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Abstract.
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xf0,T1, O BEING A4 SMOOTH BOUNDED SET OF R'. FURTHER HOSLDER
REGULARITY PROFERTIES OF THE MAXIMAL SOLUTION AND ITS CONTINUBUS
DEFENDENCE ON THE IMITIAL DATUM ARE ALSD SHOWN, THE PRODE CONSIST
IN LINEARIZATION AND USING THE CONTRACTION PRINCIPLE.

. 35¥55 S5A05
1380 Mathematics Subject Classification. Primary — ; Secondary 3

-3

dey words and plvases.

PFARABOLIC SYSTEMS, LOCAL EXISTENCE, CDNTINUDUS DEFENDENCE ON DATA

Fully nonlinear parabolic systems

by P. ACQUISTAPACE * - B. TERRENI **.

Preliminaries.

This paper is concemed with existence of continwously differentiable solutions of fully nonlinear
parabolic systems. For the sake of simplicity we just consider here second order systemns of this kind:

Dyu® = fHt o0, Du, D), (£} [0, TIxT0,
(0.1) gtz u, Duy =0, (t,z) €0, T} % 802
v (0,5) = g™z} , zefl  (h=13,...,N),

where T' > 0,{1 is a bounded, smooth domain of R* and £, g are smooth C¥ -valued frmetions,

The first resuit on Jocal existence for fully nonlinear parabolic problems is due (o [HUDIAEY, 1963]
(see also [EIDEL’mAN, 1964, Seciion HI4]), by quasi-linearization. The technique of linearization was
firstly used by [Soporov, 1970} and [Kruznkov, CASTRO, LOPEZ, 1975, 1980, 1982) in the case of
boundary conditions of Dirichles or guasi-linear oblique derivative type. Linearization is also nsad, in an
abstract framework based on semigroup theory, by {DA PRATO — GRISVARD, 19797 and [LUNARDI —
SINESTRARI, 1985]; these papers however concern a smalier class of nonlinear parabolic problems.

In this paper we aiso use linearization, but our technigue seems simpler thae the previous ones
and allows n$ to consider more general (nonlinear) boundary conditions, It has been previoosly used
[ACQUISTAPACE — TERRENL 1987, 1988] for quasilinear parabolic sysiems.

Here is the plan of this paper. After a survey of the main properties of the lingar autonomous
version of (0.1) {Section 1), we will show in Section 2 that preblem €0.1) possesses a amigue local
solution, whereas in Section 3 we wili prove the regularity properties of the maximal solution of {0.1)
with respect to the initial datim.

We assume the foliowing hypotheses:
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Hyporaesis 0.1 (Regulariy) The boundary of © and the functions F(t, =, u,p,q), g{t, z.w.p),
w{z) satisfy:

{0.2) ale C*H | pe A, CN),
fec?a, Ny, ge C3A,CY), (e €lo, 1/2]),
where
(0.3) A=[0,00xx CN x C*¥ x €7V | 4" := [0, 00[x T x €V x CF,

HypoTHEss 0.2 {Parabalicity.) The complex valued finctions (8,j=1 .....mhk=1... N}
hic th 2
{04] 45 (@) = 57 (0,5, 9(a), Dela), Dela))
a7
hk ag"
Bj (I} = i {D, I, ‘P(I): Dp{x}}
Bpj-

satisfy the following ellipticity assumptions: there exists f5 €)m/2, x| such that:
{0.5) (8g-root condition) for each 8 €] — 8y, 6g[ the operator Lg(z, Dy, D) defined by

Loz, Dy, P2Yv = {A':‘}‘(I)D. D;v*{t, ) + 5% DR ult, =) }h=x,...,N

is properly clliptic in R % 1T (sce [GEYMONAT — QEISVARD 1957, Hypotheses ﬁ. page 163 and
(AN, 8), page 167])%:

(0.6) {(fp-complementing condition) for each § €]—#8q, 8| the boundary cperator T'(z, D, D} defined
by

Tz, Dy, D)o = {B;-‘k (=)D e (2, ) }h=1 _____ W

fulfills the complementing condition with respect to Lg(z, Dy, Dz) in 8(Rx 1) (ses [GBYMONAT
— RISVARD, 1967, hypotheses Ii, page 164 and (AN, #), page 167]);

Hyroruesis 0.3 (Compaibility.} The initial datum o satisfies
(0.7} @0,z 0(z), Delz))=0 o 20 , k=1L...,N

REMARKS 0.4 (2) The order of the parabolic sysiem (0.1) might be 2Zrn rather than 2; this would
ouly rcquire longer calculations. Moreover, the regularity exponent o in (0.2) might be any mumber in

10, 1[\{1/2}, but when » > 1/2 a further compatibility condition atong 3§ appears. A more general
study, covering these cases, will be published elsewhere.
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(&) In {0.4) and {0.8) it is tacitly snpposed that the function g(t, z, »,p) 1eally depends on p, ie. the
boundary operator is of first order; however it would be possible to consider boundary operatars of
different orders, such as:

. {5‘”(‘5,2,“,?) » A=1...,r0,
Fltzy) , h=r+L..,N
(see [TERRENI, 1987] for the lincar case).
(c) We shall need in Section 3 a stronger version of hypotheses 0.1, 0.2,

We will look for solations ¢ of (0.1) in the Banach space

{0-8) Ep :=Ctted+2e (In 7]« [, C7)
= ot o, 7], C° (G, €M) n = (0, T; C*2= (0, CV})

for a suitable T > 0), endowed with the nomn (obviously equivalent 1o the usual one)

03) Ielar = swp il + [Dedowicy + e [D20(t )] gne-

Here €, 0=}, C** stand for G ({1, €), ¢ ([0, 7], C{0, €V)), 2= (R, €V},

We stari with introducing an auxiliary function z which wifl be nsefut later on. First of all consider
the differential operator

(0.16) L{z, Dalv = {4} (@)D Dyult )} o
where the functions A% were defined in (0.4).

LEMMA 0.5 There exists a function z : [0, T} x @1 — €V such that:
(0.11} z{0,) =g, ID4=z{0,) =h=f(0, v Dg, D) in(t

(0.12) fzllcrraatza + | Dzl caae + | Dozl orrataitse + "D:Z"ca.na =
< Cole, (1, 1,90, T}

Proor. As, by (0.2), (0.3} and (0.1%), b € C2%(§2, €}, we can find a function H € ¢?<(R™, CV)
which extends k and is such that

(©13) I lnetan.cv) < Cales Dol gammem)-

Define now

(0.14) 2{t, =) ==p(a) + ti?gf H{yin (72— y)) dy
-

=plz) +t - (nq5+ H){=)
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where i is a non-negative, even functioa from C§° (R™) such that f, e 7(2)dz = 1; the desired properties
then follow in a straighforward way.

1. The linear autonomons problem.

Consider the problem

Dot — AN (D, ub = f{t,z), (Lo)elo,T]x0l
(1.3) { 1‘9"1,_-”'c (.’B)D_.,-uk = g}‘(t, z} , {tz) e 0, T]|=x 80

u*(0, 5} = *{z) , 2l (h=1,...,N).
Suppose that:
(1.2} AtFeot(m), B e =) and (0.5), (0.6) hold,
(1.3) Fec=® {0, Tixq,C") , gect+talide (o7 xq,c¥),
(1.4) BY¥(2)Dipf(z) = (0,5} V= A0

Due to Lemma 0.5, i is not restrictive for cur purposes to suppose moreover that

(1.5) f0,z)=pl=)=0 o, gl0,z) =0 on 392.

THEEOREM 1.3 Asswme (1.2)..... (1.5). Then for any T > 0 problem (1.1) has a unigue solution
u & Ep, and the following estimale holds:

(L8} lellpr < ea{e, 2, 4, B) {[f]ca(c) + o [t Noma +

[glowrarn(ey +:§;]3?r [Daglt, ) goe },

where the constant cq does not depend on T

Froor. Existence and uniqueness of the solution in By were proved in [TErrENT, 1987, Theo-
rem 4.1]. The estimate (1.6 is a consequence of that result and of (1.5). Finally, in order 1o verify that cy
is independent of T, we need to revisit the proof of [TERRENL, 1987, Lemmas 2.4—2.5 and Theorem 4.1],
taking into account that we may assume, by Lemma 0.5, 4(0,%) = Dyu(0,2) = 0 in 1L $

2. The non-liear problem. Local existence.
Constder now problem (0.1). The main result of this Section is:

THEOREM 2.1 Suppose that hypatheses 0.1, 0.2 and 0.3 hold. Then there exists v, > 0 such that
problem (0.1) has a unigue solution u € K.,
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Proor. It consists of two steps: linearization and use of the contraction principle.

Step I Lel k be the function defined in (0.11} and let z be the fonction constructed in Lemma 0.5. For
each M > 0 consider the (not empty) set

(2.1) Byri={weBr:|lw—zlg, <M, wl0,)=p, Duwl(0,])=h}

which is closed in Er. This is the set where we will linearize problem (0.1). For fixed w € Bysp
consider the linear agtonomous problem

Dyt - 20 @)D Dy = Duw, D?
ey aq '(0: % g, De, D 59] LAY f (tlews w, w]
a7

78 —

—gfk—{ﬂ, T, 0, Dy, D*p) D, D;w*, (t,z) €[0,T] x 1,
of

Fy

g%g(o,z. . DR} D = —g* (¢, 5,1, Dw)

3

h
J%%;{o, 0, Dp) Do | (t,2) €0, T) % a0,
B

v (0, 7) = oh{z}, zell (h=1,...,N).

The data of problem (2.2) satisty, for every w € By r. the hypotheses of [TErrEN1, 1987, Theorem 4.1].
Therefore we can find 2 unique solution » € Er of (2.1), so Ihat we have a well defined map

{2.3} 5 : By — Er, S(w}=w.

Step 2. The main properties of the map S are expressed in the following lemma (which is an easy
consequence of Lemma 3.5 below).

LEMMA 2.2 For each M > 0 we have:

(2.4} [S(w) — #lizy < esla,, fr0,0) + cale, O fr g, 0, M) T
Yw € By g
{2.5) [15(w1) — F(w2)lipr < osle, 2, Fi 9099 M) T ||y — wa]|m,

Yuwy,wy & Barr-
The inequalities (2.4) and (2.5) show that the map S satisfies

S{w) € Bag,r. Y € Bagyre,

1 ,
18 (ws) = S{wallz,, < Sl — walle,,  Vwr,wa € Bac,
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provided we fix in advance M and . such that
M > O3l 2, 13, 0)

. -1 M—es(ofr0.9) }]"L
T= [lmn {[ZC’s(a,ﬂ,f,g,aa,M)l R e )

Hence we get a unique fixed point u € By .. of the map §, i.e. aunique sclution in E;, of problem (0.1).

&

3. Continvons dependence on data.
Consider again problem (0.1), replacing Hypotheses 0.1 and 0.2 by the following stronger ones:

HyroTHESIS 3.1 8} £ C?F2e, o g CFF2e, 5 £ OP(4,CY), g € C*(A", CY) (e €0, 1/2().
where A, A" are defined by (0.3).

HypoTHESIS 3.2 The complex-valued fimetions

3fk agh
AR () = gir(f, zupg), Bit() = SopltrmwE)
a7 5

satisfy Hypothesis 0.2 uniformly in (i,=,p, ) on compact subsets of [0, co| XCY x TV x cn'y
Moreover we reformulate Hypothesis 0.3 as follows:

HyporaEss 3.3 Consider for + > 0 the closed submanifold of C#*+2« (], C¥) defined by
{3.2) Vol#) = {p e ¥ [T, CY) s g(n 2, 00(5), Dep(2)) =0 Vz € 80};
we assume that ¥, (0} is not empty.

If we now choose any o € ¥,(0}, Theorem 2.1 yields 2 unigae solution u € E,_ of (0.1); hence we
have

u(r,, ) € V{wn).

This condition and Hypotheses 3.1 and 3.2 allow us to extend the solution of (0.1) 1 an interval [r,, . +

71]. At the point =y we can start again, and so on. In short, we can consider the maximal interval of
existence [0, 7|, by defining:

{3.3) 1, := sup{r > 0 : problem (0.1} has a unique sclution in E.,},
(3.4) uyp := the unique solution of {0.1) in [0, 7 [.

Consider now the set D € V(0) x [0, oo defined by:
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(3.5) D= {{p,t) €V (0) x [0,c0: t<r,}.

THEOREM 3.8 Under Hypotheses 3.1, 3.2 and 3.3 we have:

(i) D is open in V,(0) x [0, 00] in the topelogy of C*+2%(T1, V) x [0, cof;
{if) the map

(3.6) UiD - OPRECY),  Ulpd) = vt )
is continuous as a function from D inte C°F2 (0, CV) for each § € [0, of.
PrOOF. We need a more general version of Theorem 2.1. First of all, we remark that
(37 Wallpn. < colof), fg,0.6) Ve €D Tl
Next, for &g = 0, 1g > 0, gy € O[], C¥) we st
{2.8) Qlosto, o) = {¥ € Vylto) : 1% — woligasss < re}.
Of course if © € V,{0) and ¢ € [C, 1| then
tp(to, ") € Q (up{to, },t0, o) Vrg > 0.
Now for @ < tg < tg -+ o =: 7 define (analogously to (0.8), (0.9)') the Banach space
Epgr v= GVFe243a (1, o] 5 BT, €V} .

PROPOSITION 3.4 Let € V5{0). For each ¢ €]0, 7| and ro > 0 there exists o €0, €] depending
on «,, F, g, vo, & Such that for every to € |0, 1, — € and ¥ € Qu,(to, "), to, ro} the problem

(3.9) gty z, 0, Dv} =0 » {tyz) Efta, Tl % 80,

{Dw":f"(t,z:,v,Du,DQu] , {tz) € o, %D,
v (g, z) = (2} , €N (h=1,....N)

where T 1=ty + o, has @ unigue sohuion vy € Ey .7 moreover there exists ce{e, O, f, 0,90, 70,6} 2 1
such that

(3.10] llew = vylizeg.. < erle 0, om0, efl¥ — xflosae
¥ih, x € Qup(2, )i tos ro).
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ProoF. We repeat, “mutatis mutandis™, the proof of Theorem 2.1.

Fix € €]0, 7}, ro > 0, 89 € [0, 1, — €}, ¥ € Q{up{io, ), %0,70) and let ¢ €0, ¢]. Choose a function
zy € Eyy ¢ such that

(3.11) zplte, Y=,  Dezglte,) = h:=f(to, %, D9, D*$) in T
(this can be done as in Lemma 0.5). Finally set
(3‘12] B-M.ta,'r(#'} = {u € Etn.‘r i "v - ZsoHE:o.r = Ml ‘-’(t(h ) =1, Di"(‘tOJ ) = h} -

For fixed w € Bz, - (1) we Bnearize problem (3.9} in the following way:

Rk
Dot — %‘;r(to;z. 4, D+, DP9} D, Dyv*

ay

(8.19) T elee) (to) € lto, 7} xR,
gﬂi(to1$:¢-D¢}Djvk =Gults),  (ba) €lto,7]x 30,
P {ionm) = $(z) c€f (hmt. M),
where

Fult,z) = {fh(t, =, w, Dw, D?w)} — -g%(to, , w, Dw, Dzw}D,Dj-w}h:l W

(3.14) .
(€ [t! :l!) = {_gh(ts T, Dw) + %f;;g(fﬂs z, '!by D¢:)Dj‘w}h:1 o

We remark that by (3.8), (3.7) we have

{s.15) [l cassa < [ — tholte, JHeatam + |lte (fo, Y ortan <
Sro+es{e, &, fio,0¢) Vi€ Qlup(to, ), to, 7o)

Next, by Hypothesis 3.2 we see that the coefficients of the linear problem (3.13), as weli as their

derivatives, are bounded by constants depending on #, g, @, ro, € DUt nOt o0 %o; the same holds for the
constants involved by ellipticity and by the complementing condition, Moreover it is easy to see that

Fy € C%% (Jtg, 7] x T, €YY, @, € oF+r=1+2= ([, o] x 0, €YY,
% e C¥r2e (g, o)

and that the compatbility condition

% (to, =, 9(z), Dp{z)) D97 (a) = Gu(0,7)  Vze 80
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bolds, Henc by revisiting the proof of [TerRENT, 1987, Theorem 4.1] we deduce the existence of a
unique solntion v € Ey, » of Problem (3.13). Thus the map

(3.16) Sy Bagtorlthd = Erpr , Sylu=v

is well defined; in addition the analogue of Lemma 2.2 holds {for a proof see the Appendix);

LemMma 3.5 For each M > O we have:

(3817} |15s(w) — zuliz,,.. <
czl{a, ), f, 4,0, 1o €} + eole, (0, 7, 9, 0, vo, £ MY (1 — 26)*
¥y € Quplto, ) io, %0} , Yw € Bagto,r(#)
(3.18)  [ISp(v} — Sxlulliey,.. S
10(e, B, £y gy 0,70, € M) {1 — xlloasaa -+ (7~ 1) o — wie,, . }
Veb,x € Qup(to, ) to,T0) »  Yv € Bargo,o{#) . Yw € Bagg, - {x) -

As in Section 2, the above lemma implies that there exisis o €]0, ¢] depending on (o, @2, f, 9, ©, ro, €)
such that Preblem {3.9) has a unique solution vy = Sy (ve) € By, r.

Finally {3.10) follows by (3.18). This completes the proof of Propositdon 3.4. &

Let us prove now the first part of Theorem 3.3. Fix {w,t.} € D, which means ¢ € V, (0} and

t. € |0, 1.[. Fix rp > 0 and ¢ €0, 3{r, — t.})[, and let ¢ €]0, ¢} be the number determined by
Propositlon 3.4, Define

then in particular
st €
fs+E<fe+1=(8+1}cr$ —0'_+1 o=, Feto L t.+ 26 <Tp.
Now lei ¢ & V,(0) be such that

4 — ellosraa < relerlo D, fr g0, m0, )] 727 < g3

according to (3.4), denote the maximal sclutions of (0.1} with initia data ¢, 4 by u,., 4s. By applying
Proposition 3.4 wilh £, = 1, = 0, we get, since ¥ € ¢{tw,0,r0):

Hep — uyllga,., < crlle— ¥llosrae < rocs® <o,
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which imples in particular w,(r;, '} € Q(uy(r1, ), 71, 70)- AR ileration of this argument shows, since
the solation of {3.9) is umque, that

{3.19) lep —wpln,,..,., Sroc7* ¥ <ro, k=01,...,s

The last step proves thal uy is defined in the whole interval [0, 7,41] and hence in [0, £, +¢}; consequently,
by definition, ¢. + € < 7. We have shown that (y, 1) € D provided {@,t.) € D and

# € Vo (0,9 — pllorsa < rolerle, @, £, 9,0, 70, 72
b—t]<e ¢ ejo,;(r, ).

This shows that D is open in ¥, {6} x [0, co.
Let us prove now the second part of Thearem 3.3. Fix rg > 0, (p,t} € D and let

{(,9) € T:={¢ €V,(0) : ¢ — plicr+ac < €} Xt — &, + <[
where e €]0, min{t, 7, — £}{. Then (8.10) yields for each s €]0,t + ¢t
{3.20) (s, -) — s (33 Mlomsam < vl 2, £, 8, 0, 704 g — Bllcasaa.
Un the other hand, we recall that, by imterpolation (see [ TRRRENT, 1988, Lemma 2.51)
(3.21) By rpee = O ([0, 7, — ], C225(T, ) V& €10, af.
By (3.21) and (3.20) we conclude that

"“w{tr ) - u.‘c,(s, ')"C“‘"
£ Jup(t, ) = 1o, Yigatas + lug (s, ) — sy Y[ ortre
< ealen 0, F, 0,010, €) {1t — 81°7F + [l — tligeeaa}

The proof of Theorem 3.3 is complete. <

REMARKS 3.6 (4) Hypothesis 3.1 is required just in the proof of (3.18); in order to get (3.17)
Hypothesis 0.1 (together with Hypotheses 3.2, 3.3) would be sufficient.
(b) In oxder to have continuity of the map U (see (3.6)) in the twopology of C2+24 (1, €¥) we have o
take o € R3T24(] ¥ and 1o repeat the proof in the Banach space

E‘:a,r ::h1+a‘2+2u ([tﬂy ,r] w ﬁ’ CN)
= B ([, 7], (@, €% N C (Jto, 7], B2F25(0, 7))

here A= means “lillie q-Hélder continuous™, ie.

Feh“#iF(z)—-F[y][:o[lz*yaa‘) as fr—-yi*lo.

[

s
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(c) If the boundary condition is autonomous, i.e,
& N NN
bnwp) =0 ¥(to,up) €0 eo[xaflx CV x €

then the map U7 generates a semiflow (see [AMARN, 1986]), which is bounded in ¢?+22{, CV) and
conunnous in C*F2E(L €Ny v§ o, of (or in A3 (T, C¥)),
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APPENDIX: PROOF OF LEMMAS 2.2 AND 3.5

‘We need some auxiliary resuit,

LemMma A.1 Let 1 be a bounded open set of R™ with 80 € C*¥2%, There exists ¢12(e, 0, T} 2 1
such that for each v € By, , with 0 <ty < 7 < T we have:

ADNDslloey < ez {{r — ta) 2 H, + (v — to)* 92| Devlta, Yo+
+{r— )" |olte, M}, 7=0,1,2
(B2 [Duleaioy € eaz {{r — to) TP Ho + (r — 1) ™"~ Dyulic, Hic}, 7=01L%
(A3) zesllefj[ﬂ" vit, Yose € o1z {{r— t0) 12 Hy + (2 — 7} (r — 20)* 72| Doolto, )| o+
He =Nt =l — o) |lelto, Mo}, =012

(A [Dv|garapn oy € caz {(r— 2} 2 921, + (r — 20) 272 || Dyofte, i}, 7=10,1,

where
Hy = [Divlga(c) + sup [DPoft, ~]}c,ﬂ .
tEfto,r]

Proor, It is a standard computation. <

Similarly to Lemma ©.5 we can easily prove:

Lesiia A.2. Fix ¢ € O2F2*(Q, CY), and h & G3=(0, C¥); let H be an exiension of h to R™
such that (0.13) kolds. Then if 0 < 3 < 7 < T the funcrion

(A5) z(t, =) == $(z) + (¢t — to) (nm * H) (=) , (&3 €lte,?] x 1,
satisfies:
(A6) z(ta,) =%,  Duzlte,)=h T,

Fully nonlinear parabalic systems 13
(AT l=llorsaarse + | Dezllgace + §Dazl g suntaa + D28 gman <
< caslmn ) {{#flgasaa + [ Rllgeal,

A8 [1Dez = bllzeoqgae) + iz = $llzmoataey < el B)(r — 25)2 R} gaa. <&

For P: A —CV,Q: &' — ¥ and v € €132 ([5 ¢l x T, CV) introduce the notation

{ Pi, = v) := P(t, =, u(t, %), Dult, ), D?u(t, 2},
(A9

é(tl zj v) 7= Q= v(t, =), Doft, z)).

LEMMA A.5. FIX0 Sty < v £ T and lel 5 € Buy e with ||nllz,, ., < L. Then:

(¢ for all P € C{A,C%), QeC(N,

Y)Y we have:

{(A10) 1By snliotey < el P, L, T)
(A1) (@ Mleie; < asl, Q, L, T).
Assume in addition that 5{to, ) = ¥, Denlte, ) = k with ¢ € OF+2e ([LEN), e 02e(01, C¥).
Thern:
(i) for ali P G4, CN), Q € OH(A",CF) we have
(812 1P(, sn)lcese < erafa, 2, Py T, L, 4, b),
(A13) 1@, s mlipeiore) + BOL, s m)lamtrmiey < errle, 0,Q, TV L, #, A),
(A.14) LB, 5m) — Plto, s¥Hleio) € ersf{e, 0 BT Ly, B) - (7 — t0) %,
(A.15) G, 5 8) — Qens s 9)llcrey < erole, 0, @, L, T, ) (r — 1) =42,

(i) for all @ & C2(A',C¥} we have:

(A.16) REE, sl artantas < egofes £, Q, L, T4, k)
(ALT) il 7Y — QUto, 5 PMlamon) € e {e, i, Q, L, T,y ¢, k) (7 — tg) .

PROGCF. (A.10) and (A.11) are evident. Let us prave (A.12): doe to {(A.10) we have 10 estimate

[f’{-, 3 n]]

+ sup [
Co(Z)  iefie.r]

Plam)]

[e£ )
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By intreducing the point

€= (s + ot — s}, (0,2} + 0 (nlt, 2) — nls,2)) Dals,2) + o (Dult, =) — Dals,2)),

DPy{s, )+ o (Dzn(t, z) — Dzn(s,z})) €4,
we have for all £, s & {2, ;—]:
1
Flon) -~ Bloymn) = [{ 5600 - )+ Zo(6) - tn(s2) — nfonal) +
Q

+ 5 (6e) - (Dl s) = Dy, ) + Fo-(62) - (DDsm(e ) = DiDyn=3) o

Now let = be the function given by Lemma A2, Wiiting 5 = {n — 2} -+ # and noting that n{tg, -}
#{to, ), Denlic, ) = Dyalto, -}, by (A.10), (A.2) and (A7} we easily get

I

(A18y [Ptz ) — Ple,zin)| € coaley 4, P Ly T — 8)% {1+ L+ [[#ligasaa + [hllgae}-

Next, setting now

¢ = (ty+ oz~ u)n(6y) + o (n(6,2) ~ 0(6, 1)), Daft, ) + o (Dylt,2) -~ Dalt,9)),

DAt v) + o (D35(5,3) — DPuft,y))) € A,

and writing again 5 = (7 — 2z} + #, we get by (A.10), (A.3) and (A7)

1
(AL |Ble, = m) - Pty n)[ = |f{g—£(éa)(m,- — i)+ %‘E(&) + (nfe, =) — n(t ¥)) +
o

+ 546) (Dynlas) = Donlt o)) + S (€0) - (DiDyn(e ) — DiDynit ) o] <
< cage, 3, P, L, T) |2 — y2* {1+ L+ ¥l oasae + Jhllosa}-

By (A.18) and {A.19) we obrain (A.12).

The proof of (A.13} is quile similar and can be omitied,
Let us verify {A_14). Setting

€ 7= (1o + o{t ~ o), 2 (2) + 7 (1(t, 5) — ${2)) ,D(z) + o (Dfes 3) — D{z))
D2${a) + o (DRt 2} — D*4(a))) € 4,

Fully nonlinear parabolic aystems i5

as before we get by (A.10), {A.1) and (A.8)

Pt n) - Bito,m0)| = | [{ G460 - t0)+ 224 - (mlt =) — wie)

+ G6) Dy 2] = D) 1 £ (6] - (DuDnlt =) = DiDy9(e)) Jaor
< cau(e 0, B, LT)r = )% {14 Lt {@llcnsan + [Bllcae}

The remaining estimates can be proved quiie analogously, <

Let us prove now Lemmas 22 and 3.5. As Lemma 2.2 follows easily by Lemma 3.5, we just
prove the latter, We remark however that Lemma 2.2 helds ander weaker regutarity assumptions than
Lemma 3.5 (Hypothesis 0.1 instead of 3.1: see Remark A4 below),

Proof of (3.17).
Set v == 8y (w) — 2y, Then u solves the linear problem

o Diu— A,;(z} - Dy Dyu= Fy ,(t,1), (&2} €lto, 7l x T,

Bi(z) - Piu=Gyult 2}, (t:2) & fto, 7] % 21,
ulte,z) =0, zel,
where: 3
Ae) = 5 (0, (2), Do), D42}

By{z) = «;9_;1 (to, 7, (), D (=),

Fyult, z) = f{t, 2,0, Dw, D?w) — Dymy — A,5{x) - D, Dy{w — zy),

Gy (ta z) = —9(t= Ty 10, Dw) + B;{z) - Di{w — 7‘4’)-

Note that Fy o, (fo, ) = 0 in 11 and Gy . (to,z) = 0 on 3% moreover ali assumptions of Theorem 1.1
hotd aniformly with respect to ¢ € [0,1,, — €.
Hence by (1.6) we have, recalling (3.15):

(A420) s, . < canle frg.0, fo,f}{[f"w.wic"(c) + [Fow(t: )] gae +
0T
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+ |Gy wloatizgey + sup [DG,,,,,;,]C:‘,},
tE[to.7]

and all what we have w0 do i3 to estimate the right member of {A20).
Setting

&y = (t, =, 24{t, ) + 0 (w(t, ) — 24 (¢, 7)) D2y {t, %) + o {Dwlt,z) — Dzy (¢, 7)),

D2zg(t, ) + o (DPwli, =) — D?zy (5, z])) €A

we can split £y ., in the following way:

Fyu(t,2) f{ (8o} (ot #) — (e, ) + 5-(6) - (Dyale ) — Diyayle, )+

+ [E_'(fa) - _5:2:';(50)] (DyDyw(t, =) — D;Dyzy(t, E])}d” +[f{&0) — Dezyp(t, 2} +

+ [ﬁ(&l) - a_f_{tm = ¥(x), D?P(z),Dzi.b(z])} AD:Dywit, x) — D;Dizy{t, z)) =
Bgiz P
=L +1:+ 5.

By (A.12), (A.14), (A.1) and (A.2) we find
{ile=(o) < easle, 00, f 0,10, 6, M) (v —£0)7,
and similary, since 3 (-‘fa, %, ¥ (=), D (), D3P [z)) does not depend on ¢, we get
[aloe(o) € casle, ), F 0, ro, 6, M) (7~ £0)%;
oe the other hand by (A.12} and (A.7) we have
[B]aa(e) < car{a, 1, f, 2, 10, €)-
Similary, using (A.12), {A.14), (A.3} and (A7) we obtain

sup [I1(£)]gee + Eesi‘tlp ;[Ia(t)]cia < eas(e, Q, 0, r0, 6, M) (7 —40)°,
a7

1E[ta, 1|
sup [Lt)lere < eale, @, fio,mp, ).
1E[40,7]
This shows that
(A21) [Fyolgana < cao(on (0, fy 0,70, €) + a1 (e, O, fLo,ro, 6, M) {7 — )™,

Fully nonlinear parabolic systams
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Now we split Gy, ,. Setting

$o = (6w 2yt ) + o {w(t, 3) — 24 {t, 7)), Dy (8, 2) + o (Duwlt, =) — Day(t, z))} € A",

Wwe Can write:

Coulte) =~ [{22(c,)  (wlt,) ~ mat, o)) +
0

+[2 e - ﬁ{m} D {ult,2) — 24 (7)) o

—g(eo)—[ (60) = 2 (0,3, (=), D m))] Dy (w(t,2) = 2ty 21} =

Proceeding as above, using (A.1), (A.4), (A3), (A7), (A.11), (A.13), (A.15), it is just routine to check

that

(AQ?.) [G‘I,_w]cc-c-x/:r[c! +témp {DG‘g‘w]c:a <

{to,7] -

< eaz{e, 3, £, 0,0, 70, €) + as (e, Q, £, 0, r00 €, MY (7 — £0)%

by (A.20), (A.21) and (A.22), we get (3.17).
Proof of (3.18).

We rewrite Sy {v) — Sy {w) as:
Sy (0] = Sylw) = {8y (0] =zl ~ [Sy(w) — 2] + g — 2] =1 w1 —ug + [z — 2,].
The difference u := u; — un solves the linear problem

Dyu ~ 3‘%‘%(“’91 z, ¢, D, D2¢) " DlDfu = Fll”lenYw {t, m}, {t, I) £ [tDs T] x ﬁ,
%%{to,z,¢,p¢) Djt = Gy oy (5, (t,3) € [to, 7] x 311,
u(tg, 5} =10, e,
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where:

Fixw(t3) = [f{t, 7, v, Dv, D?v) — f(t, z,w, Du, D*w)} -

8
- [%(tu, 2,4, D¥, D) - D, Do — —f_(zp,z,x, Dx, D%x) - D.Djw] +

+ [ tto, 0 00, 0%9) — 2L tt0, 0%, D, D70 - DDyl
- [Degq%j(to,z,tb, D¢, D7) - D.D,-] (20 — 2,
Gyixsltyz) = a(t: 5,0, Dv) — gz, ,w, Do)+
+ [;Ti_(tu,:z;, #,Dy) - Do — :Ti(tg,z, % Dx) -D,-w] -
~ [ (t0 20859 = £ tt0,5,D0)| - Dy w)-
20, 0) D] o -2
It is gasy to check that

Ffi’-x-”.w (tmx) =0 in 1, G‘P:x,v'w (fﬂs I) =0 on 44,

S0 that by the linear estimate (1.6) we have:

(A23) 115¢(v) — Sy (w) "Ego.r < lizg - leEE:“.f +¢3a(e, 0, fy 900y 0, €) {iF\b.x.ﬂ-ch“(G)+

+:EE;11:P {thwi]C’°+[G¢xuwiGu+-}(cl+ S“P ID G, x.vWIG"“'}'

Firstly we remark that by (A.7), (A.10), (A-12) it is not difficult to dednce that

(A24) "z‘b — zy|lgrraaran 4 [[D{zg — 2 )lloeas + l]Dz(z\g - zy)||crravansrat
+ 1Pz — 2)liomae £ eas(e, D, £, 0, 1o, )19 — Xl oasesa-

Next, we split Fy, o o selling

€ 1= (t,5,w(t, 2} + o {v{t, 2) — wlt. z)), Dwlt, z) + o (Du(t, =) - Du(t,2)),
DPu(t, z) + o (D?u(t,z) — D'zw{t,z])) €4
& = (to,2,x{2) + o ($(3) — x(=}) , Dxls) + & (DB(x) — Dxa)),
(5} + 0 (D7$(z) - D% (=) ) € 4,

Fully nenlinear parabolic systems 19

we get

Foomttn) = [{EL1e) (ol 2) —wlh ) + ijJ_(ea} - D; (oft,3) — wlt,2)) +

+[ o au(ég,) (ult, z) — w(t, =)} + (Eﬂ) {D;olt, z) — Diwle, z)) +

o}

ag” '3% T (&or) - (D Div(t, 2) — DeDiwlt, z)]] dr - (D, Dso(t, z} — D, Djult, z)}}dg+
+ [_a;f-(t,:c, w, Dw, Dzw) _ i(ﬁo,z, B, D4, D2¢n] -D,DB; [U(t,:l:] —uls z)) B
9g4; ;L
- [ﬁ(*m 5,9, D, D) ~ L {t0, 2, x, D, Dgx))] - Dy Dj (w ~ Syefw)) +
o 8a,;

=
+ [Dt - _aqf- (to, =, 9, Doy, DP4) -D,D,-] (2o —ztm) =L+ L+ L+
L]

By using once again (A.12), (A 10}, (A.14), (A.24), (A.1), {A.2) and {(A.3) we find that

{825 ZII fosor+ Zap altllasa + (B{8les. + allose <

=1

< 036{%9. fogeoro, 6 MY {ll¢ — x|lcatza + {r — w0} [lv — wliz,,,. b3

on the other hand we similatly see that

%29) s {Lsle)loae S csrlos D, 5,0, m0, 6 M) |4~ xllomt

St} 30 {%{ta. h, Dw,DZvP)] - [

4,3=1

ar 2
2Lt D 0%)| )

G::l
< ean(e, D, f, ¢ 2y r0. 6 M) |9 — xlstas,

where in the Iast estimate we have nsed the fact that § € €34, €.

Our last msk is the estimate for Gy y y . With

£ = (t, 2, w(t, ) + o(vlt, ) — w(t, s)), Dw(t, 2) + o (Dult, z) — Dwit,z))) € A,
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we split Gy, y.v.0 @5

Gy x.o,wlt z) f }-{olt, ) — wit,z)) +
+ [a_p’ &) - ——(eo)] (Dol 2) -~ Dywls, ) }do—
- %(t z,w, Dw) — *”**(30.92, ¥, D'ﬁ)] (Dju(t ) — Dywlt.z))+

+ [E im0~ o2, Dx)] Dy (w— Sy w) —

- ‘3—;(150, oy, DY) Dy (0 — 5g) = T+ I+ I + In.
£l
By {(A-13). (A.11), {(A.15), (A.24), (A.1), (A.3) and (A4} we get after standard calculations:

{A.Z?) E{I ]C,’Dl'l—ll':llcj + S“P {[DII (t)]cﬂc + [DIE(t)]C“r + DId{t)]Gﬂﬁ} =

i=1

< ezofe. @, Fo 0. 570, & M) {0 — X orraa + (= 10} {v — Ego,,} ’

whereas
(A28) sl IDI[t)] gra < canla, 2, F26, 10 10, 6 M“){lhi’ = xlle=+
o1

@ = ag 99
=t 23 [D (2t 09) ~ o x,Dx))L,z.} <

=1
< ecafe, 1, f,0. @ 70,6, M) I ~ xllgatse,

where we have used the fact that g € C*(4*, CF).
By (A.23), (A24), (A.25), (A26), {A.27) and (A.28) we finally get (3.18).
The proof of Lemma 3.5 is complete. ¢

REMaRE A.4. Hypothesis 3.1 is needed only in the estimates (A26), (A.28). For all other
calculations Hypothesis 0,1 is sufficient. This is the case, for example, when o = x in Lemma 3.5,
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