I ]  . n  
The converse  i s  q u i t e  s i m i l a r .  The c a s e  of s t r o n g  so- 

lu t ions  i s  analogous.  

We want t o  apply  t o  Problem (P ( w ) )  t h e  r e s u l t s  of n  
Acquis tapace-Terreni  [ I ] .  We have t o  v e r i f y  t h a t  a l l  

hypotheses  of [ I1 ho ld  i n  t h e  p r e s e n t  s i t u a t i o n .  F i r s t  
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ACQUISTAPACE AND TERRENI 

of a l l ,  we have: 

LEMMA 3 . 8 .  p ( A n ( t )  ) =  p ( A ( t )  ) f o r  each nEN and t € [  O,T] , 
and t h e r e  e x i s t s  C=C ( w )  such t h a t  

hence t h e  r e s u l t  fo l lows .  

LEMMA 3 . 9 .  For each EC and x€H &e f u n c t i o n  ---- 
1 

0  
t + R ( A , A  ( t )  ) x  i s  i n  C ( [  0,TI , H I  =&its d e r i v a t i v e  i s  

n  F 

g iven  by 

C =C ( w )  such t h a t  
n  n  
Tr 

Proof A s t r a i g h t f o r w a r d  computation y i e l d s ,  a s  ~ + t  

a o and it i s  c l e a r  t h a t  t -+ - - R ( A , A  ( t )  ) S C  ( [  0 ,TI , H I  .More- a t  n F 
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IT0 LINEAR EQUATIONS 

over  by P r o p o s i t i o n  2 . 4 .  

Taking into account proposition A.l of  t h e  Appendix, we can 

apply  t h e  r e s u l t s  of Acquis tapace-Terreni  [ I ] ,  o b t a i n i n g  

t h a t  Problem (P ( w ) )  has  a  unique s t r o n g  s o l u t i o n  u  ( t ) ,  
n n  

which i n  a d d i t i o n  s a t i s f i e s  

Hence Problem (S ( w ) )  has  a  unique s t r o n g  s o l u t i o n  t o o ,  
n  

given by v  ( t ) - =  e 
n  W n ( t ) B ~  ( t )  , which s a t i s f i e s  n  

REMARK 3.10. The f u n c t i o n  u n ( t ) , s t r o n g  s o l u t i o n  of 

P ( w )  ,has i t s  own r e p r e s e n t a t i o n  formula i n  terms of  t h e  
n  

semi-group {e  5An(t )  I ( s e e  [ I ]  , formula ( 4 . 1 .  ) ) ; con- 
<LO 

sequen t ly  a  r e p r e s e n t a t i o n  formula i n  terms of 

(,<An ( t )  1 does e x i s t  a l s o  f o r  t h e  func t ion  v n ( t ) .  But 
520 

we need a n o t h e r  formula f o r  v  ( t )  i n  terms o f{e  
S A ( t )  

n  5-0 

and {eSB) gER1 i n  o r d e r  t o  be a b l e  l a t e r  t o  "pass  t o  t h e  

l i m i t "  and g e n e r a l i z e  i t  t o  t h e  s t o c h a s t i c  case .  

0 
THEOREM 3.11. For each n€N , f o r  each XEH fEC ([ O,T] ,HI, --- 
Problem (S ( w ) )  has  a  unique s t r o n g  s o l u t i o n  given by n  

W n ( t ) B e t A ( t I x  + j t e[ Wn ( t )  -wn ( s I  I Be ( t - s ) ~ ( t )  v n ( t ) = e  0  g n ( s ) d s t  
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ACQUISTAPACE AND TERRENI 

where g n ( t )  is t h e  unique s o l u t i o n  of  t h e  i n t e g r a l  equa- 

t i o n  - 
t 

g n ( t ) +  JO ~ ~ ( t , s ) g ~ ( s ) d s  = f ( t ) - ~ ~ ( t , O ) d x  (3 .2 )  

whose kernej. R n ( t , s )  = R ~ ( ~ , s , w )  - i s  

[ w n ( t ) - W n ( s ) 1 B  a E A ( t ) ]  
R ( t , s ) = e  [ate 5 t - s  -[ A ( t )  I n  

Proof F i r s t  of  a l l  we prove some lemmata about  t h e  

i n t e g r a l  equa t ion  ( 3 . 2 ) .  

1  LEMMA 3.12. For each ~ € 1  0  , a ]  n] 0  ,$ t h e r e  e x i s t s  - 
M =M ( w )  such t h a t  

CT 5 

Proof I t  i s  an e v i d e n t  consequence of Prop.  2 .3  ( i)- ( v )  - 
( v i i i ) ,  Lemma 3 . 3 ( i )  and C o r o l l a r y  2.10. 

L ~ ( o , T , H ) ,  p a  I ,  =I . 
0  Then ( I + R  ) & i n v e r t i b l e  i n  C ( [  O,T] ,H) and L ~ ( O , T , H ) ,  

n  
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IT0 LINEAR EQUATIONS 155 

Proof A s  i n  [ I ]  , P r o p o s i t i o n  3.6 (i) , t a k i n g  i n t o  account 

P r o p o s i t i o n  A.1. of  t h e  Appendix. 

LEMMA 3.14. For each nEN we have: 

0  1  
(i) xeH-Rn(. . O ) X E C  ( I  O.TI , H ) ~ L ~ ( o , T . H )  vpc[ I . Z A = [  

0  
(ii) X E D ( A ( O ) ) - R ~ ( . , O ) X E C  ( [  0,TI , H I  and R ( o , o ) x = o .  

n  

P  P r o o f ( i )  By Lemma 3.12 we g e t  R ( . ,O)XEL (O,T,H) 
n  

VF[ 1.2 A k[ . Let  us  show c o n t i n u i t y  i n  ] O,T] :we have 

t h e  f i r s t  te rm i s  t h e  composit ion o f  a  s t r o n g l y  c o n t i -  
a S A ( ~ ) ]  nuous o p e r a t o r  w i t h  t h e  f u n c t i o n  t+[- e  

a t  ~ = t  
which i s  cont inuous  i n  ]  O,T] ( s e e  [ 11 , Prop.  3.3 ( i)  ) ; 

hence i t  i s  cont inuous  i n  ] O,T] . 
S i m i l a r l y  t h e  second t e rm i s  cont inuous  i n  [ O,T] s i n c e  

it i s  t h e  composit ion o f  a  s t r o n g l y  cont inuous  o p e r a t o r  

wi th  t h e  f u n c t i o n  t + A ( t ) e  t A ( t ) x ,  which i s  cont inuous  i n  

10,TI ( [  11 , Prop. 3.4 (i) 1 .  

(ii) i f  x L 5 i A ' 3 ) )  t h e n  t+[- a e  x and t + A ( t ) e  t A W x  a t  ~ = t  
a r e  < ~ . ? t i i l u o u s  i n  [ 0,TI and t h e  f i r s t  van i shes  a t  t = O  

( [  11 , P r o p o s i t i o n  3.3 (iii) and 3.4 ( v )  ) . By P r o p o s i t i o n  

2 . 9  t h e  r e s u l t  fo l lows  e a s i l y .  

The p reced ing  lemmata imply in p a r t i c u l a r  t h a t  e q u a t i o n  
1  

13.2) i s  uniquely  s o l v a b l e  i n  L ~ ( o , T , H ) .  p€[ I ,2A= 

and i t s  s o l u t i o n  gn s a t i s f i e s  
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156 ACQUISTAPACE AND TERRENI 

I n  a d d i t i o n  we have: 

0  
LEMMA 3.15. -- For each n€N, gn€C ( I  0  ,TI , H )  ; i n  a d d i t i o n  

0  
i f  xEDA(0) then gn€c ([ O,T] , H I  and gn (O)=f ( 0 ) .  - - 

Proof A s  i n  [ I ]  , Prop,  3.6 ( i)-  (iii) . 
We have t h u s  proved t h a t  equa t ion  (3 .2 )  has  a  unique 

0  1 
s o l u t i o n  gn€C (1 0  ,TI , H ) ~ L ~ ( o  , T , H )  Vp€[ 1  ,2 

=[ . 
Now we w i l l  v e r i f y  t h a t  t h e  f u n c t i o n  v  ( t )  given by (3.1 ) 

n  
i s  a  s t r o n g  s o l u t i o n  of (S ( w ) ) .  

0  n  
F i r s t ,  vnEc ( [  O,T] , H ) ,  due t o  t h e  s t r o n g  c o n t i n u i t y  of 

t h e  group {eSB) and of t h e  f u n c t i o n  t + e  
EER 

t A ( t )  ( s e e  

Propos i t ions  3 . 4  (iii) and 3.7 (i) i n  [ I ]  ) . 
Let  us  c o n s t r u c t  t h e  r e g u l a r  d a t a  x  f approximating 

k f  k  
x , f .  A s  jx 1 we t a k e  any sequence con ta ined  i n  D ( A ( 0 ) )  

k  
and converging t o  x. To c o n s t r u c t  f k ,  d e f i n e  

( t )  = ( I + R ~ ) - '  ( f - ~ , ( .  rO)xk) ( t )  ; k 
0  then  q k € C  ([O,T],H) by Lemma 3 . 1 4 ( i i )  and Lemma 3.12; 

1  
moreover a s  k+- $k+gn i n  ~ ~ ( 0  , T , H )  f o r  each p€[ 1,2A--1 , 1 -a 

due t o  Lemma 3.12 and 3.13. Define $ o u t  of [ O,T] s e t t i n g  
k  

1  
where 0 ( s ) = k 8  ( k s )  i s  a  m o l l i f i e r :  then  $ k € ~  ( [  0  ,TI , H I  

k  
0  

and I$ -$ +O i n  C ([ 0  , T I  ,H) a s  k+o: . Now r e c a l l i n g  Pro- 
k k  

p o s i t i o n  2.2,  f o r  each k ~ N t h e r e  e x i s t s  hkEN such t h a t  

t h e  f u n c t i o n  Sk ( t ) = h k ~  ( h k , ~ )  $k ( t )  s a t i s f i e s  
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IT0 LINEAR EQUATIONS 

Define f i n a l l y  t h e  d e s i r e d  f u n c t i o n s  f k  by 

0  0  
then f k € c  ( [  OtT] , H )  and f  +f i n  C ([ OtTl t H )  a s  k+mt s i n c e  

k  

f  - f = ( l + R n ) c  +R ( '  t O ) ~ ~ - f = ( l + ~ ~ ) [  Sk-$k l+( l+Rn)$k+Rn(* to )  
k  k  n  

ax - f = ( l + R n ) ( C  - 4  ) + ( l + R n ) ( $  -$ ) + 0  a s  k+=  
k  k k  k k  

We have t h u s  c o n s t r u c t e d  t h e  approximat ing d a t a  x  k t  £k' 

NOW s e t  

~ ~ ( t ) ~ ~ t ~ ( t )  t [Wn(t ) -Wn(s)IBe( t -s )  A ( t )  I .  
u  ( t ) = e  k  ?k+'o 

(3 .5 )  
.S , ( s )ds ;  

0  
we s h a l l  v e r i f y  t h a t  u  -+v i n  C ([ 0  ,TI t H )  a s  k+at  and 

k  n  
t h a t  uk is t h e  s t r i c t  s o l u t i o n  of 

U '  ( t ) - ~ ( t ) u ~ ( t ) - w ; ( t ) ~ \  (t)=fk ( t )  
k 

( 3 . 6 )  
u (O)=x 
k  k i  

t h i s  w i l l  prove t h a t  v  i s  t h e  s t r o n g  s o l u t i o n  o f  ( S , ( W ) ) .  n  

It i s  c l e a r  t h a t  

T  
sup Il uk ( t )  -v (t) ll <Cll xk-xll +cj0 ll Sk (s)  -g (s )  11 ds+O 

t E [  0  ,TI 
n H- H n  H 
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158 ACQUISTAPACE AND TERRENI 

P 1  
s i n c e  Sk+gn i n  L ( O , T , H )  Vp€[ I  , 2 A l _ c l ,  . 
L e t  us  show t h a t  uk s o l v e s  ( 3 . 6 ) .  Le t  us  compute A ( t ) -  

.u ( t ) :  t o  begin  w i t h ,  t h e  f i r s t  te rm i n  ( 3 . 5 )  i s  i n  
k  

D ( A ( ~ )  ) ( P r o p o s i t i o n  2 .8 )  and 

c l e a r l y  it is a c o n t i n u o u s  f u n c t i o n  of t ( s e e  P r o p o s i t i o n  

2.11 and t h e  proof of Lemma 3.14 (ii) ) . 
The second term i n  ( 3 . 5 )  can be w r i t t e n  a s :  

and a l l  i n t e g r a l s  do converge (by ( 3 . 4 ) ,  P r o p o s i t i o n  2.9 

and P r o p o s i t i o n  2.3 (iii) - ( v )  ) ; 

hence t h i s  term belongs  t o  D ( A ( t )  and i s  a  cont inuous  

f u n c t i o n  of t ,  a s  it can be e a s i l y  seen by a  r e p e a t e d  

use  of  Lebesgue's  Theorem. T h i s  shows t h a t  uk( t )EDA( t )  
0  Vt€[O,Tl and t h a t  A ( - ) u k ( . ) € C  ([O,T] ,H). Let  u s  compute 

now u i ( t ) .  It i s  easy  t o  v e r i f y  ( s e e  a l s o  [ 11 , Proposi -  

t i o n s  3 . 4 ( i )  and 3 . 7 ( i v ) )  t h a t  i f  t€]O,T] we have D
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160 ACQUISTAPACE AND TERRENI 

and t h i s  shows t h a t  u;tc0 ( [  O,T] . H )  and t h a t  uk s o l v e s  

( 3 . 6 ) .  The proof of  Theorem 3.11 i s  complete.  

4 .  CONVERGENCE OF THE SOLUTIONS - 

0 Let x€L ( H ) ,  f €Cp( [OITl ,H) .  For a . e .  wen and f o r  each 
Fo 

n€N we can s o l v e  t h e  d e t e r m i n i s t i c  problem ( S  ( w ) )  w i t h  
0 n 

d a t a  x ( w ) a  and f (. ,w)EC ([ 0,TI ,H) ;its strong solution v ( -  ,w) i s  
n 

then  given by ( 3 . 1 ) .  I n  t h i s  s e c t i o n  we w i l l  show t h a t  

t h e  sequence {vn)converges uniformly i n  [ 0,TI w.p.1. Mo - 
r e  p r e c i s e l y  we have: 

0 
THEOREM 4.1. - - Let  x€L ( H ) , ~ ~ C ~ ( [ O , T I , H )  and l e t  v ( t , ~ )  

F~ n 
be given by ( 3 . 1 ) .  Then a s  v +u uniformly i n  [ O , T ]  

0 
n 

w.p. I ,  where uEC ([ O,T] , H )  i s  de f ined  by 
F 

u ( t ) = e  W t B e t A  ( t )  + jt , ( W ~ - W ~ ) B ~ ( ~ - S ) A ( ~ )  
0 g ( s ) d s ,  (4 .1)  

g (t) be ing  t h e  unique s o l u t i o n  of t h e  Volterra i n t e g r a l  

equa t ion  

whose k e r n e l  R ( t , s )  9 given by 

Proof We need some p r e l i m i n a r y  lemmata. 

LEMMA 4.2. For each a€]  0 ,  a1 nl 0,1/2[ t h e r e  e x i s t s  - 

M =M ( w )  such t h a t  
u u 
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IT0 LINEAR EQUATIONS 

Proof.  A s  i n  Lemma 3 . 1 2 .  

1  
LEMMA 4 . 3 .  For each p€[ 1 , A 2 [  we have a s  n-tm 1  -a - 

R ~ ( . , o ) x  -+ R ( . , o ) x  i n  L P ( O ~ T . H )  w.p.1. 

Proof I t  i s  a  s imple  a p p l i c a t i o n  of Lebesgue 's  Theorem. 

LEMMA 4 . 4 .  For each p€[ 1  , m ]  d e f i n e  

Then REL(L~(o,T,H))~L(c([O,TI,H)) b ' p g [ l t q ,  w.p . l .  

I f  i n  a d d i t i o n  R i s  t h e  i n t e g r a l  o p e r a t o r  whose k e r n e l  - n  - 
i s  ~ ~ ( t , s ) ,  t h e  we have f o r  each @ELP ( 0  ~ T , H ) ,  p€[ I ,a1[ , - 

Proof.  The boundedness of  R can be proved a s  i n  [ 11 , -- 
P r o p o s i t i o n  3 . 5 ( i ) .  Next,  i f  O z s < t T  we have 

l i m l l [  R- ( t , s ) - ~ ( t , s ) I  u s )  [ I H  = 0  w.p.1. 
I1 

n-t ~0 

Hence by Lemma 3. 

we g e t  

4 . 2  and Lebesgue's Theorem 

On t h e  o t h e r  hand, 

and applying aga in  Lebesgue 's  Theorem we o b t a i n  t h e  re 
s u l t .  

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ita
 D

i P
is

a]
 a

t 0
8:

16
 0

7 
M

ay
 2

01
3 



ACQUISTAPACE AND TERRENI 

LEMMA 4.5.  

( i )  (1 +R)  has  bounded i n v e r s e  i n  C O  ( [  0  ,TI , H )  and i n  

L ~ ( o , T , H )  f o r  each p ~ [  l , a , ] ,  w.p.1. 

Proof .  

(i) A s  i n  Lemma 3.13. 

(ii) S e t  Y n  = ( I + R  n  ) ,  Y = ( I + R ) - I $ ;  then  Yn,Y L ~ ( O . T , H ) M ~  

hence Lemmata 3.13 and 4 . 4  y i e l d  t h e  r e s u l t .  

The preceding lemmata imply t h a t  t h e  i n t e g r a l  e q u a t i o n  

( 4 . 2 )  has  a  unique s o l u t i o n  g  belonging t o  L~ (0  , T , H )  

1  - 1  
VpEI 0 , = ~ 2 [  w.p. I ;  namely g ( t ) = ( I + R )  ( f - R ( .  , O ) x ) .  I n  

a d d i t i o n  we have : 
0  

LEMMA 4.6. R ( .  , O )  x  and g  belong t o  C ( I  0  ,TI , H )  w. p. 1 .  -- 
I f i n  addition x€LF ( D ( A ( O ) ) )  then w.p.1 R ( .  , O ) X ,  

0  
0  

g& ([O,T] , H )  and R ( O , O ) X = O ,  g ( O ) = f ( O ) .  

Proof .  A s  t * W  i s  B-Hdlder cont inuous  tlBE10,1/2[ w.p.1, 
t 

i t  s u f f i c e s  t o  r e p e a t  t h e  proof of Lemmata 3.14 and 

3.15. 

Now we a r e  a b l e  t o  prove Theorem 4.1.  I n  what fo l lowswe 

f i x  w o u t  of  t h e  e x c e p t i o n a l  s e t  whose P-measure is  0 

and where a l l  t h e  p reced ing  lemmata may f a i l  t o  be  t r u e .  

Let  E > O .  Because of P r o p o s i t i o n  2.1 t h e r e  e x i s t s  € i E > O  

such t h a t  

1 0 / < 6 ~  I e - I )  < E ;  
H 
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IT0 LINEAR EQUATIONS 

o < ~ < s ~  * II (e tA(t)-~)x~~ <,. 
H 

Set K = suplwn(t) 1 ,  fix AOep(B) and define 
t In 

C 
M = sup 11 (A -B)e 

E 0 
t A ( t ) ~ ~  (note that ME 2 r by Proposi 

H 
tlG E E 

tion 2.6(i)). Next, take n such that 
E 

Then by 

11 (ewn(t 

+ 11 eWtB 

proposition 2.3 (i) we have, for each tE[ 0,  dcl 

This proves that as n+a  

e wn(t)~,t~(tIx, WtB etA(t!x uniformly in [O,T] w.p.l. 

We shall prove now that as n + c  

t I'Wn(t)-wn(s)I Be(t-s)~(t, T (Wt-Ws)Be (t-s)A (t', 
i~ gn (s)ds+~~ e 

.g (s) ds uniformly in I 0 ,TI w.p. I. 
1 

By Lemmata 4.3, 3.12 and 4.4 we have g n +g in L (O,T,H); 
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164 ACQUISTAPACE AND TERRENI 

t h u s  it i s  enough t o  show t h a t  a s  n-+= 

t [ w n ( t ) - W n ( s ) 1  B-e(Wt-Ws)Bl e ( t - ~ ) A ( t )  
s u p  IIJO [ e  g ( s )ds l l  +O 

H 
t E [  OrTI 

1 0  
S i n c e  (3EL (0  ,T,H)nC (I 0 ,TI , H )  , f o r  e a c h  E > O  w e  can  choose  

6 > O  such  t h a t  c+6E i g ( s ) l  d s < r  VtE[ OrT-6E] ; set 
E H 

H E =  s u p  I1 g ( t )  l l H  and  t a k e  n EN such  t h a t  I W  ( t )  -W I < 
E n  t 

t E [  6 &  ,TI 

E - 6  
E < - f o r  e a c h  n ~ n  and  t E [ O , T ] .  Then i t  f o l l o w s  t h a t ,  

HE 
E 

U 

6 
< C / Ellg(s) l l  d s  < CE VnEN,  - 0 H - 

w h i l e  i f  t E 1  6 , T I  by P r o p o s i t i o n  2 . 3  (iii 
E 

w e  have 

t I W n ( t ) - w n ( s ) l  B-, (Wt-Ws)Bl e ( t - ~ ) A ( t  11 Jo 1 e  

t - 6 ,  t 
J ~ E .  . .ds1l +II r6 . . . ~ S I I  +II 4-S; . ~ S I  - 0 

E 
H 

) and 2 . 6  (i) 
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IT0 LINEAR EQUATIONS 165 

To complete t h e  proof of  Theorem 4 . 1  it remains t o  show 
0 t h a t  UEC ([ O,T] , H )  , i. e .  w+u (t , w )  i s  F -measurable f o r  
F t 

each t ~ [  0 ,TI . F i r s t  of a l l  we have: 

LEMMA 4 . 7 .  For each y€H and t € [  0 ,TI , t h e  f u n c t i o n  

w+ e Wt  ( w ) B y  - i s  F measurable.  
t 

Proof.  The fo l lowing  e q u a l i t y  h o l d s :  

W t  ( w )  B  k k 
k 

e l i r n  [- R(- 8 ) I  Y i f  W t ( w ) > O  
k+o: W t ( W )  W t ( U  

k k 
k 

l i m  [ (- R ( - , - B ) ]  Y i f  W ( w ) < O  
k + m  Wt  (w) W t b )  t 

Define 

Since  B i s  s e p a r a b l e ,  i t  i s  enough t o  prove t h a t  f o r  

each k+N t h e  f u n c t i o n  

i s  F -measurable. Consider  t h e  f u n c t i o n s  t 

$ : { l s l > q }  + H I  
k 

J l ( s )=[  s R ( s  , B ) I  y 

F:IR -{O}+IR , k 
F ( r )  = - T 
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166 ACQUISTAPACE AND TERRENI 

we have t o  show t h a t  w + ($.OF) ( W  ( w ) ) . ~  
t k 

= : G ( w )  
{O<W <-I 

t n 

is  F -measurable. Now i f  AEH i s  a Bore l  s e t ,  we have 
t 

-1 -1 
A s  w + W t ( w )  i s  Et-measurable and F ( ( A ) )  i s  a Bore l  

s e t  of lR , we conclude t h a t  E G E A ~ F  t ' 

LEMMA 4.8.  Let t€[ O,T] and c o n s i d e r  t h e  ke rne l  ~ ( t , s , u i )  

and t h e  o p e r a t o r  R ( w )  de f ined  i n  ( 4 . 3 )  and ( 4 . 4 ) .  Then 

we have : 

(i) - If XEL { H ) ,  t hen  t h e  f u n c t i o n  u+R( t , s ,w)x(w)  2 
Fn 

V 

F -measurable f o r  each SEL 0, t! . 
t 

1 
(ii) - I f  $€LF(O.T,B) _hen w+[ R ( w )  61 ( t , o  ' is !'_-measurable. 

i i i i )  rf $EL:(c,T,H) then d-4 I+R(w)/  - , I  I -measu- 
t- 

r a b l e .  

? roof .  'i) AS i - - w -  is  F -rr,easufr?;3Le f o r  each s E i  9 ,  L[ , - .> t 

t h e  r e s u l t  i s  s n  easy  consequence of Le;nma 4 . 7 .  

ii) s e t  i ( s , & ) - R ( t , s . , )  Q ( s , d ;  ; then Fv !i) , , + i b ( s , ~ )  

a sequence cf Zxnctlons I>,<, r-avina the C;rx 
n k 

such t h a t  a s  k+= D
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IT0 LINEAR EQUATIONS 

t nk k 
Since  w+JO Qk(s lw)ds= C I ) ( S ~ - ~ , U )  

i= I 

s u r a b l e ,  t h e  conc lus ion  fo l lows .  
(C 

(iii) From t h e  i d e n t i t y  [ I + R ( u ) ]  -'I$= I: [ ~ ( w ) ]  n$ 
n= 0 

we deduce by induc t ion  t h e  r e s u l t ,  s i n c e  each t e rm i n  

=he s e r l e s  IS F -measurable by ( i i) .  
t 

3y Lemmata 4.6,1.7 and 4 . 8  we conclude t h a t  t h e  fun- 
0  

c t i o n  u ( t  , U J )  d e f i n e d  i n  ( 4 . 1 )  belongs  t o  C ( [  O,T] , H )  ; 
F 

p - -  r . ?  1s c o n p l e t e l y  proved. 

5 .  TEE STOCHASTIC 22.OBLEM:EXISTENCE 

Let  u s  go back t o  r h e  stochastic problem ( S )  in t roduced  

a t  t n e  beginninq of S e c t i o n  3 .  Ne want t o  show t h a t  t h e  

funct ion u ( t )  d e f i n e d  i n  ( 4 . 1 )  i s  a g e n e r a l i z e d  s o l u -  

tion sf ;S,. We w i l l  f i r s t  c o n s i d e r  the  p a r t i c u l a r  c a s e  
7 

.- which x€L ,, ( 2  ( A  (0) > ny) (B") ) ant2 =ne l n t e g r a l  e q u a t i o n  
0 

-1. ,) Cas 3 sol -&ion (; navlncj s:.x':ak~a z e g u l a r i t y  pro- 

2 
v l t h  ?€c:~[ C , T ]  ,:i) _ S U C ~  -.hat g ( t ) & D { i i ( O ) ) n ~ ( B  ) V t € [  OIT1 

and ~ - ~ ~ * ) E c ~ : [ ~ , T ] , H ) .  Then t h e  f u n c t i o n  u ( t )  d e f i n e d  - 
i n  ( 4  . I )  i s  a  s t r i c t  s o l u t i o n  of ( S )  ( s e e  D e f i n i t i o n  3.1) - 
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168 ACQUISTAPACE AND TERRENI 

2 Proof. Let us verify that u(t)ED(A(t))nD(B ) Vt€[O,T] 

w.p.1. As in the proof of Theorem 3.11, we have u ( t ) ~  

ED(A(t)) w.p.1 and (compare with (3.7), (3.8)): 

A(t)u(t)=e Wt[B+L(t)lA(t)etA(t)x+iot e(Wt-Ws)[B+L(t)l 

0 
moreover it can be seen that A ( .  ) u ( .  ) E C ~  ( [  0 ,TI ,H) , by 
using arguments which are similar to those employed in 

Theorems 3.11 and 4.1 . 
Thus, in particular, u(t)€D(B) Vt€[ 0,TI w.p.1 and 

0 t + Bu(t) = BA(~)-'A(~)u(~)EC ( [  O,T] ,HI; 

but we need now a different expression for Bu(t), namely 

t h Bu(t)=eWtB[& I e [B,R(X,A(t))]xdh] +eWtB etA(t)~x + 
2Trl y 

2 
Let us show now that u(t)ED(B ) Vt€[O,T] w.p.1. By (5.3) 

2 
we see that the first term in (4.1) Belongs to D(B ) and, 

by Proposition 2.4, 
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IT0 LINEAR EQUATIONS 169 

d  +c h R ( h , A ( s )  )-A(s)-~A(o)x~s-R(~,A(o) )A(O)x] dh] + 
d s  

I t  i s  n o t  d i f f i c u l t  t o  see t h a t  a l l  i n t e g r a l s  converge 

and t h a t  t h e  l a s t  e q u a l i t y  i n  (5 .4 )  d e f i n e s  an e lement  
0 

of  CF([ 0 ,TI ,HI. 

Again by (5 .3 )  and Propos i t ions  2 . 4 ,  2 . 8  we have t h a t  
L 

t h e  second t e r m  i n  (4 .1 )  i s  i n  D ( B  ) and 

2 t (Wt-wS)Be ( t -s) '  ' - \  

B jOe 
- ( s )ds=B[  /, t e  ( W t - W s ) B  . 
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170 ACQUISTAPACE AND TERRENI 

aga in  it i s  seen t h a t  t h e  l a s t  e q u a l i t y  d e f i n e s  a fun- 
0 

c t i o n  belonging t o  CF ( I  0 ,TI , H I  . 
-, 

We have t h u s  proved t h a t  u ( t ) E D ( A ( t )  ) % ( b L )  f o r  each 

t€[ 0 ,TI w.p. I ,  and t h a t  t h e  f u n c t i o n s  t+A( t )u ( t )  ,t+Bu(t). 
2  0 

t + ~  u ( t )  belong t o  C p ( [  OPT] , H I .  We have now t o  v e r i f y  

t h a t  

t Le t  us  compute f i r s t  t h e  I t o  i n t e g r a l  / Bu(s)dW . We 
0 S 

r e c a l l  I t o ' s  Formula: 

LEMMA 5 . 2 .  Let  G=G(y,rj:IRx[O,T]+H be a cont inuous  f u r -  
a G  a"G a G  

c t i o n  such t h a t  - - - a r e  cont inuous .  Then 
a y '  a p 2 '  3 r  

Proof .  See Friedman [ 1 1 ] page 8 1 . 
We w i l l  apply  Lemma 5 . 2  w i t h  s u i t a b l e  cho ices  of t h e  

f u n c t i o n  G ( y , r ) .  
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Suppose first 

G(y,r)= eyB e rA(r) x ; 

then 

which implies 

W~BesA(s) xdW =e / Be WtBetA(t)x-x- [ .'sB[ A ( s )  e sA(sIx + 

0 S 13 

then it is easily seen that 

r (y-Wu)Be ir-a)A(r) %(y,r)=Bi e 
3 G 2 

3 Y 0 g(o)dotay2(ylr)= B 

and(compare with (5.2)) 

+ e (y-W,) B[ erA (r) 
-11 g(r). 

Thus we deduce that 
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172 ACQUISTAPACE AND TERRENI 

By (5 .7 )  and (5 .8)  w e  g e t ,  r e c a l l i n g  ( 4 . 1 ) ,  ( 4 . 2 ) ,  ( 4 . 3 )  

and ( 5 . 2 ) :  

Th i s  proves  t h a t  u ( t )  i s  a  s t r i c t  s o l u t i o n  o f  ( S ) .  

Let  us  c o n s i d e r  now t h e  c a s e  of  g e n e r a l  d a t a  x , f .  We 

have : 

0 
THECREM 5 .3 .  Let xELF ( H )  and fECF ( [  0 ,TI , H )  , and l e t  u  

0 
be t h e  f u n c t i o n  d e f i n e d  i n  ( 4 . 1 ) .  Then u i s  a  genera-  - 
l i z e d  s o l u t i o n  of ( S )  ( s e e  D e f i n i t i o n  3 . 2 ) .  
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I T 0  LINEAR EQUATIONS 173 

2 
Proof .  L e t  C X ~ I Z L ~  ( D ( A ( o ) ) ~ D ( B  1 )  such  t h a t  xk+x w.p.1 

0  
a s  k + =  ; due t o  P r o p o s i t i o n  2 . 7 ,  such  a  s equence  e x i s t s .  

Cons ide r  t h e  f u n c t i o n  

0  i t  be longs  t o  C ( I  0  ,TI , H I  by Lemma 4 . 8  ( i) - (iii) and Lem 
F - 

m a  4 . 6 ,  and  i n  a d d i t i o n  $ +g i n  (O,T,H) a s  k+m f o r  
k  F 

1  
where 0 i s  a  m o l l i f i e r . T h e n  4  EC ( 1  O,T] , H I  and I$ -+ + O  

0  
k  k  F 

2  
k k  

i n  C ( [  O,T] , H )  a s  k + =  w.p.1. Next ,  s e t  S k ( t ) = h k ~ ( h k , ~ ( 0 ) ) .  

' R(hk,B) I # I ~ ( ~ )  ,where{\jc)is an i n c r e a s i n g  sequence  o f  i n t e g e r s  
I 

such  that11 5  - 4  11 < - w.p.1 (compare w i t h  P rop2  
cO([O,TI,H) k  

a s  i t  can be  e a s i l y  v e r i f i e d .  F i n a l l y ,  d e f i n e  

f = ( l + R ) S k + R ( -  ,O)xk.  k  
0  0  Then fk€cF( [  O,T] , H )  , and fk+f i n  C ( [  O,T] , H )  a s  k-'m w.p. 1  : 

=(I+R)  ( 5  -4  ) + ( I + R )  ($k-$k)+O. 
k k  

Cons ider  now t h e  f u n c t i o n  

w ~ B , ~ A ( ~ )  +jte ( w t - w , ) ~ ,  ( t - s ) A ( t )  
Uk (t) =e 

k  0  E k ( s ) d s ;  
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174 ACQUISTAPACE AND TERRENI 

by Theorem 5.1  i t  i s  a  s t r i c t  s o l u t i o n  o f  t h e  s t o c h a s t i c  

problem 

0  Moreover i t  i s  c l e a r  t h a t  u  +u i n  C ( [  0  ,TI , H I  a s  k-tw 
k 

0  
( U  i s  given by (4.1 ) ) . S i n c e  a l s o  f <  f  i n  C ( [  0  ,TI ,H) and 

xk+x i n  H w.p.1, by E g o r o f f ' s  Theorem we deduce t h a t  t h e  

c o n d i t i o n s  of D e f i n i t i o n  3.2 a r e  s a t i s f i e d ;  t h e r e f o r e  u  

i s  a  g e n e r a l i z e d  s o l u t i o n  of ( S ) .  

6 .  THE STOCHASTIC PROBLEM: UNIQUENESS 

I n  o r d e r  t o  prove that  the s t r i c t l o r  g e n e r a l i z e d , s o l u t i o n  

of  (S)  i s  unique,  we need some f u r t h e r  lemmata. 

For each nEN and ~ € [ O , T ]  d e f i n e  J n ( t ) = n ~ ( t ) R ( n , A ( t ) ) .  

Then we have: 

LEMMA 6 .1 .  For each n€lN - and t€[ 0  ,T] t h e  fo l lowing  proper-  

t i e s  hold:  

(i) J n ( t ) E L  (H) ; 
1  h n  

(ii) p ( J n ( t ) ) g p ( A ( t ) )  and R ( h , J n ( t ) ) =  X+nl n-A( t ) ]R( - ,A( t ) )=  h +n 

- ~ n 2  - -  An h n  
(h+n)2 R ( h + n l ~ ( t )  + L VAEp ( A ( t )  ; 
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IT0 LINEAR EQUATIONS 

Proof .  (i) , (ii) , (iii) a r e  e v i d e n t .  Le t  us  prove ( i v )  : 

f o r  each x€D(B) w e  have by Hypothes is  I11 

To prove ( v ) ,  l e t  us  f i r s t  v e r i f y  t h a t  
- 1 

R ( x , B + L ~ ( ~ )  ) = J ~ ( ~ ) R ( x , B ) J ~ ( ~ )  VAEP ( B ) w ( B + L ~ ( ~ )  (6 .1 )  

Indeed,  f o r  each xeH w e  have y=R(A,B+L ( t ) ) x g D ( B )  and n 
hy-[ B+L ( t ) ]  y=x. Hence 

n 
- 1 

x = hy-J ( t ) B J  ( t ) - ' y  = J n ( t )  (1-8) Jn ( t)  y n n 
o r  

- 1 
Y = J , ( ~ ) R ( X , B ) J ~  ( t )  x. 

S t a r t i n g  from (6 .1  ) , (v) i s  proved a s  i n  [ 91 , proof  o f  

P r o p o s i t i o n  1.  

F i n a l l y ,  ( v i )  i s  proved a s  P r o p o s i t i o n  2.9,  s i n c e  

< c I I L ( ~ ) H ~ ( ~ ) .  ' L n ( t ) l l L ( H )  - 

For each n€N, c o n s i d e r  t h e  s t o c h a s t i c  problem 

0 
w i t h  p r e s c r i b e d  d a t a  x€L ( H )  , fECF ([ 0, TI , H )  . Then ,we 

have : 
Fo 

PROPOSITION - 6 . 2 .  Let U be a s t r i c t  s o l u t i o n  o f  (SA). 
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ACQUISTAPACE AND TERRENI 

Then t h e r e  e x i s t s  c ( n )  such t h a t  

t 
l lu( t ) l lH~c(n){l lx l lH+JO Ilf(s)ll d s l  v t q  O , T I  , w.p.1. 

H 

I n  p a r t i c u l a r ,  Problem ( S ' )  has  a t  most one s t r i c t  so-  
n  

l u t i o n .  -- 

Proof.  Let  t € ]  0 ,TI . For each s€[ 0 ,  t ]  d e f i n e  

v ( s ) = e  (t-~)Jn(s)~(Wt-Ws)B~(~). I 

then t a k i n g  i n t o  account Lemma 6.1 ,  it i s  easy  t o  v e r i f y  

+[a e S J n ( s ) l  
as <=t-s l u ( s ) + e  ( W t - W ~ ) B f  ( s )  I as 

Hence 

and by a  c l a s s i c a l  Gronwall-type argument ( s e e  e .g .  

Amann [ 21 , Coro l l a ry  2.4) we g e t  

IIu(t)llH ( ~ ( n )  CIIxll I l f ( ~ ) ~ ~ ~ d s ~ .  
H + J0 

COROLLARY 6.3. Let  u  be  a g e n e r a l i z e d  s o l u t i o n  of  (SA). - 
Then t h e r e  e x i s t s  C(n)  such t h a t  
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IT0 LINEAR EQUATIONS 

I n  p a r t i c u l a r ,  Problem (S ' )  has  a t  most one g e n e r a l i z e d  
n  

s o l u t i o n .  

0  
PROPOSITION 6.4 .  Let x€L (H) , f € C F  ( [  0  ,TI  , H )  . Then Pro- - 

F o  
blem (SA) ha,; a g e n e r a l i z e d s o l u t i o n  u  g iven by - - n  

g n ( t )  be ing  t h e  s o l u t i o n  of t h e  i n t e g r a l  equa t ion  

whose kernelK ( t , s )  i s  de f ined  by n  

Proof .  We proceed -- 
2 

i f  XEL ( D ( B  ) ) an 
F o  

a s  i n  S e c t i o n  5 :  f i r s t  we prove t h a t  

.d f i s  such t h a t  t h e  s o l u t i o n  o f  (6 .3 )  

i s  s u i t a b l y  r e g u l a r  then  (6 .2 )  g ives  a s t r i c t  s o l u t i o n  

o f  (SA); n e x t ,  we approximate t h e  genera l  d a t a  x , f  

wi th  more r e g u l a r  ones ,  and show t h a t  (6 .2)  i s  a  gene- 

r a l i z e d  s o l u t i o n .  We omit  t h e  proof because i t  i s  q u i t e  

s i m i l a r  t o  t h a t  of  Theorems 5 .1  and 5 .3 ,  and even e a s i e r ,  

s i n c e  t h e  r o l e  o f  A ( t )  i s  played by t h e  bounded opera- 

t o r  J ( t ) .  
n  

PHOPOSIZION 6 . 5 .  Let u  be a  s t r i c t ,  o r  g e n e r a l i z e d ,  so- 

l u t i o n  o f  (S;). Then t h e r e  e x i s t s  C (independent of n )  

such t h a t  
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178 ACQUISTAPACE AND TERRENI 

Troof .  I t  fo l lows by t h e  r e p r e s e n t a t i o n  formula ( 6 . 2 )  
- 1 

and from t h e  f a c t  t h a t  t h e  o p e r a t o r s  (1+K ) , w i t h  
n 

1 
K n  ( t , s )  de f ined  by ( 6 . 4 ) ,  a r e  bounded i n  LF (0 ,T,H) 

uniformly i n  n€R ( t h i s  i s  a  consequence of Lemma 6.1 

Now we a r e  a b l e  t o  prove t h e  uniqueness theorem f o r  t h e  

s o l u t i o n  of ( S ) .  

THSCREM 6.6.  - Let  u  be a  s t r i c t ,  o r  g e n e r a l i z e d ,  s o l u ~ s c n  

of I S ) ,  Then we have - 

I n  p a r t i c u l a r ,  Problem -- kas dt n o s t  m e  S ' T I C ~ ,  o r  

j ~ n e r a l i z e d ,  ~ .?1ut ion.  

? r o o f .  If :; i s  a  s t r i c t  s o l u t i o n  of (P), t h e n  u  i s  a l s o  

a g e n e r a ~ l z e d  s o l u t i o n  of  

Hence by P r o p o s i t i o n  (6 .5 )  t h e r e  e x i s t s  c ( independent  

sf n )  such t h a t  

I l u ( t ) i  <C!IIXI +itll f  ( s ) + [ A ( s ) - J ~ ( s ) ]  u ( s ) l H d s 1  OrT1 H- H 0  
w. p. I .  

As n+m, t h e  r e s u l t  fo l lows  by Lebesgue 's  Theorem, s i n c e  

A ( s ) - J  ( s ) ]  u(s)+O f o r  each s€[ O,t] . 
n  

By a s t a n d a r d  argument, t h e  e s t i m a t e  ho lds  a l s o  f o r  any 

g e n e r a l i z e d  s o l u t i o n .  
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Z 
Take H=L ( 0 , l )  and d e f i n e  

i 
2 2 

D(B)={UEL ( 0 , l ) :  g u ' e ~  ( 0 , 1 ) 1 ,  

Bu=gu ' 
2 

phere  ~ E C  ( [  0,1]  ) w i t h  g ( 0 ) = g ( l ) = g l  ( l )=O;  t h e n  it i s  w e l l  

known t h a t  B g e n e r a t e s  a  s t r o n g l y  cont inuous  group and 

Hypothesis  I holds .  
k Next, denote  by H ( 0 ,  I  ) (keN) t h e  Sobolev space  of func- 

2 t i o n s  ueL ( 0 , l )  whose d i s t r i b u t i o n a l  d e r i v a t i v e s  u l , u " ,  ... 
. . . u (k '  be long t o  L' ( 0 ,  I ) , and d e f i n e  f o r  each tel 0  ,Ti  

where a ( t ) , B ( t )  a r e  r e a l  con t inuous ly  d i f f e r e n t i a b l e  

f u n c t i o n s ,  such t h a t  a>O,B>O,a+B>O - - i n  [ O , T ] .  I t  i s  

a l s o  known t h a t  A ( t )  g e n e r a t e s  an a n a l y t i c  semigroup,  

and Hypothesis  I1 i s  s a t i s f i e d  w i t h  a=1/2 ( s e e  Acqu is ta  

pace-Terreni  [ I ]  i n  t h e  c a s e  of  C (1 0,1]  ) l n s t e a d  of 

L ' ( o , I ~ ) .  

Le t  us  v e r i f y  t h a t  Hypothes is  I11 i s  f u l f i l l e d :  c l e a r l y  

D ( A ( t )  ) C D ( B ~ ) C D ( B )  - - f o r  each t€[ 0 ,TI ; n e x t ,  t a k i n g  h ( t )  50, 
0 

2 
we have D(B)C{XEL, - ( 0 , l )  : B A ( t ) - ' m  ( ~ ( t )  ) } : indeed i f  

- .i 2 
@ED ( B )  and $=A ( t)  4 ,  w e  have JIEH ( 0 , l )  , s o  t h a t  

L (B$) "=: (g$ ' )  " = g " < ~ ' + 2 ~ ' ? , " + g @ " L  =g"$'+Zg'$"+BdEL ( 0  , ? ;  

and a d d i t i o n  

I n  p a r t i c u l a r  we g e t  
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- 1 
A ( ~ ) B A ( ~ )  @= ( B q )  "=g"q1+2g 

Define 
X 

I L ( t ) $ l  ( x )  = g" (x)JO $ 

then  L (t) EL and 

A ( ~ ) B A ( ~ ) - ' + = [ B + L I  + 
This  shows t h a t  Hypothesis  

F i n a l l y  we observe  t h a t  

ACQUISTAPACE AND TERRENI 

V+ED ( B )  . 
I11 holds .  

and consequent ly  
X 

I B A ( ~ ) - ' T I  ( x ) = ~ ( x ) [  -io f ( s ) d s +  

hence V t  , r ~ [  0, TI 

Thus Hypothesis  I V  i s  obviously  f u l f i l l e d .  

Therefore  we can apply  t h e  t h e o r y  i n  t h e  p rev ious  s e c t i o n s  

t o  t h e  s t o c h a s t i c  problem 
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IT0 LINEAR EQUATIONS 181 

0 2 
where £€CF ( [  0 ,TI , L ( 0 , l )  ) and $ i s  a  F -measurable random ?. 0 

L 
v a r i a b l e  wi th  va lues  i n  L ( 0 , l ) .  By Theorems 5 . 3  and 6 . 6  

we deduce: 

2 THEOREM 7.1. Let  g , a ,  8  r e a l  f u n c t i o n s  such t h a t  gEC ([ 0,1] ) - 
1 

wi th  g ( 0 ) = g ( l ) = g l  ( l ) = O ,  a,B€C ( [  0 ,TI )  w i t h  aL0, @,Of - 
a+B>O i n  [ 0 ,TI . I n  a d d i t i o n ,  l e t  W be a  r e a l  Brownian 

t 
motion,  and F an i n c r e a s i n g  sequence of  U-a lgebras  on 

t 
t h e  p r o b a b i l i t y  space ( t 2 , ~ , P ) ,  n o n - a n t i c i p a t i n g  w i t h  r e -  

s p e c t  t o  W and such t h a t  F >E and(Q,Fo ,P)  i s  a  comple- 
t 0- - 

0 2 
t e  measure space  . Then f o r  each fECF ( [  0 ,TI ,L (0 1 ) 

2 
@EL ( L  ( 0 , 1 ) ) ,  Problem (7 .2 )  has  a  unique g e n e r a l i z e d  

0  
0  2 s o l u t i o n  u€C ( [  0 ,TI , L  ( 0 , l )  ) . 
F 

APPENDIX 

Here we want t o  prove t h e  fo l lowing  r e s u l t  ( s e e  Remark 

I  . 2 )  : 

PROPOSITION A.1. Le t  Hypothesis  1,II @, and suppose 

t h a t  : - 

(ii) For each t ~ [  0 ,TI t h e r e  e x i s t  X o  ( t ) E p  ( A  ( t)  ) , L ( t ) E  

€ L ( H ) ,  V ( t ) c D ( B )  such t h a t :  - 
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ACQUISTAPACE AND TERRENI 

( b )  V ( t )  i s  a l i n e a r  subspace o f  D ( B ) ,  dense i n  

D ( B )  w i t h  r e s p e c t  t o  t h e  graph norm; 

(c)  v ( ~ ) c C X E H : B R ( A ~ ( ~ )  - , A ( ~ ) ~ E D ( A ( ~ )  1 )  

rhen Yypothesis  I11 holds .  - 

Proof. We cons ide r  on ly  t h e  ( u n r e s t r i c t i v e )  c a s e  

A O  ! t ' '3, For each xEV i t )  and AEC ,: we nave,  a s  i n  t h e  
7 
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Now we a r e  ready t o  prove t h a t  id)  h o l d s  i n  t h e  whcie 

D ( B )  . Indeed,  l e t  x€D(B) : then f o r  each n€lJ b y  ::a. 3 )  

we have : 

which i m p l i e s  
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