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S u m m a r y .  - We study existence, unigueness and regularity o] the strict, classical and strong 
solution u e C([0, T], E) o] the non-autonomous evolution equation u ' ( t ) - -  A(t)u(t) = ](t), 
with the initial datum u(O) = x, in  a Banaeh space E, where {A(t)} is a family o] in]initesimal 
generators o] analytic semi-groups whose domains are constant in t and possibly not desse 
in E. We prove necessary and suf]icient conditions for existence and HSlder regularity o] 
the solutions and their ]irst derivative. 

O. - I n t r o d u c t i o n .  

Let E be a Banach space, {A(t)}te[O,T ] a family of closed linear operators on E. 
Consider the following linear non-autonomous 0auehy problem: 

(P) 

u'( t )  - A ( t ) u ( t )  = / ( t ) ,  t e [0, r ]  

u(o)  = x 

e E ,  ] e C([0, T], E) prescribed, 

where C([0, T], E} is the space of continuous functions [0, T] -+ E. We treat  here 
the parabolic case: in other words we suppose that  for each t e [0~ T J A ( t )  is the 
infinitesimal generator of an analytic semi-group {exp [~A(t)]}~> o (not necessarily 
strongly continuous at 0), whose domain D(A( t ) )  does not depend on t and is pos- 
sibly not  dense in ~.  

Problem (P) in the parabolic non-autonomous case with constant domains was 
first studied by  TANA~E ([32], [33], [34]} and SO]3OLEVSXn [31] (see also YOSIDA [37]). 
In all these papers a regularity assumption for the function t --> A( t )A(O)  -1 in the 
uniform topology is needed: in the final development of the theory (see [3~] and [31]) 
this function is required to be tt61der continuous and this assumption has become a 
standard one in later advances. These authors assume that  .D(A(t)) -~ D(A(O))  is 
dense in E and prove their results by constructing the so called fundamental solu- 
tion; they find classical solutions, i.e. continuously differentiable solutions of the 
equation in ]0, T], for each ~ e E, and strict solutions (i.e. differentiable solutions 

(*) Entrata in Redazione il 19 o~tobre 1983. 
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in [0, T]) for each x e D(A(O)), provided, in either case, / is H61der continuous. If, 
in addition, x -~ 1(0) = 0 TA~AB]~ [33] and POVLSE~ [28] showed tha t  the derivative 
of the strict solution is in fact HSlder continuous (with an exponent stricly less 
than  the exponent of ]). 

& different approach was carried on by DA P~ATo-G~ISVA~D [11], who studied 
Problem (P) as a particular case of their theory about sums of non-commuting 
linear operators. They treat evolution both in L~-spaces and in spaces of continuous 
functions, finding only, in the latter case, strong solutions (see Definition 1.5 below) 
for each continuous ], provided x : 0. In addition they  prove some regularity 
results (~ in the space ~> for strong solutions~ by means of the intermediate spaces 
D~(o)(O , co) between D(A(0)) and E, showing tha t  such solutions are continuous 
with values in D~(o)(O , oo) for any 0 e ]0, 1[. Other space regularity results had been 
proved by SOBOLEVSKII [31] for strict and classical solutions, by using instead the 
domains of the fractional powers of --A($). 

Existence and regularity (( in time ~) of strict and classical solutions of (P) was 
proved by DA P~ATo-SI~EST~I [13] whenever ] is HSlder continuous and x e 
e D(A(O)), provided x and ](0) satisfy a suitable compatibility condition which 
involves the intermediate spaces D~(o)(O , co) and D~(o)(O ) : their hypotheses essentially 
coincide with Tanabe~s and Sobolevskii's, but their method does not require the 
construction of the fundamental solution, using instead some sharp regularity theo- 
rems for Problem (t)) in the autonomous case (see SI~ES~RA~I [30]), which prove 
existence of the strict solution u, and ttSlder regularity of u' with the same exponent 
as ], thus improving the results of [33], [28]. This kind of time regularity (i.e. if ] 
belongs to a suitable subspaee of C([0, T], E), then u ' ~ a n d  consequently A(. )~(. )--be- 
longs to the same subspaee) is called (( of maximal type ,~ and is an important tool 
in the study of nonlinear equations by linearization methods as well ~s integral or 
delay equations, etc. 

In the present paper we assume the classical hypotheses of TA~A]~E [3~] and 

SO~OT.EVSKII [31], without supposing D(A(t)) -~ E, and prove existence, uniqueness 
and regularity of several kinds of solutions, namely strict, classical and strong solu- 
tions. In particular we find again Tanabe's and Sobolevskii's results~ and generalize 
those of DA PgATo-GglSVA~D [11] to the case $ ve 0. We also weaken the hypotheses 
of DA P~A To-S~EsT~I  [13], where maximal time regularity of strict solutions is 
proved under a slightly stronger assumption on t --> A(t)A(0)-~; in addition we show 
that  if ] is HSlder continuous then the compatibility condition of D~ P~A~o-SI- 
~ES~A~I [13] on x and ](0) is in fact necessary and sufficient in order tha t  the 
strict solution u has tt61der continuous derivative with the same exponent as ]. 
About space regularity, we do not consider here strict and classical solutions, whose 
related properties will be the object of a subsequent paper; results in this direction, 
under stronger assumptions, are ctue to D~ P ~ o - G ~ I s v ~  [12]. W-e only prove 
some sharp space regularity theorems for strong solutions, generalizing the results 
of [11], and an (~ a priori ~> estimate for A(t)u($) in the case of a classical solution u, 
which is of interest in the study of quasi-linear problems. 
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Oar me thod  is mMnly inspired by  the techniques of [11]: see Sect ion 6 and,  in 
part icular ,  Theorem 6.7, where however  a ve ry  general  and abs t rac t  s i tuat ion in 
considered (see also IA~EL~I  []7]). We do not  cons t ruc t  the  fundamen ta l  solu- 
t ion;  we obta in  ~ different representa t ion  formula  for the  solutions of (P) and  
derive all our results by  a earsful  analysis of it. Our formula is closely re la ted  to a 
similar one which we used in a recent  paper  [1] where Prob lem (P) was studied in 
the  ease of variable domMns. I t  can be heuris t ical ly obta ined as follows: given ], 
we look for a funct ion g, depending on /, such t h a t  the  solution of (P) can be 
wr i t t en  as 

t 

(0.1) re(t) = exp [tA(O)]x §  p [(t -- s)A(s)]g(s) ds, 
0 

I f  A ( t ) ~ A  this formula  with g----/ gives the ord inary  mild solution of (P) 
(see e.g. KATO [19], page 486); when A(t) depends on t, i t  is na tu ra l  to  expec t  
t ha t  g has to be sui tably modified. Taking the  formal  der ivat ive  of (0.1) we get  

t 

= A(0) exp [tA(O)]x + g(t) §  ) exp [(t -- s)A(s)]g(s) q~r (t)  ds.  
0 

I f  we want  t h a t  u is a solution of P rob lem (P) we need t h a t  

u'(t) -- A(t)u(t) = [A(0) -- A(t)] exp [tA(O)]x § g(t) § 
t 

+ f [ A ( s )  -- A(t)] exp [(t -- s)A(s)]g(s) ds 
o 

Hence  g m u s t  solve the  following in tegra l  equat ion:  

t 

(0.2) g(t) + f K ( t ,  s)g(s) ds = ](t) --  K( t ,  O)x ,  t e [0, T], 
0 

where 

=/ ( t ) .  

(0.3) K(t,s) -=- [A(s ) - -A( t ) ]exp[( t - - s )A(s )] ,  O < s < t < T .  

Denote  by  K the  in tegra l  opera tor  defined by  

t 

K~(t) = f K(~, s)~(s) as ; 
0 

t hen  the  representa t ion  formula for a ~olution of (P) is formal ly  given b y  

t 

(F) u(t) = exp [tA(O)]x § [(t - slA(s)](1 § K)-I(? _ K ( . ,  O)x)(s) ds,  

o t e [0, T ] .  
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The analogous formula in the  case of var iable  domains (see [1]) is different,  since 
it  has a different (~ kernel  ~): here  we have exp [(t -- s)A(s)], while in [1] the  kernel  
is exp [ ( t -  s)A(t)]. Indeed,  in bo th  si tuat ions we need the  basic p rope r ty  u ( t ) e  
e D(A(t)), which is guaran teed  b y  the  presence of the  ana ly t ic  semigronp exp [ ( t -  
--s)A(t)]; bu t  in the  present  case of cons tant  domains the  rep lacement  b y  
exp [ ( t - - s )A(s) ]  does no t  affect the  above p roper ty ,  and  moreover  i t  makes  i t  
possible to  drop the  differentiabi l i ty assumption on the  semi-group t --> exp [~A(t)], 

which p layed  a crucial  role in [1]. 
Le t  us describe now the  subjects of the  nex t  sections. Section 1 contains a list  

of our  notat ions,  definitions and assumptions.  In  Section 2 we establish some 
prel iminary results.  In  Section 3 we derive the  basic mater ia l  which is needed to  
prove our main theorems.  In  Section ~ we discuss s tr ict  solutions and thei r  maximal  
t ime regular i ty .  Section 5 concerns classical solutions. In  Section 6 we s tudy  strong 
solutions. Section 7 is devoted to space regular i ty  results.  Final ly  in Section 8 we 
describe some examples.  

1. - Nota t ions  and assumpt ions .  

I f  A is a l inear operator  on a Banach  space E, we denote  b y  D(A) i ts domain,  
and by  R(A) its range;  ~(A) is the  resolvent  set of A, a(A) its spectrum, and the  
resolvent  opera tor  ( 1 - - A )  -~ is denoted  b y  R(1, A). I f  X, yr are Banach  spaces, 
we denote  by  g(X, Y) the  Banach  space of bounded l inear  operators  with domain  X 
and range contained in :Y, with norm 

I I~ l l~ (x ,~ )=  s u p  II~-xtl~ 
~x-<o~  Ilxll~ " 

When X = Y we shall wri te  t (X) ins tead  of s X). 
Le t  yr be a Banach  space. We shall make use of the  following Banach  spaces 

of funct ions:  
T 

a) Lv(0, T, IT) = {u: ]0, T[ -* Y: u is Bochner  measurable  and  fll (t)ll  d t <  
< @ c~}, p e [1, co[, with norm o 

T 

o 

and L~(O, T, Y) ~ {u: ]0, T[ --> Y: u is Bochner  measurable  and essential ly bound- 
ed}, with norm 

I1~11~(o,~,~)--- ess sup l[~(t)llY; 
telO,~'[ 
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b) C([0, T], Y) = {u: [0, T] --~ Y continuous}, with norm 

ll*I[o(com,~)= sup llu(t)li~,; 
t~[0,T] 

c) Co(]0, T], Y) = {u: ]0, T] --~ Y continuous such tha t  t -->t~u(t) is bounded 
in ]0, T]}, 0 e [0, 1[, wi th  norm 

II~'lt ~,<~o,~,~)= II tou(')lk~(o,~,~) , 

and its subspace Co([0 , T], IF:) = {u e Co(]0 , T], Xz): 3 l i m t ~  Y}; note tha t  if 
t--->0 

u ~ Co([O , T], Y )  we can and will consider the function t ---> t~ as an e lement  of 
C([0, T], Y): thus in par t icular  we will identify the spaces Co([0, T], Y) and 
e([o, r], Y); 

d) r T], Y) = {u e r T], Y): f]u(t) --  o ( t -  as t -  o§ 
f le  ]0, 1[, with norm 

llullo~r = IIullo(Eo,~J,~)§ sup ll~(t) -- ~r 

and its subspace h'([0, Y], ~) = {u e Ca([0, Y], Y): [ tu ( t )  - u ( ~ ) t l  r = o(t - T)~ ~s t - 

-- "t" ---> 0+}; 
c) Lip ([o, ~], 3~) = (u ~ e([o,  T], y ) :  l i f t ( t )  - u(~)llr = o ( t  - ~ )  as t - ~ -+ o+}, 

with norm 

[lull~o(~o,~J,~)- ll<lo(~o,r~,~)§ sup flu(t) - ~(~)II~,. 

/) C~([0, T], Y) = {u e O([0, T], Y): ] u ' e  O([0, T], Y)}, wi th  norm 

- -  , / ~r  11<~,~o,.,~)-ll<lo(~o,.:,~+ II Ilo(~o,.,r); 

g) C'.a([0, T], Y') ---- {u e C'([0, T], Y): u ' e  V~([0, T], Y)}, fl e ]0, 1[, with no rm 

II <1 ~, ,~o. .~,~)= II ~ll ~(~o,., ~ + It "' II ~ o , . , ~ ) ,  

and its subspace hl.~([0, T], Y) ---- {u e C~([0, T], Y): u ' e  M([0, T], Y)}. 
We shM1 also consider the following function sp~ces: 

c(]o, T], ~)  = Fl c([~, r], Y), 
~e]O,T[ 

and 

Ca(]0, T], 1T), M(]0, T], Y) ,  Lip (]0, T], Y) ,  C~(]0, iF], Y) ,  

c~,~(]o, T], :0 ,  h~,~(]o, r], y) ,  
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which are defined similarly. We explicitly note  tha t  Co(]0, T], Y) and C(]0, T], Y) 
are different spaces. 

Let  us list now our assumptions,  which are the  classical ones of TANABE [34] 
and SOBO~EVSKII [31]. 

HYPOTHESIS I. - For  each ~ e [0, T], A(t) is a closed linear operator  on the Banach  
sp~ce E, with domain D(A(t)) ~ D(A(O)) (constant  with respect  to 4), which gen- 
erates an analyt ic  semi-group {exp [~A(t)]}~>0; more precisely: 

(i) there  exists  0oe ]~/2, ~[ such t ha t  

~ ( A ( t ) ) D _ X o ~  o o [ , O e ] - O o ,  Oo[} , Vte [0, T] ; 

(ii) there  exists M > 0 such t ha t  

[[R(,~, A(t))]ls VA ~Zoo-- {0}; I[A(t}-~]Is , Vte [0, T ] .  

HYPOTttEBIB II .  - There exist  a e ]0, 1[, B > 0 such t ha t  

Ill --  A(t)A(~)-~Hu(~) < B l t - -  ~i ~' , Vt, v ~ [0, T ] .  

I~E~ARK 1.1. -- (a) We do not  assume tha t  D(A(O)) is dense in E:  this  means  
tha t  the  analyt ic  semi-groups ~ -+ exp [~A($)], t ~ [0, T], are not  s trongly continuous 
at  ~ ~- 0. This is in fac t  the  case in several concrete examples (see ACQTd-ISTAPACE- 
TE~v~NI [1], SINEST~A~I [30]). However  if Hypothes is  I holds and E is locally 
sequential ly weakly compact  (e.g. E is reflexive) then necessarily D(A(O)) is dense 
in E (see KATO [18]). 

(b) The assumption tha t  0 ~ 9(A(t)) for each t e [0, T] is not  real ly restrictive.  
Indeed,  suppose tha t  (i) and (ii) of Hypothes is  I are satisfied only in Zo.--  {0}, and 
replace u(t) b y  v(t) ~ exp [-- et]u(t): then  v(~) solves Prob lem (P) with A(t) and ](t) 
replaced b y  A(t) --  e and exp [-- et]](0 respectively.  As ~ + e ~ Z00-- {0) for  each 
A e Z0o , our weakened assumption yields Zo~ 9 ( A ( ~ ) -  e) and [I R(2, A ( 0 -  ~)]fc(~)< 
<M/ t~  + s I for each )~eXo~ and  r e [ 0 ,  T]. As I)~l/lA =4- sl<lJ. l / l Im)~l<l/s inO for 

each 2 e Z 0 .  , we deduce tha t  {A(t)--s}~e[0.r: satisfies (i) and (ii) of Hypothes i s  I 
in the  whole Z0o, with M replaced b y  M/s sin 0. 

l~v,~A~: 1.2. - We can slightly weaken Hypotheses  I and I I  b y  supposing tha t  
there  exists COo> 0 such tha t :  

(i) 9(A(t)) ~_ {z e C: ~ e  z > ~o} u {~o}, Vte [0, r ] ;  

(ii) IIR(o~o, A(t))Ns , ][R(2, A(t))flc(~)<M/I~ -- cool if Re  )~ > (o0, V t e  [0, T]; 

iii) ]ll -- (oa--  A(t))R(o~o, d(z))]]c(E)<B]t -- ~]~, Vt, ~ e [0, T]. 
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Indeed,  if this is t rue ,  f rom the  e s t ima te  of the  resolvent  one can easi ly  deduce 

t h a t  e(A(t)) contains  in fac t  a sector  X o o + ( O o = { z e C : z - - a ) o e Z o ~  } for  some 
Ooe ]~/2, ~[; thus ,  as in l~emark  1.1 (b), we can go b a c k  to the  ini t ia l  s i tua t ion  b y  
considering the  funct ion v(t) -~ exp [--  o~ot]u(t). 

Le t  us specify now w h a t  we m e a n  as a (~ solution ~> of P rob l em (P). 

Da~PI~ITI0~ 1.3. - Le t  / e  C([0, T] ,E) ,  x e E .  We say  that u: [O, T] - > E  is a 
strict solution of (P) if u e C~([O, T], E), u(t) e D(A(O)) for each  t e [0, r ] ,  and  

u'(t) -- A(t)u(t) = / ( t )  Vt e [0, T], u(O) ~- x .  

D~FI~ITI0~ 1A. - Le t  / ~  C(]0, T] ,E) ,  x e E .  We say  t h a t  u: [0, T] - + E  is a 

vlassical solution of (P) if u e C([0, T], E) ch C~(]O, T], E),  u(t) e D(A(O)) for  e~ch 
t e ]0, T] and  

u'(t) -- A(t)u(t) = / ( t )  Yt e ]0, 7'], u(O) ~- x .  

DEFII~ITIOI~ 1.5. -- Le t  / e C([0, T], E) ,  x e E. We say  t h a t  u: [O, T] -+ E is a 

strong solution if u e C([O, T], E) and  the re  exis ts  {U~}~N c_ C~([O, T], E)  such t h a t :  

u~(t) eD(A(O)),  V t e [ O , T ] ,  t - + A ( t ) u ~ ( t ) e C ( [ O , T ] , E ) ,  Y n e N ,  

u'~-- A( .  )u~(. ) ~ f~--~ / in C([O, T], E) as n -+ :~o , 

u~(O) ~x~ - ->x  in E as ~ --->oo, 

u~ -+ u in C([0, T], E) as n -+ co .  

I~E~AI~I~ 1.6. - By  definition, a s t r ic t  solution is a classical and  a s t rong  one. 

I f  / e  C([0, T], E), i t  is not  obvious t h a t  a classical solution is a s t rong one; we 
shall  see l a te r  (Theorem 6.7) t h a t  this is t rue  under  Hypo theses  I ,  I I .  The  s i tuat ion 
in the  case of va r iab le  domains  is different  (see i~emaxk 6.5 of [1]). 

RElVIARK 1.7. -- P rob l em  (P) wi th  ini t ial  t ime  t0 r  0 can  be  t r e a t ed  quite sim- 
i lar ly to the  ease t o =  0, since in all successive e s t ima tes  the  cons tan ts  in fac t  
depend on the  ampl i tude  of the  t ime  in terva l ,  and  not  on i ts  endpoints .  

2.  - P r e l i m i n a r i e s .  

Let  A be a l inear  opera to r  on a B a n a c h  space E, sa t i s fying Hypo thes i s  I .  Then  

the  semi-group {exp [~A]}~> o can be r ep resen ted  b y  a Dunford  integra.1 a long a 
curve  y _r 2700, joining ~ oo exp  [--  iO] and  ~ oo exp [iO]. For  our purposes it  is 
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convenient  to choose from now on the  curve 7 ~ ~ ~ 7 +U 7-, where 

~,o = { z e C :  Iz[ = 1,  ]arg z[<0} 

?• = {z e C: z = 0 exp [J=iO], q > l } .  

Then we h~ve 

exp [~A] = L .  f e x p  [~)t]R(2, A) dZ , ~ > 0 ;  

in par t icular  exp [~A] maps E into D(A'), Vn e N and 

1 
(2.1) A ~ exp [~A] = ~-:. ( ~  exp [~]R(~,  A) d)~ 

Z7~$ J 
~>O, n e N ,  

the  integrals being absolutely convergent. 
I f  A is a closed linear operator on the Banach  space E, t hen  the subspace D(A) 

of E, equipped with the  graph norm, is itself a Banach space continuously imbedded 
into E. Hence we can define the  in termedia te  spaces (D(A),E),,~, a e ]0, 1[, as 
follows (see LIO:~S [21], LI0~S-PE]~:rBE [22]): 

D]~FI~][TIOL~ 2.1. - I f  x ~ E, we say t h a t  x e (D(A), E),.oo (resp. (D(A), E),) if 
there exists u: ]0, 1 ] ->D(A)  having first derivative in the  sense of distributions 
u ' :  ]0 r 1] -+ E, such tha t :  

(i) u', Au( ' )  ~ O:(]O, 1], E) (resp. C~([O, 1],/~)); 
(ii) u(0) -~ x. 

Note t h a t  condition (ii) of Definition 2.1 is meaningful  since i t  is easily seen t h a t  
condition (i) implies u e C1-"([0, 1],/~). I t  is also clear t h a t  

D(A) ff(D(A),E)~C_(D(A),E),.~ffD(A), V g e ] 0 , 1 [ .  

When A is the  infinitesimal generator  e f a  bounded analyt ic  semi-group, the 
spaces (D(A), E)l_0, ~ and (D(A), E)1_ o are denoted by D~(O, co) and D~(O) (0 e ]0, 1[). 
We can characterize Da(O, c~) in several ways (see BvmzEB-BEgErcs [5] for the  case 
D(A) = E, and Proposit ion 1.3 and Remark  1.4 of [1] for the general case), namely :  

DA(O~ ) ~ { x E E :  suplexp[tA]x--xL<(>~ t~ 

--- {x e E: sup llP-~ exp [At]x[[~< oo}---- {x 
t>O e E: sup I~I~ ~)xll~< ~ } .  
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D,~(O, c~) is a Banach space with the norm 

4o '$' 
E 

and moreover it can be verified (see [5]) t h a t  the quantit ies 

t>o to x ~' supt>o {It~-~ exp [tA]xll~ , ~e(.4) 

define equivalent  semi-norms on D~(O, c~). If, in addition~ 0 e ~o(A), t hey  become 
equivalent  norms on D~(O, co), all being equivalent  to (2.2). 

I f  0 < f l < 0 < l  we have 

IIxll~(0.oo)< ~ l l A x l I ~  , 

Vx e DA~, ~ )  

Vx ~/)~(0, co) 

Vx e D(A) . 

Here and in what  follows we will denote by C any  constant  arising in our est imates.  
I t  is easy to show t h a t  for each 0 ~ ]0, 1[, D~(O) is a closed subspace of D.JO, co) 

and t h a t  the following characterizations hold: 

9A(O) = { x  eD~(O,~) : lim [eXp [tA] -- l x  s ~  } 
t-'-'~O + ~0 0 

= {x oo): lira Ht -ox [t-4]xtt. = O} = 
t.-~O + 

= {x ~D~(0 ,  oo): lira IXl011.~R(~., X)xll~} = 0 .  
,~r 

Final ly  i t  is not  difficult to verify t h a t  D~(O) is the closure of D(A) in the norm 
of D~(O, co) (see [5], Chapter I I I ,  Proposi t ion  3.16, or SI~EST~AI~I [30], Proposi- 
t ion 1.8). 

~ o w  we go back to our s i tuat ion and prove a lemma which will be systemat ical ly  
used in the following. 

LEMI~A 2.2. - Under Hypotheses I, II we have: 

_, ( t  - -  "~)"  I]R(~, A(t)) - -  :~(~, _4(~)) ~(~)~ . - - ~  , V,~ e Z0~ Vt, v e [0, I ' ] .  

PRoof.  - I t  is enough to observe t h a t  

R(~, A(t)) -- R(1, A(v)) -~ R(t,  A(t))(A(t)A(v) - 1 -  1)A(v)R(t,  A(r)) . /// 
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As a consequence of the  fac t  t h a t  D(A(t)) does not  depend on t, we have the  
following 

PROP0S~mION 2.3. - Under Hypotheses I ,  I I ,  /or each t ~ [0, T] and 0 ~ ]0, 1[ we 
have 

D~ct)(O, cr = D~(o)(O , cr and D.~(O(O) = D~(o)(O). 

In  addition there exist C~ and C~ such that i] X ~ D~(o)(O , co) 

sup e x p [ ~ A ( 0 ) ] - - I  H ]]exp[$A_(_(t)]--lx] 

< ~ ~ 11 eo X 
E 

F r o m  now on we will wri te  

,2.3, ,,x,,~ I ~>0 ~0 X 

Vt e [0, T] .  

since 0 e q(A(O)), (2.3) is a no rm on D~(o)(O , cr 

1)ROOF. -- The equali t ies follow b y  definition. To prove the  es t imates  it  is suffi- 
cient  to  show t h a t  the re  exists C > 0 such t h a t  

~>o ~o x t0 x ~ , 
E L ~>o 

Vx e D~(o)(O, oo), V te  [o, T ] .  
1Vow if $ > 0 we have:  

exp [ ~ ( t ) ] -  exp [~(o) ]  = ~ I'exp [~]  ~oER(~, ~(t)) - R ( ~ ,  ~(o))] d~ = ~o z ~  j 

= 2zi-- exp [ ~ ]  p R ( X ,  A(t))(A(t)A(O) - ~ -  1)A(0)R(2,  A(0)) dX 
Y 

Hence  

I exp [ ~ A ( t ) ] -  
~0 exp [~A(0)] xl B < cfexp [~.l~e ~] t~l~l~ 

_ ~  ~oizll+o Ilx(o)R(~, X(0))xlIEId~I < 

< ot~ sup I~lOlf.~(o)n(~, X(O))xtlE< Or~llxllo �9 
~o(~(o)) 

By  reversing the  roles of t and  0 we find also, for each ~ > 0: 

]1 I exp [~A(t)] ~o x < CT~ sup ~o �9 /// 
~>o 
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L E ~ r A  2.4. - Under Hypotheses I,  I I  we have: 

(i) I[oxp [t2t(s)]ll~(~)<c, vt, s e [o, T]. 

{ii) ][A(~) exp [tA(s)]][~(E)< ~ ,  V'c, s e [0, T], Vte ]0, T]. 

C 
(iii) [[A(~) exp IrA(s)] [[c(v~(.)(Z.r < t~_a, VT, s e [0, T], Vt e ]0 , / ' ] ,  V/3 e ]0,1[. 

(iv) I] x eD.4(o)(fl), t ~ e ]0, ~[, then l im t~-a[]A(-c) exp IrA(s)] x[l~---- 0, V~, s e [0, T]. 
t - ->0 + 

(v) []A(~) exp [ta(s)]I[~(,(A(o)),~ ) < C, W,  s, t e [0, r ] .  

(vi) I1 x e / ) (A(0 ) )  then l im sup t[[A(~) exp [tA(s)]xH~= O. 
t<---O + s , ve [O ,T]  

PROOF. -- (i) I t  can be proved exac t ly  as in the  classical theory  of ana ly t ic  semi- 
groups (see e.g. MAg~II~ [24]). 

(ii) Similarly (see [24]) 

C 
I[A(~) exp [tA(s) ]x][E< ][A(~)A(s)-II[s ). [IA(s)exp [tA(s)JxI[E< -[ [Ix]lE. 

(iii) We have for x ~ D~(o)(fl, c<)) 

C 
ilX('O exp [tX(s)]xll~< IIA(~)X(s)-~l[~(~). IlA(s) exp [tA(s)3xll~< ~ I[x[l~ �9 

(iv) We have for x ~ D~i(o)(fl) 

l im [[t~-PA(~) exp [tA(s) ]xllE< C lira llt~-~A(s) exp [tA(s) ]xl lE: O . 
t---~O + t-->O + 

(v) We have for x e D(A(O)) 

[]A(v) exp [tA(s)]xHE< [[A(v)A(s)-lHu(z)nA(s) exp [tA(s)]xUE< CI]A(O)xH~: 

this proves (v). 

(vi) I f  x ~ D(A(O)) the  result  follows by (v); the  general  ease is a consequence 
of (iii). /// 

LEPTA 2.5. -- Under Hypotheses I,  I I  we have: 

(i) D(A(0)) = {x e E :  t -~ exp [tA(s)]x e 0o([0, T], E)} = 

= {x e E :  lira ][exp [ t A ( s ) ] x -  xlls = 0},  
t-.->O + 

lii) /)(A(0))_c x ~ E : t - - >  ~ X e e o ( ] O , T ] , E  = 

= {x e E:  t - .  A(s) exp [tA(s)]x e Co(]O, ~ ] ,  E ) } ,  

Vs e [0, ,T]. 

Vs e [0, 2'] .  
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(iii) {x e D(.4(O) ): A(O)x E D(A-~O~} = 

exp IrA(o)] --  1 )} 
= x~E:t---> t x ~ G ( [ O , T ] , E  = 

:{x~E:limllexp[t.4(O)]--lx--.4(O)xl]~--,o+ t B :  O } :  

= {x e ~ :  t -~.4(0) exp [t.4(o)]x e G([o, z] ,  ~)} = 

= I x  e E: lira 11-4(0) exp [t.4(O)]x-- A(O)xll~ = O/. 
t .  t--,,.O + ) 

(iv) D(A(O)) = D(.4(O) ~) = closure of {x e/)( .4(0)) :  .4(O)x e D(.4(O))}. 

P~OOF. - ( i ) - ( i i ) - ( i i i )  S e e  [30] ,  P r o p o s i t i o n  1 .2 .  

(iv) We have D(A(O)) o (x e D(A(0)): A(O)x e D(A(0))} o D(A(Op) and, by  (i), 

exp[tA(O)]x ->x ,  VxeD(A(O)) as t -+0+; 

Since exp [tA(O)]x e D(A(O)2), the  proof is complete. /// 
Set 

(2.4) K( t ,  s) = (A(t )  - -  a ( s ) )  exp  [ ( t - -  s ) a ( s ) ] ,  O < s  < t  < ~ .  

Then clearly K(t, s) e g(E) and  in par t icular  K(s, s) = 0, Vs E [O, T], bu t  t -> 
--.K(t,s) is not  continuous in general  a t  t = s. In  fact  we have:  

LEnA 2.6. - Under Hypotheses I, I I  the ]ollowing estimate holds: 

C 
t lg(t 's) l lc(~)< ( t - s ) l - ~ '  o < s < t < r .  

PROOF. - I t  follows from the  equal i ty  

K(t, 8) = (1 - -  X ( t ) A ( s ) - l ) a ( s )  exp  [(t - -  s ) A ( s ) ] .  /// 

3.  - B a s i c  r e s u l t s .  

This section contains a series of technical  l emmata  which examine in detai l  the  
operators and  functions appearing in the  representat ion formula (F) of the introduc- 
tion. We follow the same lines of Section 3 in [1], where a similar sequence of 
s ta tements  is given; however in the present  case we have simpler and more precise 
results. 

a) The /unction t --> exp [tA(0)]x. 
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LEnA 3.1. - Let s e [0, T]. Under Hypotheses I ,  I I  we have: 

(i) I] x e E, then exp [tA(s)]x e D(A(s)~), Vn e N,  Vt e ]0, T]. 

(ii) I] x e E, then t -* exp [tA(s)]x e C~~ T], E) and 

(7 ~? exp [tA(s)]x = A(s)" exp [tA(s)]x , Vn ~ N, Vt ~ ]0, T ] ,  

(iii) x e D(A(O)) i] and only i] t ~ exp [tA(s)]x e C([O, T], E),  and in this ease 

[exp [tA(s)]xl=o = x. 

(iv) x e DA(o)(fl, co), f l e  ]0, 1[, i/ and only i/ t ~ exp [tA(s)]x e C~([0, T], .E), 
and in this case 

]lext, [tA(s)]xlla,(Eo,~,E)< C]]xb �9 

(v) x e Da(o)(fl) , fl e ]0, 1[, i/ and only i/ t --> exp [tA(s)]x e h~([0, T],/~). 
(vi) I /  x e D(A(O)) then t --> ex9 [tA(s)]x e Lip ([0, T], E) and 

Hexp [tA(s)]XI[L~p(ro,T~,~) < r . 

(vii) x e D(A(O)) and A(O)x e D(A(O)) i] and only i/ t ~ exp [tA(0)]x e C~([0, 
T], E)~ and in this ease 

~ e x p  [tA(O)]x = A(O)x.  
At=O 

(viii) x e D(A(O)) i/ and only i/ 

exlo [tA(o)] - -  1 X(o)_, x z r T], E ) ,  
t - - > - -  t 

and in this ease 

[exp [tA-(tO)]-- l A(O)-~x]t=o= X . 

P~ooF. - (i)-(ii)-(iii) Easy  consequences of (2.1) ~nd Lemm~ 2.5 (i). 

(iv) Let  x e D~(o)(fl, c~); then  by Proposit ion 2.3 

I]exp [ t A ( s ) ] x -  exp [~A(s)]xl] ~ < CII (exp [ ( t -  v)A(s)] --1)xllE < C ( t -  ~)~I]xlf~, 

where IIxil3 is defined in (2.3). 
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Conversely, if t -~ exp [tA(s)]x e C~([0, T], E),  t hen  in par t icular  

II (e~p IrA(s)] --  ~) xll ~ < c(s) t~ ,  

which implies,  again by  Proposi t ion  2.3, the  result .  

(v) Quite similar to (iv). 

(vi)-(vii) See [30], Theo rem 3.1 (d)-(e). 

(viii) I t  follows by  L e m m a  2.5 (iii). /// 

b) The ]unction t -+ K(t, 0)x = [A(0) -- A(t)] exp [tA(O)]x. 

LEM~A 3.2. - Under Hypotheses I,  I I  we have: 

(i) x ( . ,  o ) +  c(E, c1_=(]o, r ] ,  ~ ) ) .  

(ii) I] x e E then K( . ,  O)x e O~(]0, T], E). 

(iii) g ( . ,  O) e ~(DA(o)(fi, cx~), C1_~_/~(]0 , T], E)),  Yfi e ]0, 1 -- r162 

(iv) I] x e DA(o)(fi) , fie]O, 1- -~ ] ,  then K( . ,  O)x e Gl_=_~([0 , T], E) and 
[tl-~-~K(t,  0)x]t= o = 0. 

(v) K( . ,  0) e C(DA(o)(fi, oo), C=+~-1([0, T], J~)), Vfi E ]1 -- a, 1[. 

(vi) I] x e D4(o)(fi), f i e  ]1 -- o6 1[, then K(. ,  0)x e h~+~-l([0, T], E).  

(vii) g ( - ,  0) e C(D(A(0)), C=([0, r ] ,  E)).  

P~0OF. - (i) Ev iden t ly  I~emma 2.6 yields 

0 
IlK(t, o)xll~< ~ llxll~. 

(ii) If  t > ~>8 we have 

IlK(t, O)x - -  K(~, O)xll~ < II E~(~)A(t)-I-- 1]A(t) exp rt.~t(o)]o~ll~-4- 
t 

..~_ I[ 1 .z~ (T).~ (0)_ljf.z~ (0) ~ exp [(Zz~ (0) ] x dcTl] G 
.g 

(iii) i f  x ~ D~(o)(fi, oo), f ie  ]0, 1 -- ~], f rom the  charac ter iza t ion  of DA(o)(fi, oo) we 
get  

C IlK(t, o)ool[~ < ct~ll.~(o) exp E*-~(o)3~ll~< ~ llxlla �9 
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(iv) I f  x e D~(o)(fl), f l e  ]0, 1 --  c~], f r om ghe charac te r i za t ion  of DA(o)(fl ) we h a v e  

lira [It~-~-~K(t, 0)x]]~ ~<lim t-~II~(t )A(0)-x--  1 ]l ~(~)[It~-~A(o) exp [tA(O)]x][~ = o. 
t.-->0 + ~-->0 + 

(v) Suppose  xeD~(o)(fl, oo), f l e ] l -  :r 1[; if t >  ~:~>0 as in (if) we ge t  

t 

IlK(t, O)x - -  K(v,  o)xlt~< c ( t -  v)= d# xl . 

T 

(vi) I~et x e D~(o)(fl) , f l e  ]1 -- a, 1[. As in (if), we have  as t - -  ~ -+ 0+: 

Ilk(t ,  O)x - -  K (~ ,  0)xl]. < 

< ]t~(v)~(t)-~-- 1 II c(~)ll ~ (t).4 (o)-~1] e(~)Ii exp Iv_A_(0 )3 l1 e(~)11-4(o ) exp[(t - ~) _4 (o)]x I[ ~ + 
t 

t 

o(1) , r  ~ d ~  o ( 1 ) =  "[[A(O) exp[ �89  ~(~__~)~-~ 

t 

= o(t - -  ~)~+~-~ + (~ _ ~ _ ~ _ ~  o(~) = o(t - -  ~)~+~-~. 
T 

(vii) Le t  x e D(A(0) ) ;  as  in (if) we have  for  t > ~: > 0: 

IlK(t, O)x -- K(v,  o)xll ~ <~ c(t - ~)~llA(t) exp  [tA(O)]x]l ~ @ 
t 

+ G~f[[A(O)exp [~A(O)]A(O)xH~ d~<~ C ( t -  vl~HA(O)xI[~. /// 

e) 
t t 

The operator K~(t) =f K(t, s)~(s) as =f [A(s) - A(t)] exp [(t --  s)A(s)]~o(s) ds. 
0 0 

I ~ E ~ A  3.3. - Under Hypotheses I ,  I I ,  we have: 

(i) K e ~(L.(o, ~,  E)), Vp e [1, ~o]. 

(if) I] ~ e Co(]0 , T], E) ,  0 e [0, 1[, then Kq~ e C~ T], E), Y6 e ]0, ~[. 

(iii) I] ~ e Co(]0 , T],/~) ~ C~(]0, T], E) ,  0 e [0, 1[, a e l0 ,  1[, then Kq9 e C~(]0, T], E) .  

(iv) K ~ ~(Co(]o, r ] ,  E), Co_~(]o, T], ~)) ,  V0 ~ [~, 1[. 

(v) g e ~(Co(]0 , T], E) ,  C~ T], _E)), V0 e [0, a[, V(~ e ]0, ~ --  0[; in  particular 
g~(o)  = 0, V~ e Co(]O, ~], ~) .  

(vi) g e s T], E),  C~([0, T], E)), Va e ]0, 1[. 

2 - . 4 n n a ~  eli M a l e m a l i c a  
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PIr - (i) I f  p ---- co  t h e  r e s u l t  is obv ious .  I f  p < c o  we h a v e  b y  L e m m a  2.6 

T t 

0 0 
t T t 

C ~ C 

0 0 0 0 
t T T 

0 0 s 

w h e r e  we h a v e  u s e d  H61der ' s  i n e q u M i t y  a n d  F a b i n i - T o n e ] l i ' s  T h e o r e m .  

(ii) L e t  t >  z~>e. T h e n  

t 

(3.1) t l'K~f(t)--Kcf(T)'iE< f}]K(t's)'}c(~)"9(s)l'zds + llf (K(t's)-K(T's))q~('~) dsll ~ ~ 

~ f }'A~'(7~' 8)[J~(B)iI~(8)IJ'F' ~8 -~- I] f (T1--A'(~)A(')-I)z~('T) ex~ [( t --8)~(8)]~(8)  ~sll 
v t--s 

H e n c e  we ea, n w r i t e  

t 

K,-'~'"E<C [ ; fl~(~)ll~ d~ 

0 el2 
v t--s 

+ f l}l-- A(v)A(s)-ll)C(r) f ,iA(s)~ exp [~A(s)]q~(s)l,,d~ ds]< 
0 r~s 
0 I ' ( t - ~ )  ~ (t-~j~.(el2)1-o ( t - ~ ) ~ , ]  t - e l 2 _  

+ ( t -  ~). (e/2)o 1 
(~[2p-" + (~-~o i , _ s p - ~  (t p_,; ds < 

sl2 

( t - , )  ~ ] 
+ ~+o-~ + ((T--~12),--(t--~12)~+ (t--~)~) < 

<O( , ,  ~)jlf/Io,(J0,~,~)(t- z) e , V~ e ]0, ~ [ .  
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(iii) W e  can  r e p e a t  t h e  p r e c e d i n g  ca lcu la t ion ,  w i th  a d i f fe ren t  e s t i m a t e  for  

t h e  second  t e r m  in t h e  l a s t  m e m b e r  of (3.1). I n  f a c t  we h a v e  f r o m  L e m m a  2.2 

IlA(s) exp  [$A(s)] - -  A(t)  exp  [~A(t)]IIc(E)< C It - -  sl~ V~ > 0 

a n d  c o n s e q u e n t l y  
,g 

< f  111 - A( t )A(~ ) - I I Ic (E?IA(~)A(s ) -~ ] I : (~ )  �9 
0 

�9 ]}[A(s) exp  [ ( t -  s ) X ( s ) ] -  A(t)  e x p  [ ( t -  s)A(t)]]qJ(s)I[, ds q- 

+ f  II:t - A.(t).A.(~)-~ll ~(~)[IA(~)-4(s)-~-- 111 ~<~)" 
0 

�9 llA(t) e x p  [(t - -  s)A(t)]cf(s){[~ ds -{ - f  ill - -  X(t)A(T)-lIIg(.) �9 
0 

�9 IlX(t) e x p  [(t - 8)-~(t l ] i l~(~)l l~(s)  - ~(t l l l~  ds  + 

-]- 111 - -  A(t)A(~)-~]I c(~)]l ( exp  [tA(t)] - -  exp  [(t - -  ~)A(t)])~)(t)[]~ ~< 

<Cll~fllco(lo,~l,~) ( t - - ~ )  (t_s)~_C, sodS + ( t - ~ )  O ~ s - - ~  ds 4- 
0 0 

+ cll~lloo(~om.~)[--;7 ~ (~/2)~-o + cll~lt~o~,~.~.=)(t- ~)~ ( t -  ~)~-" + 
e/2 

I n  t h e  second  s t e p  we h a v e  u s e d  L e m m a  2.2. 

(iv) L e t  ~ e C0(]0 , T], E) ,  0 s [st, 1[. T h e n  for  e a c h  t e ]0, T] we h a v e :  

t 1 

(t - -  s)l-~s o [I~~176176 C (1 - -  y)~-=yO I]~l]co(~o,r~,-), 
0 0 

a n d  (iv) fol lows.  

(v) T a k e  (~ e ]0, g - -  0[, a n d  choose  p E ](~ - -  ~)-~, 0-~[; t h e n  (1 - -  ~ ) p ' ~  (1 - -  
- -  ~ ~- (~)p '<  1, w h e r e  p ' - ~  p / (p  -- 1). H e n c e  if t > ~ > 0  b y  (3.1) we  c h e c k  as in  (ii): 

ll s ] 
0 0 
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[ f d~ +f  _(*--3Vd~ f ~_--.)d~ _] < Cl]~[i~176176 8)~-~8o 3 ( * -  8)~-:,+o8o + (.~ - 8)1-~(~- 8)8o] < 
0 0 

t t 

7"[ rd ]% <Cll~Hc~176 (t-s)(~-='q 1.3~] 
�9 g "t" 

If " [r -~- (l~ - -  T) o (t  - -  8) ~ ] - - a + o ) ' ' ]  L J 8  " ~ ]  -[- ($ - -  3)6 (3  - -  8i(1--r162 < 
0 0 0 

< a l]~Olt Oa(]O,T],~)]($ - -  "~)a--I/~(t - -  *~)1]~--0 + (r __ 3)r < 

< (7[l~l[o~ - -  z)~. 

(vi) If ~0 e C~([0, T], E) we get, as in (iii) 

0 0 
-g 

0 

the  remaining t e rms  agpearing in the  las t  member  of (3.1) can be es t imated  as follows: 

f ll K(t, 8)[1 ~<~)II ~(8)I1~ a~ < c(t - 3)~11 ~ ii octo,~,~>; 
"c t~S v 

~ 8  T f [  1 
< cll~l]~(io,~J# ( 3 -  8)~-~ 

0 

t--$ 

f d$ ds<. 
0 "r--.9 

(~ ---8)~-~ as < cll~llcc~o,~j,E)(t- 3)~ , 

and the result follows. /// 

d) The operator (1 § K) -1. 

LE)~vi:A 3.4. - Under Hypotheses I, II  we have: 

(i) (1 § K) -1 exists and is in ~(L~(O, T, E)), Vp ~ [!, oo]. 

(ii) (1 + K)- le  ~(Co(]o, T], E)), V0 e [o, 1[. 

(iii) (1 § K)-~e s T], E)) and, in addition, (1 + K)-19(0) = ~(0), V~o e 
e c([o, r],  z ) .  
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(iv) I! 0 e [o, ~[ ~na ~ e co(]o, T], ~) ~ C~(]o, T], ~),  ~ e ]0, ~] (~esp. Co(J0, r], 
E) (~ hO(]0, r ] ,  E),  ~$e]0, a[) then (I + K) -*efe C~(]0, T], E) (resp. 
h~ 

(v) (I + K)-~e g(C~(E 0, T], E)), V5 e ]0, a]. 

(vi) I] ~ e ha([0, T], E),  8 e ]0, a[, then (1 + g ) - ~  e ha([0, T], E).  

PI~OOF. - (i) Define a new norm in L~(O, T, E), p e [1, co], set t ing 

Ilvb* = Ile~p [ -  ~t]v(.)h.<o,~,.), v~ e L'(0, r,  E) ,  

where co > 0 is to be chosen later.  Clearly 1lg~ll~* is equivalent  to the  usual  norm in 
L~(O, T~ E), and  moreover  it is easily seen tha t  

T 

II~:~li$ < K f  exP- [~~ d~ll~ll*,< ~:r(~)~-~l]~lI * , V~.~,(O,T,E), 
0 

Hence if we choose co large enough, we get  

so t ha t  (1 + K) has bounded inverse in L~(O, T, E). 

(ii) If  ? e Co(J0, T], E) then  K~ e Co(]O , T], E) by  Lemma 3.3 (iv)-(v). As 
before, define 

II~l]~ = Hexp E- ~@(')ll~o<.,~,~), v~ ~ coOo, T1, E) ; 

then  it is easy to verify t h a t  
t 

. f exp [-- cotx] 
ltto exp [ -  o~t]~r Kll~llot~ J x-~_~Vf--~ dx , 

0 

Choose p e ]1, O-IA(1 -- a)-*[; then  

Vt e ]0, T ] .  

1 

0 1 
dx ] 1/~ 

0 

C * 

For  r,o large enough, again we can deduce tha t  IIK~II~< 1 * I[~llo, v~ ~ oo(]o, r], E), 
so that (i ~- K) has bounded inverse in Co(]0 , T]~ E). 
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(iii) K a s  T] ,E))  by Lemma 3.3 (v); in addit ion by (i) we get tha t  
(1 -[- K)-*e  s Z, E)). Hence for any  g e C([0, T], E) we have 

r 

(1 + K)-*g -~ g + ~, (-- K)"g  e C([0, T], 1~) 

since K"g  e C([0, T], E), Vn e N and the series converges in C([0, T], E) with respect  
to the norm lt'U*. In  part icular  ((1 + g)-*g)(O) = g(O) by Lemma 3.3 (v). 

(iv) Let  0 e [0, 1[ and suppose ~0 e C0(]0, T], E) (~ Co(]0, T], E),  (~ e ]0, ~] (resp. 
C0(]0 , T], E) (~ hO(]0, T], E),  ~ e ]0, a[). By (ii) we can set g = (1 + g ) -*% so tha t  
g = q9 -- Kg  e Co(]0 , T], E);  hence Kg e C~(]0, T], E),  Va e ]0, ~[ by Zemma 3.3 (ii). 
This implies g e Co(]O , T], E) n CoA~(]0, T], E),  Va e ]0, a[ (resp. C0(]0 , T], E) n hO(]0, 
T], E)).  The result  is proved if ~ < ~, otherwise this in turn  gives g g  e C~(]0, r ] ,  ~) 
(Lemma 3.3 (iii)), so we conclude tha t  g e C~(]0, T], E).  

(v) Let  ~o e C~ T], E),  0 e ]0, ~]. As in (iv), we get g e Cn([0, T], E) since 
Kg e C~([0, T], E) by Lemma 3.3 (vi). Moreover if O e ]0, a[ for each t, ~ e [0, T] 
we have by Lemma 3.3 (v) ~nd by (iii) 

Jig(t) - -  g(~) l l~  < H~(t) - v~ -t- 
I t - ~[o It - ~[o 

+ [[Kg(t)  - -  Kg(~) l l~  

It - -  ~[o 

< II(p(t)- ~(~)11~ 

on the  other  hand  if $ = ~ we can apply Lemma 3.3 (vi) obtaining 

I[ Kg(t) - -  Kg(~)]] 

]t - -  "el a 

and the  result  follows. 

(vi) If  ~0 e hS([0, T], E),  ~ e ]0, ~[, then  by (v) we have (1 -[- K)-*~o e r T], 
E);  moreover by Lemma 3.3 (vi) g (1  -~ K)- I~  e C~([0, T], E) C h~([0, T], E),  which 
implies (1 ~- K)-~o ----- ~ -- g (1  -[- g)-*~o e h~([0, T], s  /// 

t 
e) The operator Tq~(t) = f e x p  [(t -- s)A(s)]q~(s) ds. 

0 

L ~ A  3.5. - Under Hypotheses I ,  I I  we have: 

(i) T e ~(L'(0, T, E), C([0, T], E)) a~d T~(0) = 0, V v E Zl(0, T, E). 

(ii) T e s T], E), O*-0([0, T], E)),  V0 e ]0, 1[. 

(iii) I1 q~ ~ Co(]0 , T], E),  0 e ]0, 1[, then Tq~ e Co(]0, T], E), V(5 e ]0, 1[. 

(iv) T ~ ~(Co(]o, ~], ~), e~([o, T], E)), Va e ]o, ,[. 
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(v) I ]  0 e [0, 1[ and c 2 ~ Co(]O , T], E) ~ C~(]0, T], E),  6 e ]0, a] (resp. C~ T], 
E) n h~(]0, T], E),  (~ ~ ]0, m[), then T~) ~ C~'a(]0, T], E) (resp. h"a(]0, T], /~))  and 

t 

(~),(t) =fA(s) exp [(t - s)A(~)](~(s) - ~(t)) ~s + 
0 

+ f (A(s) exp [(t -- s)A(s)] -- A(t)  exp [(t -- s)A(t)])~(t)  as -~ exp [tA(t)]~(t), 
0 

Vt ~ ]0, T] .  

(vi) I / o  e [o, ~[ ~na ~ e co(]o, r ] ,  E) n C*(]o, T], E) ,  ~ e ]o, ~] (rest.  Co(J0, r ] ,  
E) (~ h~(]0, T], E),  (~ e ]0, ct[), then Tc~(t) e D(A(0)),  Vt e [0, T], t --> A(t)Tg~(t ) e C~(]0, 
r~,~) (r~ .  h~(]0, r] ,~))~n~ 

A(t)  TqJ(t) = (Tq~)'(t) -- q~(t) -- Kg~(t) , Vt e ]0, T ] .  

(vii) I] q9 e C~([0, :T], E),  (~ e ]0, ~], then 

(Tcp)'(t) -- (T~)'(z) = O((t -- ~)~) ~- (exp [tA(0)] -- exp [vA(0)])r as t -- z --> 0 § . 

(viii) I] rp 6 h~([0, T], E),  (~ e ]0, ~[, then (T~)',  A( .  )Tcp(. ) e h~ T], E)  and 

( T r  - (T~)'(~) = o( ( t  - ~)~) + (exp [tA(0)] - exp [~A(0)])r as t - -  v --> 0 + . 

P ~ o o F . -  (i) L e t  t e ] 0 ,  T]; we have  

t 

0 

i t  follows t h a t  Top(t) ---> 0 as t ---> 0 +, and  moreover  

sup 11 T~( t ) I [~  < Cll~ll~,(o,~,~) �9 
te]0,T] 

Le t  us show t h a t  T~ is con t inuous  a t  each  t e ]0, T]. Take  ~ e ]0, t[; t h e n  for  
each  T ~ ] t - -  s, t[ we have  

t 

Ilr~(~)- f~(~)ll.< cfll~(.)lt~ e~ + f(exp [(t-~)_4(~):]--exp [(3- ~).A(~):])~(~)e~. 
'v 0 

In  the  second t e r m  on the  r i gh t -hand  side the  i n t e g r a n d  goes to 0 as T --> t- for 
each  s e ]0, 3[, due to the  fac t  t h a t  ~ --> exp [~A(s)]y is con t inuous  for ~ > 0 when  
y ~ E  is f ixed; hence  by  Lebesgue ' s  T h e o r e m  we check T~(~)--->Top(t) as v - > t - .  
I n t e r c h a n g i n g  t a n d  T we get  t h a t  t he  same is t rue  as ~ -> t +. 
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(ii) I f  t > v > 0  we have  

llT~(t)- z~(~)Ib< cf Ilv(s)Ib as +f  f llX(~)e~lo [~A(~)]I[~<~)a~lI~(~)ll~ a~< 
"g 0 "~--8 

< Cll~lloo<]o,~],~)[<t-T)l-o + f log  0 + V~--;)~] <c(o)[lwl[r 
0 

(iii) L e t  ~ e ] 0 ,  1[. I f  t >  T > e  we have ,  as in (ii) 

t e/2 / t--s 

l imbo( t ) - -  ~ O ( T ) I , E ~ f H ~ 9 ( S ) ' I F ~ a 8  § [ f § ] f ,]A(8) ex t ) [ ,~ (8 ) ] [ , s  

v 0 e/2 v--s 

, _ ,  0 l 

< o(e, O)lllplloo(~om,~)(t - -c)o. 
(iv) As in  (ii) we f ind 

r 

0 
< c(a)Ii~ll~(o,~,~)(t- ~)o, va e ]o, RE. 

(v) We  cons ider  on ly  t h e  case ~ e C0(]0 , T], E)  (5 Ca(]0, T],  E) ,  8 e ]0, ~], s ince 
t he  o t h e r  is ana logous .  L e t  t e ]0, T], a n d  choose  s e ]0, t[. I f  t > T > s  we can  wr i t e  

t 

~(')~_~- ~ ( ~ )  = ~ _ ~  f e x ~  [(~ --  s)x(~)](~(~) - ~(~)) a~ + 
T 

t 

+ ~ (exp [(t - 8)A(s)] - exp [ ( t -  s)X(t)])~(t) as + exp [(t -t_.~)X(t)]-i ~0(t) + 
z ,g 

0 
T 

.o 
6 

t - - T  ~=i 

As v---> t -  we deduce  t h a t  

B,=  O((t-- ~)~), B~= O((t-- ~)"), 
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while  

B~ + B ~ =  9(0 + 
L J 

exp  [(t - -  , ) A ( , ) ]  - -  1 A(~)_~ ~'~t['~(6~ _,~:~l~! § exp  [(6 - -  "~)A(~)] - -  1 + 

�9 A(~:) -~ exp  [~A(~)]~(~:) = O((t -- ~)~) § O((t-- ~)o) § exp  [tA(t)]~(t). 

Consider  Bd: t he  i n t e g r a n d  converges  to  A ( s ) e x p  [ ( t - - s ) A ( s ) ] ( 9 ( s  ) - 9 ( 0 )  as 
--> t-,  and  is d o m i n a t e d  b y  t h e  func t i ons  

{ ~ 1 ( ( t _ s ) o _ ( z _ s ) e ) }  

Since 

lim~_~t_ G~(s) = 0 Z[o,~/~l(s) -~  lifo(s) - -  9(t)[1~ + )h~/~,t{ 8) (t _5))~-o , W ~ ]0, t [ ,  

a n d  
t t 

; f {  1 l ira G,(s) ds ~- C g[o,,m(s)-~ llg(s) -- 9(t) l [E+ gE~/2,tj(s) (6---s)~_ ~ ds , 
7;-->~-- 

0 0 

we conc lude  t h a t  
t 

B4 = o(1) +fA(s) exp  [(t --  s)A(s)](9(s) -- 9(0) ds, 
0 

as T --~ t - .  

F ina l ly ,  t h e  i n t e g r a n d  of B~ converges  to  (A(s) exp  [(t - -  s)A(s)] -- A(t) exp  [(t - -  
-- s)A(t)])~(t), Ys ~ ]0, t[, and  is d o m i n a t e d  b y  t h e  func t ions  

since 

{ 2 ~ } VsE]O,t[ lim~_~t_ F, (s)  : C XEo,~/2j(s)~/2 ]lq~(t)]l~ + zc~/2,t~(s)(t- s) 1-~ l]~(t)llE ' 

t t 

l im /~(s)  ds = C Z[o,~m(s)e- ~ I]~(t)IIE+ ZE~/2,t~(s) (t as, 
v ~ t -  J 

0 0 

we ge t  
t 

B 5  = o ( 1 )  +f(A(s) exp [(t - s)A(s)] - A(t) exp  [(t - s)A(t)])q~(t) ds, 
0 

aS ~ ---> t - .  
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T h e  c a s e  ~: --> t + is ~ r e ~ t e d  s imi la r ly~  i n t e r c h a n g i n g  ~ a n d  t. 

L e t  u s  s h o w  n o w  t h a t  ( T g ) ' e  C~(]O, T] ,  E ) .  S u p p o s e  t > ~ > s ;  t h e n  

( T g ) ' ( t  } - -  (Tg)'(z) = f  A(s) e x p  [(t -- s)A(s)](q~(s) - -  9(0) ds + 
t 

+ f (A(s) e x p  [(t - -  s)A(s)] -- A(t) e x p  [(t - -  slA(tl)(9(z) -- q)(t)) ds + 
0 z 

+ ( e x p  [tA(t)] -- e x p  [(t - -  z ) A ( t ) ] ) ( 9 r  - -  ~(t))  +fn(s)(exp [(t - s)A(s)] - 
t 0 

- - e x p  [(z - -  slA(sl])(9(s ) -- 9(z)) ds + f (A(s) e x p  [(t - -  slA(s)] -- 

- -  A(t) e x p  [(t - -  s)A(t)])9(t ) ds + ( e x p  [ t A r  - -  e x p [ ( t  - -  ~ )A(~) ]  - -  e x p  [tA(t)] + 

+ e x p  [(t - -  z )A( t ) ] )  9(t) +f(A(s) e x p  [(t - -  s)A(s)] -- A(t) e x p  [(t - -  s)A(t)])(9(t) -- 
v 0 

--  9(v)) ds +f[ (A(s )  e x p  [(t - -  s)A(s)] -- A r  e x p  [(t - -  slA(v)]) 
0 

- -  (A(s) e x p  [(v - -  slA(s)] -- A r  e x p  [(z - -  slA(v)])]9r ds + ( e x p  [tA(t)] -- 

--exp [tAr [ ( e x p  [ t A 0 : ) ] - - e x  p [ r A ( ~ ) ] ) -  ( e x p  [tA(O)]--exp [~A(O)])]9(t ) + 

+ ( e x p  [ tA(0)]  - -  e x p  [ ~ A ( 0 ) ] ) 9 ( t  ) -[- ( e x p  [~A(~)]  - -  1)(~o(t) - -  ~ o r  

C o n s e q u e n t l y  

q: 

*/2 
1 

1 
+ r  [(t  - -  ~ ) X ( ~ ) ]  - -  e x p  [(t - -  ~ : )3 - ( t l ] l l e ( . )~  I]~olloo(]o,T],E)+ 

T 

+ CHFl'o~a,,T~,~)(t--'r)~ , f [ ( - - s )  z-~ (t--s)X-~] ds + 
t 0 

1 r d ~  c 

(vi) A g a i n  w e  c o n s i d e r  o n l y  t h e  e~se  q~ e Co(]0 , T] ,  E )  (~ C~(]0, T] ,  E ) ,  a e ]0, a].  
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Fix t e ]0, T] ; then  
t 

Tg(t) - - f [ e x p  [(t -- slA(s)] -- exp [(t -- slA(t)]]9(s) ds § 
t 0 

+fexp [(t - s)A(t)](f(s) -- 9(t)) ds § A(t)-~(exp [tA(t)] -- 1)9(t) = 
0 t t 

= A(t)-~{f(A(t)A(s)-~-- 1)A(s)exp  [ ( t -  s)A(s)]9(s)ds +f(A(s)exp [( t - -s)A(s)]--  
0 t 0 

- -  A(t) exp [(t -- s)A(tl])q~(s) ds + f A(t) exp [(t - s)A(t)](9(s) - 9(t)) ds § 

0 

+ (exp [ tA( t )] -  1)q~(t)}, 
and all integl"als are convergent,  since 

t t 

(X(t)a(s)-~-- 1)X(s) exp [(t-- s)X(s)Ms) as < so(t-- s)~-~ ll~lloo(~o,rJ,~>, 
0 

t 

il f (A(s) exp [ ( t  - -  s ) A ( s ) ]  - -  A ( t )  e x p  [(t-- s)A(t)])W(s) dslls< 
0 

0 

and  
t e]2 

ds 
f A(t) exp [(t--s)A(t)](~(s)--~(t))  dsl < O f  ( t_s)sO llgl}co(~o,~J,E)+ 
0 0 

s/2 

where e < {t. I t  follows tha t  Top(t)e D(A(O)) and  

t 

A(t) Tq~(t) = f (A(t)A(s)-~-- 1)A(s) exp [ ( t  - -  s)A(s)]cf(s)  ds + 

0 
t 

+f(A(s) exp [ ( t -  siX(s)] - A(t )  e x p  [ ( t  - s)A( t ) ] )cf (s )  ds § 

0 
t 

+ f A(t) exp [ ( t -  s)A(t)](9(s ) -- q~(t)) ds §  [tA(t)] -- 1)~(t) ,  
0 

Vt~ ]0, 2']. 

In  ])articular by  (v) we have 
t 

A(t) Tel(t) -- (T~)'(t) = ~ 9(0 --j-(A(t)A(s) - 1 -  1)A(s) exp [(t -- s)A(s)]q~(s) ds = 
o = - -  9(t)  - -  K ~ ( t ) ,  Vt ~ ] 0 ,  T ]  ; 

hence,  by  (v) and  Lemma 3.3 (iii), we conclude tha t  A ( . ) T r  CS(]0, T], E). 
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(vii) We split ( T q ~ ) ' ( t ) -  (Tq~)'(v) as in (v), obta ining for t >  z >  0: 

§ I1 (exp [tA(O)] - - exp  [~:A(O)])~o(t)l]z < ClIq~Ho~ao,~j,s)(t- r ) s §  

§ Ilexp [tA(0)] -- exp [TA(0)]IIg(E ) [ll~(t) - w(v)[[~ § II~(~) - ~(o)lM + 

+ tl (exp ETA(0)] - exp [~A(0)])~(o)II~ < ell~il~o(~0m,~)(t - ~)~ + 

§ H(exp [ tA(0 ) ] -  exp [vA(0)])~(0)l[ ~ . 

(viii) As in (vii) we get  now as t -  T -~ 0+: 

§ ][[(exp [tA(0)] -- exp [~A(0)])~(0)III~, 

which implies (T~)'e h~(]0, T], E). Moreover since 

A( t )  Tq~(t) = (Tq~)'(t) - -  qJ(t) - -  K~(t) ,  Vte ]0, T] ,  

by Lemma 3.3 (iii) and the inclusion C~(]0, T], E) _C h~(]0, T] ,E) ,  we deduce 
A ( . ) ~ ( . )  e h~(]0, r ] ,  ~ ) .  /// 

4 .  - S t r i c t  s o l u t i o n s .  

In  this section we s tudy  the  properties oi strict  solutions of Problem (P) (see 
Definition 1.3). We s tar t  with a direct proof of uniqueness and of necessary com- 
pat ibi l i ty  conditions for existence. ~ e x t ,  we prove tha t  the  strict  solution exists 
and is given by  the representat ion formula (F) of the  Int roduct ion,  provided f is 
Helder continuous and  the compatibi l i ty conditions hold. F rom the fact  t h a t  (F) 
holds, we will easily deduce an es t imate  for the strict  solution in terms of the 
data  x,  / when / is Helder continuous; a general ~( a priori ~) es t imate  for strict solu- 
tions is then  obtained for continuous /, by  an approximation argument .  We note 
t h a t  a direct derivation of this <( a priori ~) es t imate  is not  possible, since if ] is merely 
continuous then  the  function defined by  Formula  (F) needs not  be a strict  solution 

o~ (e). 
Final ly  at  the end of this section we will prove maximal  t ime regulari ty for the  

strict  solution. 

THEOI~E~& 4.1. -- Under  H y p o t h e s e s  I ,  I I  P r o b l e m  (P) wi th  x e E a n d  / e C([0, T], E) 
has at  mos t  one strict  so lut ion.  
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1)ROOF. -- L e t  u be  a s t r i c t  so lu t ion  of 1)roblem (1)) w i th  x -~ 0 and  ] ~ 0; fix 
t ~ ]0, T].  Def ine  

v(s) = exp  [(t - -  s)A(t)]u(s) , s ~ [0, t ] .  

:For each  s e l 0 ,  t[ we have :  

v'(s) : -- A(t) exp  [(t - -  s)A(t)]u(s) Jr- exp  [(t - -  s)A(t)Ju'(s) : 

= exp  [(t - -  s)A(t)](A(s) --  A(t))u(s);  

As t h e  r i g h t - h a n d  side is con t inuous  and  b o u n d e d  in [0, t[, b y  i n t e g r a t i o n  we find 

t 

u(t) : f e x p  [ ( t -  s)A(t)](1 -- A( t )A(s)  -~) A(s)u(s)  ds , 
0 

which impl ies  
$ 

0 

cxp  [( t - -  s ) A ( t ) ] ( 1 -  A( t )A(s) -~)A(s)u(s )  ds]l < 

t 
:l 

< Of  (t - s)~-~ I}X(slu(s)l}~ as. 
0 

B y  a wel l -known genera l i za t ion  of GronwMl 's  L e m m a  (see e.g. AMAST~ [3], Corol- 
l a r y  2.4) we deduce  t h a t  A(t)u(t)  -~ 0 in [0, T] ;  this  in t u r n  gives u'(t) ~ 0 in  [0(T] ,  
or u(t)  -= u(o )  = o. /// 

A b o u t  ex i s t ence  of t h e  s t r i c t  so lut ion,  we have  an  e v i d e n t  nece s sa ry  condi t ion  
on  t h e  in i t i a l  d a t a :  

THEOlCE~ 4.2. - Under Hypotheses I ,  I I ,  i/ u is a strict solution o/ ~robtem (I)) 

with x e E and / ~ C([0, T], E), then x e D(A(O)) and A(O)x -~ 1(0) e D(A(O)). 

1)~oo~. - B y  def in i t ion ,  x = u(O) e D(A(O)). Moreover ,  u(t) -- x e D(A(O)), Vt e 
[0, T],  so t h a t  

A(O)x ~- /(0) = u'(0) = l i m U ( t ) ~ - X e D ( A ( O ) ) .  [// 
t-~O + 

The  above  cond i t ion  is also sufficient  for  ex i s t ence ,  p rov ided  ] is a l i t t le  more  
regu la r .  I n  f a c t  we have :  

THEO~nZ~ 4.3. - Under Hypotheses I ,  I I  suppose x ~ D(A(O)), ] ~ C~([0, T] , /~) ,  

(~ ~ ]0, 1[, and A(O)x + ](0) ~ D(A(O)). Then the/unct ion u(t) given by Formula (F) 
o/ the Introduction is a strict solution o/ (1)) and belongs to CI'~A~(]0, T], ~) .  I /  in 
addition / e h~([0, r ] ,  E) ,  a e ]0, a[, then u e hl'~(]0, T],  E) .  
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P~oor .  - By  L e m m a  3.1 (iii) and  IJemma 3.5 (i) we have u e C([0, T], E) and 
u(0) = x. L e m m a  3.1 (ii) implies t h a t  t -> exp [tA(O)]x E C~(]0, T], ~)  ; on the other 
hand  by  Lemmu 3.2 (vii) we have K( . ,  0)x e C~([0, T], E), so t ha t  the  function g = 
= ((1 + K)-I(f -- K(. ,  0)x)) is in C"^~([0, T], E) by  Lemma 3.4 (v); therefore 

~g ~ el'dAta(]0, ~], .~) (Lemm~ 3.5 (v)). Summing up, we find u e C~'"A~(]0, T], E) 
and 

t 

[tA(0)]~ + f exp [(t -- s)A(s)](g(s) -- g(t)) ds + ~r (t,) A(O) e x p  

t o 

+f(A(s)  exp [ ( t -  s )A(s )] -  A(t)exp [ ( t -  s)A(t)])g(t)ds -{-exp [tA(t)]g(t), Ytle ]0, T] 
0 

If  in addit ion ] e h~([0, T],/~), a e ]0, a[, t hen  g e h~([0, T], B) by  Zemma 3.4 (vi), 
hence Tg e hl'"(]0, T], E) by  L e m m a  3.5 (viii) and finally u e hl'~(]0, T], JE). 

l~ext, by  Lemma 3.1 (i) and  L e m m a  3.5 (vi) we have u(t) e/)(A(0)), Vt e [0, T] 
and 

A(t)u(t) = 

A(O)x if t = 0 ,  
t t 

X(t) exp [tA(O)]x + d t  xp [(t - -  s)A(s)]g(s) ds --  g(t) (t, s)g(s) ds 
0 0 

if t e ] 0 ,  T]. 

Le t  us show now t h a t  u ' e  C([0, T], E). As t --> 0 § we get 

u'(t) = exp [tA(O)]A(O)x + O(t ~A~) ~- O(t ~) + exp [tA(O)]g(O) = 

= O(t ~^~) -4- exp [tA(O)](A(O)x + / ( 0 ) ) ,  

and since A(O)x + 1(0)eD(A(O)), we find tha t  

l i r a  r  -= A(O)x + 1(o). 
t-+O + 

Hence 

Bu'(O) = A(O)x  + ](0) = l i m  u'(t)  ; 
t. >O + 

this means u ' e  C([0, T], ~) and 

u'(t) - -  A(t)u(t) = / ( t ) ,  Vt e [0, T ] .  

so t h a t  u is a strict  solution of (P). /// 

Our next  goal is to prove an  <~ a priori ,) es t imate  for strict  solutions. We first 
assume f to be t tSlder continuous.  
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TtIEOI~E~ 4.4. - Under Hypotheses I ,  I I  let u be a strict solution o] (P) with x 
�9 D(A(O)) and ] e Cq([0, T], E),  ~ �9 ]0, 1[; then 

t 

(~.1) llu(t)Ib< O{llxl]~ +fHI(s)lb de}, Vt �9 [o, r] ;  
0 

(4.2) HA(t)u( t)][~ < C{IIA(O)xII~ ~- It]ll c~([o,Tt~)}, Vt ~ [0, T ] .  

PRoof .  - The first inequal i ty  is an immedia te  consequence of Formula  (F), which 
holds in this case by  Theorems 4.2, 4.3 and 4.1, and the  fuct  t h a t  (1 ~ - K ) - ~ � 9  
e fi(L*(O, t ,E)) ,  Vt �9  T]; the  l a t t e r  p ro p e r ty  e~n be proved as Lemmu 3.r (i). 

To ver i fy  the  second es t imate ,  we repea t  the  ~rgument  used in the  proof of 
Theorem 4.1, obtaining now: 

t 

---- A(t) exp [tA(t)]x ~- f A(t) exp [(t -- s)A(t)](1 -- A(t)A(s)-~)A(s)u(s) ds + A(t) u(t) 
t 0 

+fA(t) exp [ ( t -  s)A(t)](f(s) --/(t)) ds + (exp [tA(t)] - -  1) f ( t ) ,  Vt e [0, Y]. 
0 

] ~ e n c e  
$ 

IIA(t)u(t)ll <qA(O)xlb§ ClI/II + Cf(t _d:),-o as. 
0 

Again, a Gronwall- type a rgument  (see Corollary 2.4 of [31) leads to the result .  /// 

T~EOR]~ 4.5. -- Under Hypotheses I,  I I  let u be a strict solution o/ (P), with 
x e D(A(0)) and I �9 C([0, T], ~) .  Then 

t 

II<t)U~< c{t[xlb +flli(s)ll~ ds}, vt �9 [o, r ] .  
0 

P~oF. - We r emark  t ha t  we cannot  use Formula  (F) direct ly,  as in Theorem 4.4, 
since / is not  HSlder  continuous.  Le t  e > 0. Consider a func t ion  ~0 ~ C~(R) with 

1 

suppor t  conta ined in [-- 1, 1], such t h a t  q0>0 and  fq~(s) ds ~- 1, and  define ~o~(t) = 
--1 

= np(nt ). Since u ' ( t ) -  A ( t ) u ( t ) :  ](t) in [s, T - - e l ,  we have for each n > e-l: 

( ~ o . * u ) ' ( t ) - - ( q p . . A ( . ) u ) ( t ) = q ~ . . ( u ' - - A ( . ) u ( . ) ) ( t ) - ~ ( q ~ n . / ) ( t ) ,  Vte [e, T - -  ~]. 

where 
t + l / ~  

( ~  , v)(t) = f ~ ( t  - s)v(s) as ,  
t - -1/n 

w ~ afro, :T], .~). 
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2Cote t h a t  9 . *  u e C~([e, T -- e], E ) ; i n  addi t ion (~0.. u)(t) e D(A(O)), Vte [s, T-- e], 
A(.)~0~. u e C([s, T--e], E) and  

t + lb~ 

A(t)(9o, u)(t) =fg~(t - s)A(t)u(s) as, vt e [e, r- e]. 
t -- 1In 

Hence 9~* u is a s tr ict  solution of 

{ ( ~ . ,  u)'(t)--A(t)(~., ~)(t) = ( ~ . ,  1)(t) + ( ~ . ,  a ( . ) u ) ( t ) -  a(t)((p., u)(t), 
t e [s, T - -  ~], 

(9~* u)(e) : ( ~ *  u)(~). 

The r ight-hand side of this equat ion is in C~([e, T -  ,], E):  indeed, 9 ~ * / e  
e O~~ T--s], E) and moreover, denoting by  ~( t )  the  funct ion (9~* A(.)u)( t )-  
- -  A(t)(cfn* u)(t), we have 

t + l / n  

~v~(t) = f ~ ( t  -- s)(1 -- A(t)A(s)-~)A(s)u(s) ds , 
t -- l l n  

which implies for t > v 

t + l l n  

I Iw ( t )  - w ( v ) l b <  f n ] m ( n (  t - s)) - ~ (nO:  - s ) ) l l l a  - A ( t ) ~ t ( s l - ~ l l m ~ ) l i A ( s ) u ( s ) l b  ds + 
t--  l l n  

z + lln +fn~(~(~- s))lll -- A ( t ) a ( v ) - ~ l l c ( E ) l l A ( v l A ( s ) - ~ H ~ ( . ) l [ A ( s ) u ( s ) l [ ~  ds <<. 
z-- lln 

t + l / ~  

<n21 Ig ' l l o ( [ _ l , 1 ] ) ( t  - -  z ) K f  lt - -  s#llA(s)u(s)I b as + ~ l I ~ l i o ( [ _ l , 1 ] ) K ( t  - -  "c) ~" 6]" 
�9 -- 1In 

7: + l l n  

�9 flIA(s}~(s)tl~ es < ~ ( ~ ) { t -  ~}~ sup ilA(t)u(t)lb. 
v - - l l n  /e[O,T] 

Then we can apply Theorem 4.4 (recall also Remark  1.7), checking t h a t  

t 

8 

Vie [e, T- -e ] .  

~ o w  as n -->oo we have Ooze, u -->u, 9~*] -->] and ~0~--> 0 in O([e, T--e], E), 

since 
t + l l ~  

C 
[]~n(t)lIE<nll~fliv(:-x,:]) f K i t -  si*HA(s)u(s)ib as< -~ SUo~ HA(t)u(t)b', 

t -- 1In 



PAOLO ACQUiSTAPACE - ~BRU~ELLO TERRE~Z: On the abstract, etc. 31 

hence as n --> co we conclude t h a t  

t 

II u(t)ll  < IIu( )lI= + f Ill(s) ds}, 
t~ 

Vte [e, T - - s ] .  

and le t t ing e -> 0 + we get the  result.  [// 

RE~AI~K 4.6. - In  Theorem 4.3 i t  would be sufficient to suppose t h a t  / e C([0, 
T], E) and there exists t~ ]0, T] such t h a t  the  oscillation (o(.) of / satisfies 

(4.3) f eo(~)~ d~ < oo.  

0 

This assumption,  together  with x eD(A(O)) and A(O)x + / ( 0 )  e l)(A(O)), still 
guarantees t h a t  u(t), defined by Formula  (F), is the unique strict  solution of Prob- 
lem (P) (but, of course, i t  is no longer HSlder continuous). We omit  the  proof, 
which needs a series of prel iminary l emmata  similar to those of Section 3, in order 
to verify t ha t  condition (4.3) in fact  assures the convergence of all integrals involved. 
This generalizes a result  of CRA~DALL-PAzY [10] relative to the  autonomous case, 
and is in perfect analogy with the ease of variable domains (see [1], Remarks  4.3 
and 5.2). ~ o t e  t h a t  i t  is not  possible to assume / is merely continuous (without  
condition (4.3)) : for example if E is reflexive and  A(t) -~ A ~ g(E) t hen  there exists 
a continuous / such t h a t  Problem (P) has no continuously differentiable solution 
(see BAILLON [4], TRAVIS [36], DA PRATO-G1%ISVAlZD [12]). 

We conclude this section with the s tudy  of maximal  t ime regular i ty  of the strict  
solution of (P). 

THEOREM 4.7. - Under Hypotheses I, I I  let x e D(A(O)), ] e C~([0, T], E), ~ e ]0, ~], 
and let u be a strict solution o/ (P); then u e C~'~([0, T], E) i/ and only i/ A(O)x + 
+/(o)  e D~(o)(q, co). 

P~0OF. - By  Theorems 4.2, 4.3 and 4.1 u(t) is given by Formula  (F). I f  in addi- 
t ion u e C1'~([0, T], E), t hen  in par t icular  

u ' ( t ) -  r  = O(t~) as  t ~ o+;  

but  from the  proof of Theorem 4.3 we know t h a t  

r  -- u'(O) = O(t ~) + (exp [tA(O)] -- 1)(A(O)x + / ( 0 ) )  as t --> 0 + , 

hence (exp [ tA(0) ] -  1)(A(O)x +/(0) )  = O(t ~) as t->O +, i.e. A(O)x + / ( 0 )  e DA(o)(6 , co). 
Suppose conversely t h a t  A(O)x + / ( 0 )  e D~(0)(a , co), and let u be a strict  solution. 

3 - . d n n a l i  d i  M a t e m a t i e a  
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of (P); ~hen u(t) is given by  Formula  (F) and 

u'(t) = e x p  [tA(O)]n(O)x + (Tg)'(t), Vt ~ [0, T ] ,  

where g = (1 -~ K)- I ( ]  - -  K ( . ,  O)x). Since g ~ Co([0, T], E) (Lemma 3.2 (vii) and 
Lemma 3.4 (v)), b y  Lemma 3.5 (vii) we have as t -  ~ --7 0 + 

u'(t) - u'(~) = (exp IRA(0)] --  exp  [~A(O)])(A(O)x + g(0)) + 0((t - -  3) ')  = 

= e x p  [ ~ A ( 0 ) ] ( e x p  [(t - -  T)A(0)] --  ! ) ( A ( 0 ) x  + 1(0)) + O((t --  ~)~) = 0 ( ( t - -  ~)~),  

hence u'e C:([0, ~], E). III 

Tm~ORE~ 4.8. - Under Hypotheses I ,  I I  let x z D(A(0)),  ] e h,([0, T], E),  a z 
e ]0, ~[, and let u be a strict solution o] (P). Then u e hl'~([0, T], E)  i /  and  only i] 
A(O)x + 1(0) e D~(o)(~). 

PI~OOF. - I f  u ~ hX'~([0, T], E),  b y  (F) we get  

u'(t) - -  u'(O) = o(t ~) as t --> 0 + , 

and from the  proof  of Theorem 4.3 we have 

u'(t) - -  u'(~) -~ o(t~) + (exp [tA(0)] -- 1)(A(0)x + ](0)) as t --> 0§ 

these two facts  imply A(O)x ~ - / (0 )  e D~(o)(a ). If  conversely A(O)x ~- 1(0) e D4(o)(a), 
again b y  (F) we check 

u'(t) -~ exp[tA(0)]A(0)x + (Tg) ' ( t ) ,  Vt e [0, T ] ,  

where g = (1 ~ K ) - ' ( / - -  g ( . ,  0)x) e hz([0, T], E) by  Lemma 3.2 (vii) and Lem- 
ma 3.4 (vi); so b y  Lemma 3.5 (viii) 

u'(t) - -  u'(v) = (exp [tA(0)] -- exp [~A(O)])(A(O)x ~- g(0)) + o( (t --  ~:)~) -~ 

= o ( ( t -  ~)~) as  t ->  o § , 
hence u ' r  h~([0, T],/~). /// 

I~E~AI~I~ 4.9. - The necessary and sufficient conditions A(O)x + ] ( 0 ) e / ) ( A ( 0 ) )  
and A(O)x + ] (0 )~  Da(o)(a , oz) of Theorems 4.3 and 4.7 do not  differ f rom those 
holding in the  case of variable  domains.  In  tha t  ease under  the  stronger hypothe-  
ses I, I I  and I I I  of [1] one obtains  

(4.4) ~(o)x + 1 ( o ) -  [ ~ a ( t ) - , ]  A(O)x e D(A(O))  
ktt~ - Jt=O 
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o r  

(~.5) A(o)x §  -- V A(t)-~/ A(O)x eD~(o)(~, c~). 
Ldt J t = o 

~70w, suppose D(A(t)) ~ D(A(O)) and t ~ A(t) -~ continuously differentiable in 
~(E); then it is immediate to verify that  the range of the operator (d/dt)A(t) -~ lies 

in /)(A(0)) for each t E [0, T], so that  condition (4.4) reduces to A(O)x § ](0)e 

eD(A(O)). 
Suppose moreover tha t  (d/dt)A(t)-~e C'([0, T], s U e ]07 1[~ and take a < ~ A a  

in (4.5) (here ~ is the number defined in Hypothesis I I  in Section 1). Then assum- 
ing again D(A(t)) --/)(A(0)) we have for each y e/iT and t e [0, r ] :  

exp [~A(0)]F - -  

< ~ A(t)-~-  A(t a(t)-I 
Y ~ §  

1_ ~exp [~A(0)] (A(O)A(t + ~)-~-- A(0)A(t) -1) dT E< 

o 

< C[lex p [$A(0)] -- 111 c(-)~'-"[]Yl[, § I f  ~- Ilexp ['~A(o)llg(s)~w" 
o 

�9 K ~ - o l I A ( O ) A ( t ) - ~ I I c ( ~ ) I [ y I [ ~ <  CIly[I~(~A=)-~ if ~ z ]0, 1],  

while obviously 

][exp [~A(0)] --  l d  

this means that  the range of (d/dt)A(t) -I lies in Dx(0)(UA~ ~ co), and therefore condi- 
tion (4.5) reduces to A(O)x § ](0) ~ D~(o)(a , co). 

R E ~ A ~ K  4 . 1 0 .  - -  l~eplace Hypothesis I I  in Section 1 by the following stronger 
o n e :  

(4.6) 111 - A(t)A(~)-I][u(~)= o(It-- ~ff) as It-- 3[ ~ 0 + ;  

then we can improve the results of Theorems 4.3 and 4.8 as follows: 

(a) if x ~ D(A(O)), ] E h~([0, T], E) and A(O)x § ](0) ~ D(A(O)), then the strict 
solution u is in hl'~(]0, T], E);  

(b) if x ~ D(A(0)), ] ~ h:([0, T], 9)  and A(O)x +/ (0)  ~ D(A(O)), then the strict 
solution u is in hl'~([0, T], 9)  if and only if A(O)x § ](0)~ DA(o)(~). 
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We omi t  the  proof,  which does not  differ f rom those of Theorems 4.3 and 4.8; 
it  requires some fu r the r  s t a t emen t s  in L e m m a t a  3.2, 3.4 and 3.5, which however  
can be easily proved  according to the  same lines used in Sect ion 3. 

5.  - C l a s s i e a l  s o l u t i o n s .  

This section is devoted  to  the  s tudy  of classical solutions of P rob lem (P) (see 
Definition 1.4). As remarked  in the  In t roduc t ion ,  most  of the  results  of this sec- 
t ion were first p roved  by  TA~ABE [34] and SOBOLEVSKII [31], who supposed however  
D(A(O)) to be dense in E. As in Section 4, we s t a r t  with uniqueness under  general  
assumptions on ] (i.e. ] e C(]0, T], E) ) ;  with a l i t t le  more regular i ty  of ], namely  
] e C0(]0 , T], E),  we get  an  << a priori  ~) es t imate  for classical solutions as a conse- 
quence of the  similar one relat ive to s tr ict  solutions. I%xt ,  we deduce an easy 
necessary condit ion for exis tence;  finally we will see t h a t  exis tence (and t ime  regu- 
lari ty)  is guaran teed  by  adding more  regular i ty  on / (i.e. ] e C0(]0, T], E) n Cz(]0, 

r], E)). 
THEO~E~ 5.1. -- Under Hypotheses I ,  I I  t~roblem (P) with x e ~ and ] ~ C(]0, T],/E) 

has at most one elassieal solution. 

1JROOF. - Le t  u, v be two classical solutions of (I)) with x e E and  ] e C(]0, T], E) ; 
t h e n  for each s e ]0, T[ the  funct ion  u -- v is a s tr ict  solution of (P) in [s, T] with 
da ta  u ( e ) -  v(s), O. Hence  by  Theorem 4.5 we have (recall R e m a r k  1.7) 

llu(t) - ~(t)lt~ < ellu(~} - ~(~}1}~, vt e [~, T] ; 

as e - ~  0 + we get  u-~  v. III 

TI~EORE~ 5.2. - Under Hypotheses I ,  I I  let u be a elassieal solution o] (P) with 

x e E and / e Co(]O, T], E), O e [O, l[. Then 

t 

 {11,11, § 
0 

Vte [0, T ] .  

P~OOF. -- As u is a s t r ic t  solution in [s, T] for each e e ]0, T[, Th eo rem  4.5 and 

R e m a r k  1.7 yield 

t 

I lu ( t ) l l .<c ( [ [u(~) l l~+j ' l l / ( s ) l l .ds} ,  vte[~, T ] .  
$ 

Let t ing  s ---> 0 +, the  resul t  follows, since ] is integrable  over ]0, T[. /// 
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THEOREM 5.3. -- Under Hypotheses I, I I  i/ u is a classical solution o/ (P) with 

z e E and ] e C(]0, T], E), then m e D(A(O)). 

PROOF. - Since u e C([0, T], E) b y  definition, we have x : lira u(t); the  proof 
is complete  since u(t) e D(A(0)), Vt ~ ]0, T]. /// ~-~0§ 

THEORE~K 5.4. -- Under Hypotheses I ,  H let x e D(A(O)) and / ~ C0(]0 , T], E) 
Co(/0, T], E),  0 e [0, 1[, a e ]0, 1[. Then the/unct ion u given by ~ormula (F) is a 

classical solution o / (P)  and belongs to CI'"A~(]0, T], E). I / i n  addition / e h6(]O, T], E), 
e ]0, ~[, then u ~ hl'~(]0, T], E).  

PROOF. - As in the  first pa r t  of the  proof of Theorem 4.3, we get  u c C([0, T], E) 
and t -> exp [tA(0)]x e C~(]0, T], ~ ) ;  by  L e m m a  3.2 (if) we have g ( . ,  0)z e C~(]0, T], 
E), so tha t  

g - (1 + K(. ,  0)x) e r],  E) C0(]0, r],  

by  I~emma 3A (ii)-(iv); therefore Tg e C~'~A~(]0, T], E) (Lemma 3.5 (v)). I f  in addi- 
t ion / e h~(]0, T], E), ~ e ]0, a[, then  g e ho(]0, T], E) b y  L e m m a  3.4 (iv), hence 
Tg e h~'~(]0, T], E) b y  L e m m a  3.5 (v), and finally u e h~'"(]0, T], E). /// 

RE~_ARK 5.5. -- AS in the  case of s tr ict  solutions, Theorem 5.4 still holds (except 
for the  H61der regular i ty  of u') assuming / e Co(]O , T], E), 0 e [0, 1[, and the following 
proper ty  (instead of H61der continui ty):  for each e e ]0, T[, the  oscillation (o,(.) of 
]][,,T~ satisfies condition (4.3). This is no longer t rue  if / is merely  in Co(]O , T], JE) 
(see R e m a r k  4.6). 

RE~A~K 5.6. -- Replacing Hypothes is  I I  with (4.6), we obtain  the following 

improvement  of Theorem 5.4: if x e D(A(O)) and / e  C0(]0 , T], E) ~ h~(]0, T], E), 
0 e [0, 1[, then  the classical solution u is in hl'~(]0, T], E). 

6. - Strong so lut ions .  

Let  us consider now strong solutions of Problem (P). The basic tool is the  <~ a 
priori ~> es t imate  for str ict  solutions (Theorem 4.5). As a first consequence we derive 
an <~ a priori ~> es t imate  for strong solutions, and consequent ly  uniqueness.  :Next, 
af ter  an easy necessary condition for existence, we prove tha t  Formula  (F) indeed 
gives the  strong solution of (P), and s tudy  its H61der regularity,  t~inally we show 
tha t  under  Hypotheses  I, I I  a classical solution of (P) with / e  C([0, T], E) is in 
fact  a s trong one. 
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THEOREM 6.1. - Under Hypotheses I ,  I I  let u be a strong solution o] (P) with x ~ 
and ] e C([0, T], E). Then 

t 

Ilu(t)ll,<C{lixll +fllf(s)ll ds}, Vt [o,z]. 
0 

PROOF. - By definition, there  exists {%~}.eN-c C~([O, T], E) n C([O, T], D(A(0))) 
such tha t ,  defining x~ = u~(O), ]~ = u.--' A( ' )Un( ' ) ,  we have 

(6.1) 

i) u,  --> u in C([O, T], E),  ]~ -> ] in C([0, T], E),  x .  --> x in E;  

ii) u~ is ~ str ict  solution of 

u : ( t ) -  A(t)u~(t) = ]~(t), t e  [0, T ] ,  

u.(O) = x,~. 

By Theorem 4.5 we have 

t 

0 

Vte [O, T ] ,  

and  as n -+co  we get  the  result.  /// 

CORO].LARY 6.2. -- Under Hypotheses I ,  I I  _Problem (P) with x e E and ] e 
e C([0, T], E) has at most one strong solution. /// 

THEO~E~ 6.3. - Under Hypotheses I, I I  let u be a strong solution o] (P) with x ~ E 

and ] e C([O, T], E);  then x e D(A(O)). 

PROOF. - Let  {%}~N_c C~([0, T], E) (~ C([0, T], D(A(0))) satisfy (6.1); then  
x = u(0) = lira u,(O), and u~(O)eD(A(O)) ,  V n e N .  /// 

TEEOREM 6.4. - Under Hypotheses I, I I  let x e D(A(O)) and ] e C([0, T], E).  
Then the ]unction u(t) de]ined by Eormula (F) is a strong solution o] (P) and belongs 
to ~ ( ] o ,  T], ~ ) ,  W e ]O, 1[. 

PROOF. - By Lemmata  3.1 (iii) and 3.5 (i), u e C([0, T], E) and u(O) = x. Since 

x e D(A(O)), we can choose {Xj}neNc-D(A(O)) such tha t  x.--> x in E and A(O)x~-~ 

-~ ](O) e D(A(O)). Indeed ,  t ake  {w~}~N_c D(A(O) ~) such tha t  w~-* x -~ A(0)-I](0) (this 
is possible by Lemma 2.5 (iv)), and define x~ ~- w~-- A(0)-V(0), obtaining A(O)x~ ~- 

~- ](O) = w~eD(A(O))  C_D(A(O)). l~ow fix 8 e l0 ,  a]; since C~([0, T], E) is dense in 
C([0, T], E),  there  exists {]~},eN_c Co([0, T], E) such tha t  ]n(0) = ](0) and ],-->] in 
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C([0, T], E). Le t  u ,  be the strict  solution of 

u'.(t) - -  A(t)u.( t)  = ] .( t ) ,  t e [0, T] ,  

u.(O) = x . ,  

which exists by  Theorem 4.3 since A(O)x. + ]~(0) -~ A(O)x. + ](0)~ D(A(O)). 
Then u~(t) is given by Formula  (F). I t  follows t h a t  for each t e [0, T] 

T 

]1 u . ( t ) -  u(t)11, < l! x . -  x II ~ + r + K)-~(?~-- ] - -  K( . ,  O)(x~-- x))(s)11- ds < 
0 

<Cllx~- xll~+ vii(1 + ~)-111~(~.(o.~.~)) T. lll~--/ilc,o.~).~)+ ~- Ilx~-- xll~ 

hence u . - +  u in C([0, T], E).  This shows t h a t  u is a s~rong solution of (P). 
Final ly  by Lemmata  3.1 (ii), 3.2 (i), 3.4 (ii) and 3.5 (iii) we deduce t h a t  u e 

e c~(]o, T], E), W e ]0, 1[. /// 

About  HSlder regular i ty  of the strong solution up to t -~ 0 we have: 

THE0t~E)i 6.5. -- Under Hypotheses I ,  I f  let u be a strong solution of (P) with x e 

e D(A(O)) and ] e C([0, T], E). Then u e C~([0, T], 1~), a e ]0, 1[, if and only i] x e 

e D~(0)(~, ~) .  

PROOF. - Le t  x e D~(o)(a , oo). By L e m m a  3.1 (iv), t ->exp [tA(O)]xe Cz([O, T], E). 
On the  other  hand,  Lemma 3.2 (iii)-(iv) implies t h a t  

{ 01 . . . .  (]0, T] ,~)  i f O < ~ < l - - ~ ,  
K ( ' ,  O)x e C ~ + a - l ( [ o ,  T], E) if 1 -- ~ < a < 1.  

Hence,  by  Lemma 3.4 (ii)-(iii) 

[ c1_~_~(]o, r], E) if o < ~ < 1 - ~, 
(1 + K ) - I ( ] - -  K( . ,  O)x) e C([0, T], E) if 1 -- a <  a <  1 ,  

and by  Lemma 3.5 (ii)-(iv) 

{ c~§176 T], E) 
T(1 + K)-I(/-- K(-, O)x) e Ct([O, T], E), Vc~ e ]0, 1[ 

i f  O < a < l - - a ,  

i f  1 - - ~ < a < l .  

Since u is given by Formnla  (F) (by Theorem 6.4 and Corollary 6.2), we conclude 
t h a t  u e Co([O, T], E). 
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Conversely, let  x e D(A(0)), f e C([0, T], E), and suppose tha t  u is a strong solu- 
t ion of (P) belonging to Ca(J0, T], E), a e ] 0 ,  1[; then u is given b y  Formula  (F). 
Moreover b y  Lemm~ta  3.2 (i), 3.4 (ii), 3.5 (ii) we have T g e  C~([0, T], E), where 
g -~ (1 -F g ) - l ( f  -- K( . ,  0)x), and therefore exp [tA(O)]x ---- u -- Tg e C"A~([0, T], E), 
which b y  Lemma 3.1 (iv) means x e D~(o)(~A~ , oo). I f  a e ]0, ~] the  proof is complete~ 
otherwise we know tha t  x ~ D~(o)(~ , oo). 

As before,  we then deduce Tg e C(~)^~([0, T], E), W e ]0, 1[, and hence 

exp CtA(O)]~ e 0~A(~)([0, Z], E ) ,  or �9 e D~(o)(~A(2~), oo). 

If  a e ]0, 2~] the  proof is complete, otherwise af ter  a finite number  of steps we get  
x e D~(o)(~, co). /// 

TEEO]~E~ 6.6. -- Under Hypotheses I ,  I I  let u be a strong solution o] (P) with 

x z D(A(O)) and / e C([0, T],/~). Then u e h"([O, r ] ,  E),  a z 30, 1[, // and only if 

x e / )~ (o ) (~ ) .  

P]~ooF. - If  x e DA(o)(a ) then  exp [tA(O)]x e h~([0, T], E) b y  Lemma 3.1 (v). On 
the other  hand,  as in the  proof of Theorem 6.5, we have T g e  C("+~)A~([0, T ] ,E) ,  
V6 e ]0, 1[, where g = (1 + g ) - l ( f  -- g ( . ,  O)x), and in par t icular  Tg e h~([0, T], ~E), 
V~ e ]0, (a ~- ~)Al[.  Therefore we conclude tha t  u e h~([0, T], E). 

Conversely, let  u be a strong solution belonging to h~([0, T], E), a e ] 0 ,  1[. As 
in Theorem 6.5, Tg e C~([0, T], E) c_ h~([0, T],/~), V($ e ]0, ~[. Hence  exp [tA(O)]x e 
e h"A~([0, T], E), V~ e ]0, ~[, or x e D~(0)(aA6), V~ e ]0, ~[. B y  possibly a finite number  
of steps we get  x e D~(o)(~). /// 

THE01%E~ 6.7. -- Under Hypotheses I,  I I  every elassieal solution o] .Problem (P) 

with x e D(A(O)) and f e C([O, T], E) is also a strong one. 

P~ooF. - Choose s e ]0, T[: u is a s tr ict  solution of 

u'(t)  - A ( t ) u ( t )  = ] ( t ) ,  t e [~, T]  

u(~)  = u ( ~ ) .  

Let  v be  the  strong solution of (P) (it exists b y  Theorem 6.4). Then b y  defini- 
t ion there  exists {v~}n~N such tha t  v~---~v in C([0, r ] ,  E) as n -->0% and for each 
n e N, v~ is the  str ict  solution of 

v ' n ( t ) -  A(t )vn( t )  = In( t ) ,  t e [0, r ]  

vn(O) = x n ,  

where fn->] in C([O, T],.E) and x n - + x  in E as n - > o o .  
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Hence w~-----u- v~ is the  strict  solution of 

{ w,'~(t) --  A( t )w . ( t )  -~ /(t) - -  f .( t)  , t e [s, T] 

w . ( s )  = u ( e )  - -  v . ( s )  . 

By Theorem 4.5, taking into account  Remark  1.7, we get 

t 

Ilu(t) - vo(t)ll~ < C{ll~(~) - v,,(~)ll~ +flIl(s) - 1o(s)ll~ ds}, 

As n --> co we obta in  

Vt e [s, T] .  

Ilu(t) - v ( t ) l l ~ <  Cll~(~) - v(~)ll~,  vt ~ [~, T ] ,  

and le t t ing s -~ 0 § we check u -~  v, i.e. u coincides with the  strong solution of (1)). 
(Thus, in part icular,  u is given by  Formula  (F).) /// 

We recall however t h a t  in the  definition of strong solution the funct ion ] is 
required to be continuous in [0, T], while one can speak about  classicalsolutions 
of (1)) provided f is merely in C(]0, T], E). 

7. - Space  regulari ty .  

In this section we look for conditions assuring tha t  the strong solution of 1)rob- 
lem (1)) is continuous with values in the  in termedia te  spaces D~(o)(a , co) and D~(o)(a ). 
Since the solution is given by Formula  (F), we begin to s tudy  the  behaviour in such 
spaces of the  operators appearing in (F). 

LEPTA 7.1. - Under Hypotheses I,  1I  ~et O,/3 G ]0, 1[. 
and t e l0 ,  T] we have: 

C 
(i) I[exp [tA(s)]II~(E,DA,o)(O))<~ ~ .  

C 
(if) [lexp [tA(s)]HZ(DA<o)(Z,oo),l)~<o)(O))< t(o_~)vo. 

C 
(iii) [IA(s) exp [tA(s)][]s t:+o. 

(iv) ImA(s)exp [tA(s)]Ilg(D~<o>(~,~),mc,>(o))<t:+o_~. 

Then /or each s G [0, T] 

1)Root. - (i) I t  is a consequence of (1.36) of SI~ESTI~AI~I [30]. 

(if) I t  follows by using (1.37), (1.41) and (1.14) o2 [30] in the  cases /3 < 0, 
/3 > 0 and  fl = 0 respactively. 
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(iii) See (1.38) of [30]. 

(iv) The  conclus ion  fol lows b y  (1.39), (1.43) a n d  (1.14) of [30] in the  cases 

fl < 0, fl > 0 and  fl : 0 r e spac t ive ly .  /// 

L E I ~ A  7.2. - Under Hypotheses I ,  I I  we have: 

(i) ltexp [tA(0)] --  exp [vA(0)]II~iE,D~(.)(0) ) < C(s)It - -  v[, Vt, ~ e [e, T], Vs e ]0, T[, 
V0 e ]0, 1[. 

(if) t -> exp [tA(0)] e C~-~ T], ~(D~(o)(fl, oo), D~(o)(0))), Vile ]0, 1[, V0 e]0 ,  fl[. 

(iii) t --> exp [tA(0)] e Co_~(]0 , T], g(D~(o)(fl, oo), D~(o)(0))), Vfl e ]0, 1[, V0 e [8, 1[. 

(iv) I] xeD4(o)(8),Se]O , 1[, then t--->exp[tA(O)]xehP-~ T], D~(o)(0)) , V0e]0, 8[- 

(v) I] x e DA(o)(8), f l e  ]0, 1[, then t -+ exp  IRA(0)] x e C~_o([O, T], D~(o)(0)), 
VO e [fl, 1[, and  

x if 0 = 8 ,  
[t ~ exp  [tA(O)]x]t= o = 0 if 0 > 8 .  

P~ooF.  - (i) I t  is a consequence  of t he  f ac t  t h a t  t - - > e x p  [tA(0)] e C1(]0, T], 

(if) L e t  t >  3 > 0  and  t a k e  xeD4(o)( f l ,  oo). F o r  a n y  8 >  0 we have  b y  L e m -  

ma 7.1 (iv): 

exp  [SA(O)]- -  l (exp  [ t A ( O ) ] - - e x p  ['~A(O)])xlt 

t t 

: eXp [8"~(0)]--1. f ~ ( 0 ) e x p 8  0 [(~(0)]x do'll ~ f I[_~(0)exp [(~2~(0)]x,,0 d(y~ 
T t 
d~ 

< c f  ~ Ilxll~ < c(t - ~)~-~ 
7; 

(iii) I t  fol lows b y  (i) a n d  L e m m a  7.1 (if). 

(iv) I t  fol lows b y  T h e o r e m  3.1 (e) of [30]. 

(v) B y  (i) we have  t --> t ~ exp  [tA(O)]x e C(]0, T], D~(o)(0)) ; to p rove  conti-  
n u i t y  a t  t = 0, suppose  f irs t  0 = fl: in th is  case  we have  liom + flexp [tA(O)x - -  xlf/~ = 0 

because  t - - > e x p  [tA(0)] is a s t rong ly  con t inuous  semi-group in D~(o)(fl ) (see e.g. 
(1.11) of [3o]). 

On the  o the r  hand ,  if 0 > fl, as x e D4(o)(fl), for each  s > 0 the re  exis ts  ~ > 0 such 
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t h a t  IIt'-~A(o) exp  [tA(O)xlls< e if 0 < t < b; t he re fo re  

to-~ll~-on(o) exp [~A(0)] exp [tA(0)]xlI.< 

[ CIIt~-~A(O) exp  [tA(O)]xl]s< Ca 

C H ~-~A(0)  exp  [$A 0)]x[]s < Ce 

< I ct~176 exp [~A(O)J[lu(E)~ Ilexp [tx(o)]xlt~<c(~)to-~ 

if ~ < t ~  

if t <  ~ <  $ ,  

if $ > ~ ,  

which  implies  l im t~ [tA(O)]xll ~ = O. /// 
t->0 + 

In  our  nex t  l e m m u  we p rove  some resu l t s  which  are  similur  to  those  of Lem-  
m a  2.12 of FUJITA-KATO [19]. 

LE)[lv~A 7.3. - Under Hypotheses I, I I  we have: 

(i) I] q~ e C,(]0, T], E) ,  ~ e [0, 1[, then Tg(t ) e DA(o)(O), V0 e ]0, 1[, Vte  [0, T]. 

(ii) T e s T], E), C~-*-~ T], D~(o)(0))), V(; e [0, 1[, V0 e ]0, 1 --  a[. 

(iii) I] ~ e C,(]0, T], E) ,  a e ]0, 1[, then T9 e C1-~ T], DA(O)(0)) , V0 e ]0, 1[, 
and 

IIT~o(t)llo< C(O)tl-~-~ ) , Vt e [o, T], V0 e ]0, 1 [ .  

P~OOF. - (i) I f  S e  ]0, t[ we have  

(7.1) exp [~A(o)]~o -- 1 re(t) 1E < 

t - ~  

< ~o X(o)-~ (X(o)X(s)-~)X(s) exp [(t -- s)_a(s)]~(s) + 
0 

t 

+ f e x p  [ ~ A ( 0 ) ] - - I  ds E . ~o exp  [(t - -  s)A(s)]q~(s) < 
t - -~ 

t--~ 

<. CHg)Hc~(]O,TJ,F.) [ f ~-0 ( t - - s )  ~ s ~] " 
o t-$ 

B y  choosing e < 1 -  0 we ge t  

exp [~A(O)]~o -- 
t 

o i< , - -  s ) ~ - ~ s  ~ + ( t  - -  ~)~< 
0 

< vl[~l[c~176 + (t-'~-)o.I 
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which implies 

lim~o+ exp [~A(0)]r - -  1 Tel(t) ~----- 0 ,  V0 e ]o, ~[, Vt e ]o, m] .  

(ii) Let  9eO, ( ]0 ,  T] ,E)  and take  0 e ] 0 , 1 - - a [ .  I f  t > z ~ > 0  and ~ > 0 ,  by 
Lemma 7.1 (i)-(iii) we check 

(7.2) 9xp [~A(o)] - ] y~(,)) 
~o (m,(t) - < 

t 

-c 
.~ l - s  

+ [ /  ! e x p [ e A ( 0 ) ] - I  ds ~o A(s) exp [OA(s)]9(s) d o < 

exp [(t - -  s)X(s)]9(s) ds ~ + 

t t: t - s  

<r llexp[(t-s)x(s)]~(s)lloas +of f llx(s)exp[qx(s)]~(s)lloaeas< 
7: 0 ~:-- $ 

t v t - - s  

0 ' t - - s  
"r t - -8  

0 ~ - - s  

and (ii) is proved. 

(iii) If  t > ~ > e  and 0~ ]0 ,1 [ ,  we have as in (7.2) for each ~ > 0 :  

t "r t - - s  

�9 " 0 "r--8 
e l2  z 

< II~ll~o<]o,~,~> / ~ + ~ - ~ +  (~ ~)o ( t -~)0  
0 ~/2 

< C(~)lifo II ~o(]o,~j,E)(t - ~1~-~ 

this fact and (i) prove tha t  TW e C l - ~  T ] ,  DA(o)(O)) VO ~ ] 0 ,  1[. Final ly if t e ]0, T], 
as in (7.1) we have for each ~ > 0 

t 

exp [~X(0)] - -  1 Tq~(t) s ) f  ds 

0 

which proves (iii). /// 
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~ o w  we are able to prove the  space regular i ty  t heo rem for the  s t rong  solution 
o~ (~). 

THEO~E~ 7.4. -- Under Hypotheses I ,  I I  let u be a strong solution of _Problem (P) 

with x e D(A(O)) and ] e C([0, T],/~).  Then we have: 

(i) U e v-l--0(10, T], D.4(o)(O)) , V0 e ]0, 1[. 

(ii) x e D~(o)(fl, oo), f l e  ]0, 1[, /] and only i /  u e Co(J0 , T], D~(o)(fl)). 

(iii) I] x e D~(o)(fl, oo), f l e  ]0, 1[, then u e Cz-~ T], DA(o)(O)) , V0 e ]0, fl[. 

(iv) x e DA(o)(fl), f l e  ]0, 1[, i] and only i] u e C([0, T], DA(o)(fl)). 

(v) I] x e D~(o)(fl), f l e  ]0, 1[, then u e h~-~ T], D~(o)(0)) , V0 e ]0, fl[. 

PnOOF. - (i) Since u is given by  Formula  (F), for each t e [0, T] we have u(t) = 
---- exp [tA(O)]x + Tg(t) where g ---- (1 + K)-~(] -- K(. ,  0)x). By  L e m m a  7.2 (ii) we 
have t -> exp [tA(O)]x E Lip (]0, T], DA(o)(0)) , V0 e ]0, 1[; moreover ,  since K( . ,  0)x e 
e C1_~(]0 , T], E) (Lemma 3.2 (i)), we get  g e C~_~(]0, T], E) by  L e m m a  3.4 (ii), 
and  consequent ly  Tg ~ C~-~ T], D~(o)(O)) , VO e ]0, 1[ by  L e m m a  7.3 (iii). This 
proves (i). 

(ii) Suppose x ~ D~(o)(fl, oo). By I~emm~ 7.2 (iii), t --> exp [tA(O)]x ~ Co(]0, T], 
DA(o)(fl)) ; next ,  L e m m a  3.2 (iii)-(v) gives 

{ e,_~_~(]o, r], ~) i~ fl < i -  ~ ,  

K ( ' , O ) x e  C~+~-I([O,T], E)  if f l > l - - ~ ;  

in any  case K(. ,O)xeC(~_~_~)vo(]O , T],/~), which implies (Lemma 3.4 (ii)) g e 
e r T], E).  Hence  Tg e C((~+~)A~)-~ T], D~(o)(0)) , V0 e ]0, (~ -[- fl)Al[ 
by  L e m m a  7.3 (ii), and  in par t icular  Tg e C((~+~)A~)-~([0, T], DA(o)(fl)). This implies 
u e Co(J0, T], DA(o)(fl)). Suppose conversely u e Co(]0, T], D~(o)(fl)) ; t hen  by definit ion 

e x p  [ ~ A ( 0 ) ]  - -  
~ u(t) E < NullCo(~O,Zj,v~,~ Vte ]o, r ] ,  V~ > 0 ; 

l e t t ing  t --~ 0 +, since u e C([0, T], E) we get  

e x p  [ ~ X ( 0 ) ]  - -  1 x E 

t h a t  is x ~ D•(o)(fl , co). 

(iii) By L e m m a  7.2 (ii), t --~ exp [tA(O)]x ~ C~-~ T], DA(o)(0)) , V0 ~ ]0, fl[; as 
in (ii) we get  Tg ~ C((~+~)A1)-~ T], D~(o)(0)) , V0 ~ ]0, (a ~- fl)Al[, and  (iii) follows. 
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(iv) Suppose x e D~(o)(fl ). Then Lemma  7.2 (v) gives t -->exp [tA(O)]xe C([0, T], 
D~(o)(fl)) while, as above, Tg e C((~+~)A~)-~ T], DA(o)(0)) , V0 e ]0, (~ + fl)Al[. In  
particular,  Tg e C((~+~)A1)-Z([0, T], D~(o)(fl) ) and consequent ly u e C([0, T], D~(o)(fl)). 
Conversely if u e C([0, T], DA(o)(fl)) , then  obviously z = u(0) ~ D~(o)(fl ). 

(v) By Lemma 7.2 (iv) we have t -+exp  [tA(0)]~ e hZ-~ T], D~(o)(0)) , V0 s 
e ]0, fl[ and, as in (ii), Tg e 0((~+r176 T], Da(o)(0)) , V0 e ]0, (~z + fl)Al[; since 
fl < (~ + fl)A1, we get  in par t icular  Tgeh~-~ T], D~(o)(O)) , V0 e ]0, fl[ and hence 
u e h~-~ f] ,  9~(o)(0)), V0 e ]0, ~[. I// 

We finish this section with an (~ a priori ~ es t imate  for the  classical solution of 
Problem (P), which is of interest  in the  s tudy of the  quasi-linear version o~' (P). 

THEO]~E~ 7.5. -- Under Hypotheses I ,  I I  let u be a classical solution o] (P) with 

x e D(A(O)) and ] e C([0, T], E). Then we have: 

(i) I] x e D~(o)(fl, oo), f l e  ]0, 1[, then 

[1 ] 
Ilu(~)llo< c t-#-~ I1~11~ + t~-~ , vo e [p, 1[, vt e ]o, T] .  

(ii) I] x e DA(o)(fl, oo) and ] e Ca([0, T], E), fl, a e ]0, 1[, then 

IlX(t)u(v)ll~<C[~-~_~ 11~11~+ tl/ll~o([o,~],~)], vt ~ ]o, r ] .  

P~ooF. - (i) Since, by  Theorem 6.7, u is also a strong solution of (P), u is given 
by Formula  (F), i.e. 

u(t) = exp [tA(0)]x + Tg~(t) - -  T g ~ ( t ) ,  t e [0, T], 

where gl Z- (1 + K)- I /  and  gT= (1 + K)-I(K( ., 0)x). 
By L e m m a  7.1 (ii) we have 

II~xp [tA(O)]xll0< ~ ]l~lla �9 

~ e x t ,  by  IJemma 3.2 (iii)-(v) it follows tha t  K ( . ,  O)xe C~(]0, T], E),  )t = ( 1 -  
-- ~--fl)VO, and  

C 
I l K (  t ,  0)xil~< ~ l[~lb, 

hence by Lemma  3.4 (ii) g~e C~(]O, T], E) and  
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a n d  f inal ly,  by  L e m m a  7.3 (ii), Tg~e C~-~ T], D~(o)(0)) , V0 e ]0, 1[ and  

l[Tg2(t)llo< ~- z -o  

Similar ly ,  since ] e C([0, T], E),  we get  V0 e ]0, 1[ 

li rg~ (t)Iio < ct  ~- ~ Ill ~<ro,~,~> �9 

Hence  

C 
, V0e[r  

since 2 = (1 - -  ~ - -  fl)V0, we have  1 -- 2 = (~ + fl)A1 and  

I]~(t)1]0<r ~ I[xlla+ tl-~ , V0 e [•, 1 [ ,  

which proves  (i). 

(ii) We proceed as in the  proof  of Theo rem 4.4. F ix  s e ]0 7 T[ and  t e ]s, T[. 
Se t t ing  v(s) = exp [(t -- s)A(t)]u(s), s ~ [e, t], we eas i ly  deduce 

A(t)u(t) = A(t) cxp [(t - -  s)A(t)]u(e) + 
t 

+fA(t) exp [(t - -  s)A(t)]  D - -  A( t )~(8) -~)A(s )u(8)  ds + 

t 

~-fA(t) exp [(t -- s)A(t)](](s) -- f(t)) ds -t- (exp [(t -- e)A(t)] -- 1 ) / ( t ) ,  Vte [e, T ] .  

H e n c e  
t 

Vt ~ [~, T ] ,  
which implies (see [3]) 

B y  (i) we check  

, V t e [ e , T ] .  

[[A(t)u(t)llE<c {it2s)i_~[llxlt~+ sl-~ll]llo(tO,TJ,~)] + II/Ilc~(Eo,r~,E)}, 

and  the  conclusion follows when  s --> 0 +. /// 

Vt ~ [~, T ] ,  
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8. - Examples. 

In  the  next  examples we want  to show how Hypotheses  I and  I I  of Section 1 
can be easily checked in a classical non-autonomous boundary-ini t ia l  value problem. 

In  this section, unless otherwise specified, all functions are assumed to be com- 
plex-valued. 

First example. 

Set E = O([0, 1]), IlullE= sup lu(x)l, and  define Vte [0, T] 
xe[0,1] 

[ D(A(t)) = {u e C~([0, 1]): ~ou(0) -- flou'(0) = alu(1) d- fllu'(1) = 0} 
(8.1) / A(t)u = a(., t)u" + b(., t)u' ~- v(., t)u 

where 

(8.2) 

and  

(8.3) 

~,,fl, e[0, c o [ , ~ , + f l , > 0 ,  i = o ,  1 

a, b, e e C([0, 1] • [0, T], R ) ,  inf a(x, *) > O. 
[0,I] x [O,T] 

Obviously D(A(t)) does not  depend on t; i t  is not  dense in E if and  only if flo 
or fll is 0. We have the following result :  

PROPOSITIO~ 8.1. - Let (A(t)}~eEo.~ 1 be de/ined by (8.1) and suppose (8.2), (8.3) hold. 
Then there exist co ~ M > 0 such that 

(i) a(A(t)) _c ]-- co, to~ Vte [0, T]; 

(ii) I] Re t > co ~ we have 

M Vt e [ o ,  T ] .  (8.4) IIR(~, ~t(t))llc<~)< 14 - ~~ 

(8.5) 

PROOF. -- For  each % e C and  t e [0, T] the  problem 

/ u - -  a(. ,  t)u"-- b( . , t )u ' - -  e ( . , t )u  ----/e E 

~ou(o) - flou'(o) = o 

a~u(1) + Au' (1 )  = o 
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is equivalent  to the  following one: 

(8.6) 

$.~(.,t)u--(F(.,t)u')'--~(.,t)u=F(.,t) 
~ou(O)-pou'(o) = o  

~(1 )  -~-fl~u'(1)=O 

where 

w(x, t) = expfb(e, 
0 

cp(x, t) = c(x, t)(a(x, t))-lW(x, t) , 

7(~, t) = (a(x, t))-~w(x,  t) , 

~V(x, t) = / ( x ) ( a ( x ,  t))-~w(x, t). 

We note t h a t  7, W are s t r ic t ly  positive in [0, 1] X [O, T], and  t h a t  problem (8.6) 
is a classical problem of Sturm-Liouville type.  So, defining 

= max  Je(x, t)] 
[0,1] x [O,T] 

i t  is well-known (see e.g. ttAI~T~i~ [15]) t ha t  problem (8.6) has countably  m a n y  
eigenvalues, all being real and ~<r moreover for any  other number  2 ~ C the  
problem is uniquely solvable in C~([0, 1]) for each lw(., t)E E, i.e. for each l e E .  
This proves (i). 

To prove (ii), fix x~ [0, 1], ~ > 0 and  a > 1, and take  a real  funct ion 0 e C~(R), 
such t h a t  0 ~ 1  on I e :  [x ~  ~, x~ - Q], 0 ~ 0  outside I ,e,  0~<0~<1 and  II0'II.< 
~<2/(a--1)~. F r o m  (8.6)~ mult iplying by 0 ~  and in tegrat ing over ]0, 1[, we get 

(8.7) 

and 

(8.8) 

1 1 

0 0 1 1 

0 0 

1 

f i r e  2.7021ul ~ dx 
0 

1 1 

0 0 

Set B e = Ie(3 ]0, 1[. As Re ~ '7  -- ~>~ C(l~e ~ -- o)) and  -- [Wu'~O~]~>~O, by  (8.7) 
we deduce 

1 

f {f f } (8.9) ]u']~O ~ d x < C  [/Tu] dx + ( o . = ~ ) 2 e  2 [qtl~ dx if Re Z > co. 

0 .Bae .Bae 

- A n n a l i  d i  M a t e m a l t c a  
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In  addi t ion if Jim ,,t, I < Re 2 --  eo we have,  again b y  (8.7), 

IZ-- tf lul dx Ff l 'l*dx<O[f 
B~ .Be I~Q 

ax 4- f [uP dx} 

while if 0 < Re 2 -- oJ< jim )l I by  (8.8) and  (8.9) we get  

C 
(8.10) lZ-- l f lW dx<Of l uldx§ lul*dx; 

�9 B e  .BaQ .Bo~ 

thus  we conclude t h a t  

(8.11) ,~--~,f lupdx+ f tu'pdx<C{f ,~ldx+ ( i)~e~f ,updx} 

~ o w  for each 2 e C such t h a t  Re  2 > o ) - F  1, set ~ = I ~ -  col -�89 and  choose a 
large enough so t h a t  CG/(G-  1)2~ 1/8 in (8.10). Then  if x o is a m ax im u m  point  
for lu(., t)l in [0, 1], we can rewri te  (8.11) as follows: 

(8.1~) ~ luP d~ + lu' a~<2c~ellF(., t)tld~(-, tlt~+ (~_  1130 ]lu(-, )11~. 
.Be Be 

On the  o ther  hand  i t  is easy  to ver i fy  t h a t  

tlu(-, t)ll% = lu(xo, t )p<2  flu'is ds [ x,)- Yl -4- 2[u(y, t )p,  
y 

Vy e B e , 

which implies, by  in tegra t ing  over  B e , and not ing  t h a t  ~ ~ 1 and ~ < mea t  (B~) ~< 2 ~, 

Hu(', t)]I~<2e f lu'p ax + ~f  lul~ dx . 
.BQ Be 

This inequali ty,  together  with (8.12), gives (recalling the choice of a): 

II~(', t)ll~ ~4c~=lt-~(., t)ll=llu(., t)ll= + 1 llu(., t)tl~., 

o r  

C L]~(., II111,, 

and set t ing o ~  co + 1, (ii) follows. /// 
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I~E~A~: 8.2. -- By  (8.5), (8.6) and the  well-known inequul i ty  

, ~ ,, . C~([0,1J) I1~ II~<~:ll= 11~ Ilull.,, w 

we easi ly deduce t h a t  

I1 u"ll~ < cllill~ 

and consequently i f  ~e ~ > co ~ the solution of problem (8.5) satisfies 

(8 .~3)  I~ - ~~ + ISt - ~Ol~ll~'ll. + IIr < cllill.. �9 

Let  us suppose fu r the r  t ha t  the  funct ions a, b, e are H61der cont inuous in t 
un i formly  in x, i.e. the re  exist  e e ]0, 1[ and  B > 0 such t h a t  

(8.14) la(x, t) -- a(x, ~:)l + Ib(x, t) -- b(x, ~)l + ]e(x, t) -- c(x, v)l <Bl t  -- ~l ~ , 

Vx~ [O, 1], Vt, T ~ [O, T ] .  

Then  we have the  following 

P~OPOSITIO~ 8.3. - Let {A(t)}t~Eo,m I be de/ined by (8.1) and suppose (8.2), (8.3), 
(8.14) hold. Then, setting o) '= ~~ 1, there exists K > 0 sueh that 

111 - ( < o ' -  A(t))s~(o~', A(v)) l lc (~  ) <Kit - ~1 ~ , vt ,  ~ E [o,  T ] .  

Pnoos .  - Le t  / e E and  set u = u( . ,  3) = R(e / ,  A(v)) / .  By Proposi t ion  8.1 and 

(8.13) we have  u e D(A(O)) C V~([O, 1]) and  

Ilull~ + II~'ll~ + tlu"ll~< ~H/II~ �9 

Hence  

I I ( 1 -  ( ~ ' -  A(t))~(~',A(.)))Ilt~= I t (A ( t ) -  A(.))R(~,',A(~))tlI~< 

<Bit - ~1~1-11<1~ + IlCJl~ + Ilu"lU] < ~ , - B l t -  ~l~JJil[~, 

and the  proof is complete .  /// 

By  Proposi t ions 8.1 and 8.3, taking into account  l~emark 1.2, we conclude t h a t  
the  operators  {A(t)--oi'}t~Eo,rl , with A(t) defined b y  (8.!), sa t isfy Hypotheses  I 
and I I  of Section 1. Hence  all results  of the  preceding sections can be applied to 
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the  problem 

u , - -  a(x, $)u~,-- b(x, t ) u , - -  e(x, t )u + ~u = ](x, t) , 

~oU(0, t) - floU~(o, t) = o ,  t e [o, ~] 

a~u(1, t) + fl~u.(1, t) = O, t e [0, 2'] 

u(x,  O) = 9(x)  , x ~ [0, 1] 

(x, t) e [o, 1] x [o , / ' ]  

where ~ e C, ] e G([0, 1] • [0, T]), ~ e ~([0, 1]). 
We note t h a t  in the case of Dirichlet conditions, i.e. tic = fl~= 0, i t  is known 

(see DA I~I~ATo-GI~ISVAI~D [12], LV~A~])I [23]) t h a t  

DA(0)(0 , co) = {u e 02~ 1]): u(0) = u(1) = 0} / VO 
]o, 1[ {�89 

D4(o)(O ) = {u e h2~ 1]): u(0) = u(1) = O} ] ' 

Second example. 

Let  t9 be a bounded open set of R ~, n > 2 ,  with boundary  of class C 2. Consider 
the differential operator 

A(x, t, D) = Z a.(x, t)D,D~ + ~ b,(x, t}D, + c(x, t)Z, 
i,~=l ~=i 

where D ~ =  ~/~x~, under  the following assumptions:  

(N.1) (uniform ellipticity). There exists E > 0 such t h a t  

a . ( x ,  t ) ~ , ~ > ~ l ~ l  ~ , 
G~=I  

(x, t) e ~ • [ o , / ~ ] ,  

Y(x, t) E t7'• [o, T], V~ ~ R.;  

(A.2) For each t e [0, T] the real-vMued (for the sake of simplicity) functions a~j, 
bi, c are in C(~) wi th  bounds independent  on t. 

Le t  us recall the  definition of Sobolev spaces. I f  ~ ~ N ~, set [~1 = ~ ~ ,  and,  
r  

: ~ ~ D ~ " :  ~l~lu/(~x ~' ~ 8x~")," set : D ~ D~u D1 D2 ... i a ~x2 ... if k e N ,  Dku { u}l~i=~: thus  

functions u e L~(Q) such t h a t  their  distr ibutional  derivatives D~u are in Z2(Q) for 
each ~ e N  ~ with Ia[<k, with norm 

We denote by  Hok(tg) the  closure of C~(Q) (the functions of C~(s with compact  
support) in the  norm of H~(Q). 
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Now we give the  definition of Morrey spaces. For  each x ~  and a > 0 set 

B ( x ~  [x--x~ Y 2 ( x ~ 1 7 6  d = diam (12). 

DEFINITION 8.4. -- We say t h a t  u e L2'~(/2),/z e [O, n], if the  quunt i ty  

sup {e-,,f lu(x)l~ ax, xoe ~, ee]o, d]} 
t2(~~ 

is finite. 

We say t ha t  u e Hk"(D),  # e [0, n], k e N ,  if ueHk(~)  and D~u e L2'z(~) for each 
e N ~ wi th  ]o:] = k. 

The spaces L2'v(12) and Hk'~(Q) are Banach  spaces with norms 

II~ll~:.~(~)= [sup{~-~ f[~,(x)[~ax, ~.e~, ~ e]o, a]}] �89 
t2(*%0) 

We shall wri te  simply I[D~II~(~) and I[~1[.,~r 

�89 �89 
a 2 Dc~ u 2 

respect ively.  
The .5~'~-spaees have been in t roduced by  3 I o ~ u  [25]. More propert ies  of these 

spaces, with several  inclusion theorems,  are exposed, for example,  in CANPA~ATO [6]. 
Here  we only  need the  following result ,  which however  is not  opt imal  a t  all: 

Imply_ 8.5. - I j  u eH2'~(D) then u, D~u e Ze'~(D), i = 1, ..., n, and 

P~ooF. - See CA~FANATO [6], [7]. /// 

F ix  now # e ]0, n[, set E = L2"(Q) and  define for each t e [0, T]: 

(s.15) 
D(A(t)) = {u e H2(T2)n Hob(f2): A( . ,  t, D)ueL~"(12)}, 

A(t)u = A( . ,  t, D)u . 

According with well-known results  of CA~FANATO ([9], [7]) we shall ver i fy  now 
tha t  under  assumptions (A.1) and (A.2) there  exists 09 o > 0 such t h a t  the  operators  
{A(t) --  ~o~ , with A(t) defined by  (8.15), sat isfy Hypotheses  I,  I I  of Section 1. 
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Firs t  of all consider an operator A(x, D) independent  on t and sat isfying assump- 
tions (A.1) and  (A.2). F ix  2 e C and consider the  s ta t ionary  problem 

(8.16) 
[ 2 u - - A ( ' , D ) u = ] e L * ( ~ ) ,  x e ~ ,  

u = O ,  x e  ~,O. 

I t  is well-known (see AGHo~ [2]; see also Theorems 3.8.1-3.8.2 and Lemma 5.3.3 
of TA~Am~ [35]) t ha t  problem (8.16) has a unique solution u e H~(Q)(~ H~(/9) for 
each ] eZ~(~ ) ,  provided g belongs to a suitable sector containing a half-plane 
{z e C: ICe z > co'}; moreover the  following es t imate  holds 

(8.17) Iz - o , ' l l I ~ l l . (~ )+  Iz - o,'l~tiDuli.(,~) + iID~ull.(,~) < Ci i / i i . (~ ) ,  

and the constant  C does not  depend vn ~. 
With  the methods of CA~PA~ATO [9], [6], [7] the following key inequal i ty  can 

be proved: 

TI~v, ot~E~ 8.6. - There exists o) ~ > w'A max  le(x, t) l with the ]ollowing property: i] 
[0,1] • [0,T] 

# e ]0~ n[ and ] e L~'~(~), then the unique solution o] problem (8.16) with ICe ~ :> eo ~ 

is in H~"(Q) and satis]ies 

(8.18) 

and the constant C does not depend on 2. /// 

We omit  the proof: we only remark  tha t  the same es t imate  has been obtained 
by  CAMPA~ATO [7] and MO~SELLI [26], by  means of a series of l emmata  yielding 
(8.18) with a constant  which possibly depends on 2. In  order to avoid any  depen- 
dence on ~, i t  is necessary to prove again each lemma,  showing tha t  in fact  there 
is no dependence a t  all. This has been done by  CA~PA~A~O [9] in a different (but 
similar) situation. 

As a consequence of Theorem 8.6 we have:  

PI~OPOSITZO~ 8.7. - For each ~ e [O, T] let A(t) be the operator de]ined by (8.15). 
Under assumptions (A.1) and (A.2) we have: 

(i) D(A(t)) -~ D(A(O)) : H2"'(~) n H~o(Q), Vt e [0, T]. 

(if) q(A(t)) ~_ {~ e C: l~e 2 > oP}, Vt e [O, T]. 

(iii) I] Ice ~ > o) ~ then 

C 
(8.19) IIR()" A(t)) l l iv '"( ' )< l,'l - -  ~o0111tliv.~(,~), W e ~,,,(~9). 

and the constant C does not depend on 2. 
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PRoof .  - F ix  i such t h a t  Re 2 > coo (coo is defined in Theorem 8.6). Le t  ] e Z~'~(~) 
and le t  u ----- u( . ,  t) be the  unique solution of the  problem (analogous to (8.16)) 

{ i u - - A ( . , t , D ) u = ] ,  x e [ 2  

u = 0 ,  x e  ~Y). 

By  Theorem 8.6, u e H 2 ' ~ ( 9 ) n  Hol(/)); this proves (i) and (ii). 
To prove (iii) we observe t h a t  since coo> max  le(x, t)l , f rom the  equat ion 

[0,1] • [0,T] 

( 2 - e ( x , t ) ) u  = + b , ( x , t ) . , u  + l 
i,~=I i=l 

it can be easily deduced t h a t  

12 - co~ C{HD~u[[z,,,,(o)+ tlDulI~,,~(,~)+ II/lt-,.(~)) ; 

thus,  by  Lemma  8.5 and  Theorem 8.6 we get 

12 - co~162 c { l i ~ t l . ~ ( . ) +  IT/H. ~(.~)), 

and finally by  (8.17) we obta in  

12 - co~ c{11II1.(.) + tltll.,o<~))< cll/ i l . . .<~), 

w h i c h  p roves  ( i i i ) .  / / /  

I~et us assume fu r the r  the  following: 

(A.3) The funct ions a~, b,, e are H61der continuous in t un i formly  in x, i.e. the re  
exist  a ~  ]0, 1[ and L >  0 such t h a t  

~t n 

y .  la,~(x, t) - a . ( x ,  ~)1 + ~ Ib,(x, t) - -  b , (x ,  ~)l + I~(x, t) - -  e(x, ~ ) l < L l t  - ~l r , 
i , J = l  i=1  

Vx e t~, Vt, ~ e [0, T ] .  

P~oPOSITIO~ 8.8. - Let A(t), t e [0, T], be delined by (8.15), and set 5~ = coo ~ 1. 
Under assumptions (A.1), (A.2) and (A.3) we have 

I[[1 - -  (~  - -  A(t))R(E~, A(~))]fll.,.(.)< C l t  - ~I~11111...(.), v/e z ~ , . ( ~ ) .  

PROOF. - Set u = u( . ,  ~) = R(5 ,  A(v))/ .  Then  b y  (8.17) we have 

I]ull.,~r + I lnul l . . . (o )+  l ID~uil~, .( . )< Clllll.,.(~) �9 
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Hence  

< L i t  - < L i t  - / / /  

and the  resul t  follows. /// 

By  Proposi t ions  8.7 and  8.8, t ak ing  into  account  R e m a r k  1.2, we see t h a t  the  

opera tors  { A ( t ) -  ~5}t~:01z~ , with A(t) defined b y  (8.15), sa t i s fy  H y p o t h e s e s  I and  I I  
of Section 1. Hence  all resul ts  of the  preceding sections a re  appl icable  to the  prob lem 

u t ( x , t ) - - A ( x , t , D ) u ( x , t ) + 2 u ( x , t ) = J ( x , t ) ,  ( x , t ) ~ •  

u(x ,  t) = 0 ,  (x, t) e ~ • [0, 2'] 

u(x ,  O) = ~(x)  , x ~ #2 ,  

wher,~ X e C, ] e C([0, T], L~'~(~)), 9o e Zz'g(/2). 
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