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NEW RESULTS ON LOCAL EXISTENCE FOR QUASILINEAR FARABCOLIC SYSTEMS

Paclo Acquistapace
Scuola Normale Superiore

Pisa, Italy

We look for local existence of continuously differentiable scolutiong u

1 N
(u,...,0 ) of quasilinear parabolic systems under nonlinear boundary con-
ditiong; as a model we take:

r

n
a —
39 _ Y A (t,x,u,Du)+D,D usf(t,xu,Da) , (£x)E[0,INQ (T>0),
ot i9=1 ij i

(1} w(0,x) = dix), xEQ,

et

L z bi(t,x,u)Diu = g(t,x,u) [ (t,X)E[ O,T]XBQ
i=1

n 2
where QcI? 1is a bounded open set with € boundary. We assume: ‘

N n
! hk h k 2, (2 .
(2) Ellipticity: § ) Re A l(eompigEon 2 v[g][nlT (w0
hk=1 19=1 J J
n N . — N n
vEE®R  , ¥R, V(t,x,u,p)}E[ 0, 1]x0xC <
n
(3) Nen-tangentiality : Im bi(t,x,u)=0, X bi(t,x,u)v.(x)#o
a1
i=1

N
¥ (t,x,WE[ 0, TIx3axC

(v{x) ie the unit normal vector at =€) .

ob ab h h
hk h i 1 dg ag o, )
{4) Regularity: A, . , £, b, = ¢ 07« o ¢« T, 8re c” in t, C in X,
—— ij 17 ax k 3K, k '
3 au i Ju 1

h +1/2
locally Lipschitz in (u,p); bi, g are ¥ / in t @€l0,1/2[).
1 n
(5) Compatibility: $€C” and Z bi(O,x,¢(x))Di¢(x)=g(0,x,¢(x)) ¥x€3Q.
i=1
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Lp

— i,
{For simplicity we write LP,C,W etce. instead of LP(R), (), w p(ﬂ),

ete. provided no confusion arises).

Our main result is the following:

2
Theorem 1. Let (2),...,{5) hold; agssume in additiocn PEC and P: =
n

200
T a .(0,-,¢,D¢)-Dinl¢ + £(0,+,¢,D$)€C" . Then there exists toe}o,r_n]
1
ij=1 J . N )
guch that (1) has a unigque solution u€C ([O,tO}Xﬂ)nC([O,tO], nwW ’P(Q))
p<e*

3 —_
which satisfles —, J A _ (+,»,u,Durd p u€c™([ 0,t ],c(5)).
at L imq ij i3 0
ij=

2a ou o
Remark 2. Condition §€C ~ is also necessary in order that EE-EC ([O,to],C).

Remark 3. The Holder exponent o may vary in 10,1[ -{1/2} without essential

modifications in the proof.

Remark 4. A similar result holds for quasilinear parabolic systems of ar-
bitrary order, with the elliptic part satisfying the assumptions of [ 2],

[5]. see [1] for more details.

20
Remark 5. The compatibility condition $€C° may be dropped by replacing
in Theorem | the space Ca([O,tO],C) by & suitable weighted H&lder space;

the procf is analogous but much more technical.

Remark 6. Previous local existence results for general quasilinear para-

bolic systems in variational form are in [6], [41.

The proof of Theorem 1 relies on the usual method of linearization and use
of the contraction principle, with in addition a suitable regularization

technigque. It consists of four main steps:

Step 1. The linear autonomous case: existence, representation and esti-

1+
mates for sclutions in C U‘([O,T],Lp) {(p€]n,o ).

1+8
Step 2. Yhe quasilinear case: local existence in C ([O,to],LP)(ﬁe]O,d[,

pEin, o).
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i+o
Step 3. The linear non-autonomous case: existence in C (o0,7],C) by

solving a suitable integral equation.

Step 4. The quasilinear case: conclusion of the proof.

Proof of Step 1: consider the linear problem

r n —
du Z A  {xX)DDu=Ff{t,x) , (t,x)[0,T] =0,
it . i3 i

ij=1
(6) w(0,x) = ¢(x) , x€q,

n
1 b (xIbu=gltx) , (t,x)€[D,T] x30.

- i i

1
Proposition 7. Let A €C, b €C" satisfy (2), (3). Fix p€ln,»[ and assume
e i3 i

2,p a+l/2

that ¢&EW ; feca([O,T],Lp), g€Ca([O,T],W1'p)ﬂC ([O,T],Lp), with the
n n
compatibility conditions Z bi(x)D.¢(x)=g(O,X) on 3% and E A".DiD'¢+
1
1=1 ij=1

2a
'p(ﬂ) (the Besov-Nikolskij space}. Then (6) has a unique global

cc

+ £{0,+)ER

e, L

o 2 ol
soluticn u€c ((0,T],w inc ([O,T],LP); moreover we have:

n
(77 lu—gl +lu-gl <m | § & b D ¢+£(c, )] +
< By et P Py HOE3 g20rP

+ o () {IFl + ligl + gl Yo,
P o (¥ ol P

where lim w {(T) = 0.
4o P

Sketch of the proof (a complete proof is in [7]): a representation for-
mula for v is constructed by means of suitable Dunford integrals, whose
convargence follows by Agmon's spectral estimate (see [3]); by direct
inspection, such Fformula ylelds the solutions of (6). Bstimate (7) can be

derived similarly.
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Remark 8. In the case of Dirichlet boundary conditions the datum g has to
be taken in Ca([O,T],WZ'P)nCa+1([O,T],Lp), and some more care is required
since Agmon's estimate no more guarantees the convergence of the Dunford
integrals involved. However the same result follows by writing u=g+(u-g)
and representing u-g as above: see [ 7] for details. The same applies in
the situation of Remark 4 when zero order boundary operators occuxr (see

i,

Procf of Step 2 : golng back to problem (1), the follewing result holds:

2
Proposition 9. Suppose (2),...,(5) hold. Fix p€ln,=[, &6€]0,a]; let ¢ €W P

~~~~~~ 28
and assume ¢€Bw ,p. Then there exists tOE]D,T] {depending on §,p) such
i+8
C

8 2 P
that (1) has a unique solution wec” ([0,t,],w Pyn Co,e 1,00,

§ 2 146
Sketch of the proof: set E_(T):=C ({0,7],w 'P)nc ([O,T],Lp); by inter-

S+1/ 1,p

2
polation EG(T) & C (lo,T],w ). Consider alsc for M>0 the ball

B T:={VEE6 (Ty:v (0, )=4, "V-¢HE

- < M}. We linearize problem (1) by
r r

(T

taking, for any VEBM : the linear autcnomous problem:

lﬁ!T
. n n
au
- L A _(0,x,¢,D¢)*D D u-f(t,x,v,Dv)~ 3 [A. (0,x,,Dp) —
3t . ij i3 - 1]

ij=1 ij=t

- A, {t,x,v,DV)]*D D v=:F(t,x),
1] L]

8 4 (t,x)€[0,T] %2,
w(0,x) = d(x) , =0,
n . n
I b, (0,%,4)D d=g(t,x,v)+ } [b (0,%,4)-b, (t,x,v) D v
j=1 1 i 11 i i i

=: G(t,x), (t,x)€[0,T] %35,

By Prop. 7, there exists a unique HGEG(T) satisfying (8); moreover by (7)

we get:

Ia- tl .
{9) | a qsllE _<_Mp ¥ 28,p + C(M)mp('I‘)

§(T) 520

oo
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Denote by 5 the map v—mu, by (9) we see that if M>M I and T=:t_ 1is
p 28,p 0
B
o
suitably small, then S(B B and again (7} easil
g ’ Gy, 5,6 ) < Pye,t gain (7) ¥
0 0
implies that § is a contraction. Tts fixed point uEBM 5t then solves (8).
’ r
0

Proof of Step 3: consider the linear non—autonomous pxcblem

[ 3a I —
S2 Y A (t,x)+D,D u=f(t,x) , (&,xE0,T] X,
ot i9=1 ij i3

{10) a(0,x) = blx) , *ED,

n
: b (C,;x)Du = glt,x) (t,x)€[0,T]x 3.

L 1=t

a+l/2

Prop081tlon 10. Let A, ec” o, 7},¢), b ec” {{o,rl], C nc qo,T],C) be
i3

such that (2), (3) hold. Fix pfln,®| and agsume that ¢EW 2ep f€C ({o,r1, F Yr

+1/2
e qo,rl,w Pinc® /2 [ 0,7],1P} with the compatibility conditions

n

G"
¥ b, (0,%)D, 3 (x)=g (0,%) on 3% and L= { B0 ") +D,D ¢Ff(0 S P Then
i=1 * i9=1
(10} has a unigue global solution wec®(o,T],w
at+l/2

2 +0,

'p)ﬁc ([O,T],L ). If, more-

2 o 20
over, $E€C, eec™( 0,7],C) , gcC ([O,T],C nec {{o,71,¢) and [€C , then

we get — , ¥ A+ p.puec(0,T1,0).
iy 13

£
8 i3=1

gketch of the proof (a complete proof is in [1]): Prop. 9 yields a unique

1
21Py e +6([o,to],Lp) of (10) (6€10,a[). Now

&
local solution u€c ([O,to], W
for any solution of {10} in some interval [0,r], the following integral

n

equation for v:= I A . «D D u must hold:
y 1] 1]
t

(1) vit, o) + [ K(t,s)v(s,=)ds = L{t,¢,f,g% £EL0.x],
0

where XK(t,s) is a known integrable kernel and L(+,¢,f,q) is aknown function

in Cu([O,r],LP). As a consequence we get an a priori bound for "V"CQ{LP)

o
which leads to global existence. Next, as vEC (Lp) we see by Schauder's




[ — !
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o 2 140
Theorem that wec ([ 0,T],w 'p)ﬂc (fo,r], LP). Finally, the further regula-~
rity on the data implies Li=«,4, f,g}EC {({c,T],0); thus (11) can be solwved

in ¢ {{0,r],C) and the conclusion follows.

Proof of Step 4: we go back to problem (1). Pix §€10,0f, p>2n/(1/2~(0-6));

2,p 20,
then ¢€w P weB 'P. Let u be the local solution of (1) (Prop. 9): by in-

u+1/2ﬂ

o 1
terpolation, we get u€C ([O,t 1,¢ inc O'tO]'C)' Hence we can rewrite

{1) as a problem of type (10) with A, jEC [O,to],c),blecu([o,t ],Cl)n

5 i
Ml/ [o,tol,c), ¢ECZ, fec ([o,tO].cJ,gecaclo t, l.ch) C“H/z([o,tol,c).

20
As LEPE€C 7, the last part of Prop. 10 vields A (*,+,u,Du)*D D uc
i RN

) ige1 4 i}

3 u

€C ([Orto],C), hence the some is true for Egu The proof of Theorem 1 is

complete. i
i
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