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ReND. SEmM. MAT. UN1v. Papova, Vol. 78 (1987)

A Unified Approach to Abstract Linear Nonautonomous
Parabolic Equations.

PAOLO ACQUISTAPACE - BRUNELLO TERRENI (¥)

SuMMARY - We consider the linear nonautonomous Cauchy problem of para-
bolic type in a Banach space E. Our assumptions provide a unified treat-
ment which applies to many situations where the domains of the operators
may change with ¢. We study, existence, uniqueness and maximal regu-
larity of strict and classical solutions, by means of a representation for-
mula which does not make use of fundamental solutions. Comparisons
with the available literature are also given.

0. Introduction.

Let E be a Banach space. We are concerned with the linear pa-
rabolic Cauchy problem

©.1) {u'(t)—A(t)u(t) =), tel0,T]
u(0)=w

where # € E and f: [0, T] — E are prescribed data and {A4(?)},r i8
a family of closed linear operators in F which are generators of analytic
semigroups, and whose domain D, may change with ¢ and be not
dense in E: thus the semigroups {exp [s4(t)]},>, may be not strongly
continuous at s = 0.

We consider strict and classical solutions (see Definition 1.5 below),
i.e. continuously differentiable solutions of Problem (0.1), studying

(*) Indirizzo degli AA.: P. AcQuisTAPACE: Scuola Normale Superiore,
Piazza dei Cavalieri, 7 - 56100 Pisa; B. TERRENI: Dipartimento di Matematica,
Universitd di Pisa, Via Filippo Buonarroti, 2 - 56100 Pisa.
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their existence, uniqueness and maximal regularity: this means that
for a solution u the functions %' and A(-)u(-) turn out to be as
smooth as the right member f is, provided (possibly) a suitable com-
patibility condition involving the vectors # and f(0) holds. We prove
maximal regularity results both in time and in space: time regularity
means Holder continuity with values in F, whereas space regularity
means continuity with values in ¥ and boundedness with values in
suitable subspaces of E. Thus the regularity properties for the solu-
tion of (0.1) will turn out to be exactly the same as those known for
the solutions of the autonomous version of (0.1) (see Sinestrari[16]).

Several authors have studied Problem (0.1) in the parabolic case
under different assumptions. In this paper we try to provide a
unified treatment of the subject: our hypotheses are generally weaker
than those known in the literature. A detailed comparison with such
different kinds of assumptions is made in Section 7, which we also
refer to for the related references.

Our proof does not require the construction of the fundamental
solution of (0.1). We find a suitable representation formula for
A(-)u(-), where % is a solution of (0.1) (assumed to exist); next, by an
approximation procedure we are able to show that if the data z, f
are smooth enough, then our formula indeed yields the unique solu-
tion of (0.1). From a technical point of view, this argument is a refine-
ment of the one used in Acquistapace-Terreni[5], where we only
studied strict solutions, assuming in addition the constancy, for some
0 €10, 1[, of the interpolation spaces (Dyq), E);—, With respect to i.
Here we study also classical solutions and try to get very precise
results: for this reason we are forced to introduce some special Banach
spaces, the so-called Z and Z* spaces (see Definition 1.4 below), con-
sisting of functions which are singular at ¢ = 0, and being endowed
with certain weighted uniform or Holder norms. The use of such
spaces allows us to obtain very sharp and concise existence and re-
gularity results: of course a price must be paid in terms of tedious
technicalities.

Here (as well as in [5]) our method is inspired by the more ab-
stract theory of sums of noncommuting linear operators due to Da
Prato-Grisvard [8]. However our technique is different, since it is
based on a modified version of that theory, recently performed by
Labbas-Terreni [14]; in the latter paper a heuristic derivation of the
analogue of our representation formula in this more general setting
can also be found.
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It is to be noted that when the abstract theory of [14] is specialized
to parabolic evolution equations, it just covers the case of striet solu-
tions of (0.1) with homogeneous initial datum (i.e. # = 0): thus for
the case of classical solutions, or of strict ones with 2540, our
theorems cannot be deduced by that theory. However even in the
former case our results are more precise than the corresponding ones
which can be obtained by [14].

Let us describe now the subject of the next sections. Section 1
contains some notations and assumptions, as well as some preliminary
results; we also derive (just formally) our representation formula.
The properties of each component (operators and functions) of this
formula are analyzed in Section 2, whereas the properties of the func-
tion in itself, as defined by the formula, are summarized in Section 3,
where we also prove uniqueness. Section 4 is devoted to the study of
certain problems which approximate Problem (0.1) and are useful
in the proof of existence; in Section 5 we prove the convergence as
n — oo of the solutions u, of the approximating problems. In Sec-
tion 6 we present our existence and maximal regularity theorems for
strict and classical solutions; finally in Section 7 we compare our as-
sumptions and results with those available in the literature.

We finish this section by noting that the results of the present
paper were partially announced in Acquistapace-Terreni [6].

1. Notations, assumptions and preliminaries.

Let E be a Banach space, fix T'> 0 and let ¥ <> F be another
Banach space. We will use the following Banach function spaces:

(a) B(Y) = {f: 10, T] — Y strongly measurable and bounded},
and O(Y)= ([0, T], Y), Cx(Y) = C“([O, T, Y) (oc €]0, 1[),
C(X) = C([0, T], ¥), L}(Y) = L0, T, Y) with their usual
norms;

(b) for any u e [0, oof, Bu(Y) = {f: 10, T] > ¥: t >tsf(t)e B(Y)},
Cu(Y) = {f e B,(Y) continuous} with their obvious norms
(thus, in particular, By(Y) = B(Y) but Cy(Y) <> C(Y);

(¢) for ue [0, oof,

T

(1.1) 1Y) = {feBu{Y)z 3Y —lim f(s)ds}

a—>0+
a
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with norm given by

(1.2) 1Flz.y = 1flzuey + [Fle,vs
b
(1.3) [Fla,r = sup {1 [f(s) ds]y: 0 < a<b<T}.

It is clear that (1.2) defines a norm in I,(Y); in Lemma 1.7 below we
will show that I,(Y) is indeed a Banach space. If felIu(Y), u>0,
we set by definition (with abuse of notation):

b b
(1.4) ff(s)ds — Y —lim (f(s)ds Vbelo, T].

a—0%
a

We will also use the function spaces B, (Y) = {f: ]0, T] — ¥ strongly
measurable: f|, r is bounded in ¥ Vae€]0, T[}, and O (Y), Ci(Y),
C5(Y) which are defined similarly.

Let A: D,CE —FE be a closed linear operator, generating a
bounded analytic semigroup {exp [s4]},>, (not necessarily strongly
continuous at s = 0). Then in particular D, <> E when it is endowed
with the graph norm. We consider the real interpolation spaces
(D4, BE)g oo (B€10,1[) introduced by Lions-Peetre [15].

DEeFINITION 1.1. We set for g e]0,1[

Dy(B, o0) = (D4, E)l—ﬂ,oo .
It is plain that

(1.5) Dy<> Dy(B, o0) > Dy(a, oof > D, VO<a<f<1.

The following characterizations hold (see Butzer-Berens [7] for
the dense-domain case, Sinestrari[16] for the general case):

(1.6),  Dy(py o) =
= {w € B: [], 5= sup {s#|(exp [sA] — 1)z|z: s > 0} < oo},

(1.6).  Du(By o) =
= {we E: [x],s= sup {s*#| A exp [sA]z|z: s > 0} < oo},
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(1.6); DB, o) =
= {ze B: [x],5=sup {|A|5| AR(, A)z|z: A€ 0(4)} < oo};

moreover the corresponding norms
(1'7)i ”wni,ﬂ = HWHEZ + [x]i,ﬂ ’ 1= 1, 27 3

are all equivalent to the usual norm of D,(8, o) as an interpolation
space. Thus we will denote by || p,,c0)) [Z]pss,0) a0y of the norms
(1.7); and seminorms defined in (1.6);. When =10 or =1 the
characterizations (1.6); still make sense, and one gets D,(0, co) = E
and D,(1, o) <> D, (without equality in general). However we will
use the following convention:

CoNVENTION 1.2. We set D,(0, oo) = H, D,(1, o0) = D,.

Let us list now our assumptions. From now on, Hypotheses I
and IT below will be assumed throughout.

Hypothesis 1. For each te[0, T], A(t): DyyCE — H is a closed
linear operator and there exist 0, € ]7/2, n[, M > 0 such that

(i) o(A(@®)) 284, = {z€C: |argz|<b,} L {0} Vte[0, T,
(ii) |R(%, A®)|eam<M/(1 + |A]), VAe S, Vi[O, T].
Hypothesis II. There exist B> 0, keN*, oy, ..., 0ty By, «ovy B, With
0<f: < a;<2, such that
k
|A@) B2, A(t))[A(#) — A(8) e <B 2 (¢ —s)=|A|#
i=1
VieB8,,— {0}, Vo<s<i<T.
We also assume (which is not restrictive)
(1.8) 8 = min {a,— f: 1<i<k} €10, 1] .

REMARK 1.3. By Hypothesis I, each operator A(f) generates a
bounded analytic semigroup {exp [sA(f)]},>o; the domains D, may
change with ¢ and be not dense in E, so that the semigroups may be
not strongly continuous at 0 (but this is necessarily true if ¥ is locally
sequentially weakly compact: see Kato [10]). However the resolvent
sets p(A(t)) are assumed to contain a common sector 8, . Hypothesis IT
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provides some regularity in the dependence on ¢ of the operators A(t).
Further comments on Hypotheses I, II, as well as comparisons with
the assumptions of other papers will be made in Section 7.

In the next sections we will need some other Banach function
spaces. Namely, for € ]0, 1] we set (with a slight abuse of notation):

B(D,(B, ) = {f € B(B): {(t) € D (B, o) Vte [0, T], and
[f]B(DA(ﬂ,oo)): sup {[f(t)]DA(t)(ﬁ,OO): te [07 -T]} < Oo} ’

1F12(Dat,00) = 1l Bcz) + [Fla(Das,e0n)3

similarly we define the Banach spaces C(Du(f, o0)), Cx(D4(B, o))
and By(Du(f, o)) (x€]0,1[, € [0, oof).

We also define the function spaces B, (Dy(f, o)), C.(D4(B, 0)),
CY(Dy(P, o)) (x€10,1[) similarly to what we did before (compare
with the paragraph after (1.4)).

Finally, we have:

DEFINITION 1.4. (i) Let f€]0,1[, u€[—f, oof[. We set:

{f € Cw( )nof’E [flus< oo} if we[—B,0[

(1.9) Zyp(H) = {{feB ) N CE(E): [flp< oo} if uel0, oo,

(1.10)  Z,(Dy(B, o0)) =
 {{1e B o) 0 BBt ): s )t pelp0

{fEBﬂ(E) N B+(DA(57 °°)) {f}mﬁ< oo} if uel0, oof,
where
o 1£8) — ),
a1 = spfors QT e, 1)

(1.12) {f}u.p= sup {tu+s Sup [F($)Ipacotp,o0): T € 10, T} .

2<s8<¢

The norms of Z,s(F) and Z,(D4(p, o)) are given by

[flewamy =+ [flup it wel—B, 00

”f”zu,ﬁ(E): { ”f”B,.(E)+ [ﬂ”’ﬂ if ue|o, oof ,

06 :{ 1 ls@atutoon+ s if pel—p,00
SOCNT sy + e if uefo, oof .
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(ii) Let B€10,1[, pe(l, oof. We set
(1.13) Z; 4(B) = Zup(E) N Iu(E),
(1.14) Z(Da(By 00)) = Zu(Du(B, o)) N Iu(E);

the norms of Z}; 4(E) and Zj;(Dy(p, o)) are given by

£l 2 o2 = | fll zuniey + s s

[ zs(Du(8,00) = 1 flz,(DatB,o0n) + [Flaz -
It is easy to see that the above spaces are alla Banach spaces (the last
two in view of Lemma 1.7 below).

ExampLE 1.5. Fix y € ¥ and set

f(t) = t#[sint=t|f-y,  g(t) = t-#-exp [tA(H)]y,
h(t) = ciil—t (t*te sint—2#)-y:

by using (1.6), it is readily seen that g€ Z,(Du(f, o0)), whereas a
tedious but elementary calculation shows that fe Z,s(E); finally, it
is easy to see that ke I,(E).

Let us define now strict and classical solutions of Problem (0.1).

DEFINITION 1.6. We say that u e C(H) is a strict (resp. classical)
solution of (0.1) if we CY(B) N O(D,) (resp. ue CL(E) N C,(Dy)) and
w0) =2, o —Au= in [0, T (resp. in 10, T1) .

For the sake of simplicity, here and from now on we write (improperly)
Au and R(4, A)u instead of A(-)u(-), R(, A(-))u(-).

We start with some preliminary results.

LEMMA 1.7. Let Y > E be a Banach space. For each u € [0, oof

the space I,(Y) defined by (1.1) is a Banach space with respect to the
norm (1.2)-(1.3).
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ProoF. Let {f,} be a Cauchy sequence in I,(Y); then it converges
in By(Y) to some fe Bu(Y), and we have to show that

T
1.15) 1Y —lim |[f(s)ds.

a—>0%
a

For each &> 0 there exists n. N such that

b
sup |[[fa(s) — fu()dslr<e  Vm, m>ne;

0<a<bST

as n — oo we deduce that

0<a<bsT

b
(1.16) sup |[[f(s) = fu(s))ds|r<e Ve

T
Now take m = m,: Since a — J. fn(8)ds converges in Y as a — 0%

a
there exists 6. > 0 such that

b
l|ff,,.(s)ds”,,<s V0 < a<b<de.

Hence
b b b
I[#(s)ds) <1[UF8) — Fu (o)1 ds1, + | [a(8)ds] <26 VO < a<d<,
and (1.15) is proved. Finally, by (1.16), f,—f in I,(Y). m
Let us recall now some properties of the operators A(f). We recall

the well-known representation of the semigroup {exp [84(?)]}s>0

(1.17) A(t)m exp [sA(t)] =

1
szexp [sA1AmR(A, A(t))dA,
v

meN, s>0, tel0,T],
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where y = y~U y,U y+ and
yo= {2€C: |2| =1, large|<0}, y*= {z€C: [¢|>1,argz = + 0}

(with fixed 0 € 1%/2,0,[). As a consequence we have:
LemMmA 1.8. Fiz t€[0, T],f€10,1[. Then:

. c(a, 0, m)
(1) ”A(t)m exp [sA(%)] ”Q(DA(L)(G,OO),DA(r)(e,OO)) < g‘(m‘.:-ff’ajva

Vs>0, Vo,pel0,1], VmeN;
(ii) s —>exp[sd(t)]re C(H) if and only if xeDT(t);
(iii) s —exp [sd(t)]z € CP(E) if and only if x € Dyuy(B, o0);
(iv) s —exp[sA(t)]z € B(Dyw(p,®)) if and only if ® € Dyg(f, oo
Proor. (i)-(ii) See [16, Propositions 1.13-1.14 and 1.2 (i)].
(iii) Easy consequence of (1.6),.
(iv) Easy consequence of (i) and (1.6),. ®

In the preceding lemma and from now on, we denote by C any absolute
constant occurring in our estimates; dependence on known quantities,
if any, will be specified when necessary.

LeEMMA 1.9. Let f€[0,1] and 0<r<s<i<T. Then:

(i) B(2, A(t)) — R(%, A(s)) = A(t)R(2, A(%))[A()* — A(s)]:
“[— 24(s) R(2, A($)[A(s) — A(r)™] + 1] A(r) R(2, A(r) Vi€ 8,;

(ii) “R(jw A(t)) - R(l, A(S)) ”ﬁ(DAm(ﬂ,m),E)<
k k
B) X (=)A= [L + 3 (s —n)=|MA]  VieSy,— {0} .
i=1 i=1
Proor. — (i) It is a straightforward computation.
(ii) It follows by (i), Hypothesis IT and (1.6);. =

LEMMA 1.10. Let B €[0,1] and 0<r<s<t<T. Then for £> 0 and
m eN we have:

(i) [A@)™exp[EA(t)]— A(s)™ exp [EA(S) “f:(mm(ﬂ,oo) B)<
<e(B, m) g g,,:ﬂ,s) ‘[ + Z (8—4 ]
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. t._/r 23 1
(i) [ A@)™ exp [EAD)]|L(Daw8,00),8) < €(B5 m [E = )B + F= ﬂ)VO]
Proor. (i) Basy consequence of (1.17) and Lemma 1.9 (ii).

(i) If m = 0 the result is obvious; if f =0 it is Lemma 1.8 (i).
Otherwise it follows easily by (i) and Lemma 1.8 (i). m

LeMMA 1.11. Let f€[0,1] and 0<r<s<o<ti<T. Then for £>0
and m e Nt we have:

(i) [A@®)™exp[EA@®)][A(s)7 — A(r)~] Hc(E DA(:)(ﬁ %)) <
m 3 st [+ 25
(i) [[A@)™ exp [£A(t)] — A(o)" GXP [E4(0)]] [A(s)™* — 7‘) e <
m)z 121 %ﬁ [1 _}_1?:‘1 (o ;f)a»] '

ProoF. Part (ii) follows easily by Lemma 1.9 (i) and Hypothesis II.
To prove part (i) write for each > 0:

n-PA(t) exp [nA(t)] [A(t)" exp [EA(1)][A(s) — A(r)]] =
= nBLA()™ exp [(n + &) A(1)] — A(s)™+ exp [(n + &) A(s)]]-
[A(s)™ — A(r)7] + n*PA(s)™* exp [(n + &) A(s)][A(s) " — A(r)7'];

the result follows by part (ii), Hypothesis II and (1.6),. M

We finish this section with a heuristic derivation of the representa-
tion formula for the strict solution % of Problem (0.1). Fix ¢ e]0, T']
and set

o(s) = exp [(t — s) A(t)]u(s), s€[0,1].
Then for each se[0, %[
v'(s) = — A(2) exp [(¢ — 8) A()]u(s) +
+ exp [(t— ) A()][A(s)u(s) + f(8)] =
= A(t) exp [(t — 8) A(1)] [A(t) — A(s)"] A(s) w(s) +
+ exp [(t — ) A(#)]f(5) -
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Integrate over ]0, [ and apply A(¢) to both sides: the result is

t

(1.18) A@)u(t) = [Q(, 9) A u(s)ds + L(f, 1)),
0

where we have set

(1.19)  Q(t,8) = A(t)* exp [(¢ — s) A(®)][A() — A(s)7]

¢

(1.20)  L{f, #)(t) = A(t)fexp [(t—s) A(5)]1f(s)ds + A(t) exp [tA(t)]x,
0

te]o, T7.

The integral equation (1.18) in the unknown Aw is of Volterra type,
with integrable kernel (see Lemma 2.3 (i) below); thus if we set

11
(L.21) Q) =[Q, 9g()ds, telo, 7],
0

we can invert (1.18), obtaining for « the representation formula
(1.22) = A1 — Q) L(f, x) .

This argument is just formal: in particular, for f € C(E) and x € Dy
the function (1.20) is not meaningful in general; however we will see
in Section 3 that under suitable assumptions and the data z,f the
function L(f, ) makes sense and the above argument works, leading
to the representation formula (1.22) fro strict and classical solu-
tions of (0.1).

2. Technicalities, I.

‘We analyze here the properties of the operator ¢ and the function
L(f, z), respectively defined by (1.21) and (1.20). As already remarked,
Hypothesis I and II are always assumed; in particular the number ¢
is defined by (1.8). We also recall that the spaces Z, 4(B), Zu(D4(f, o)),
Z} 4(E), Zy(Du(p, o)) were introduced in Definition 1.4.
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(a) The function L(f, )
PROPOSITION 2.1. Fizx f €10, 0]. If € Dy, f € C8(E), then:
(1) L(f, z) € C¥(E) if and only if A(0)z + f(0) € Da(B, 0);

(ii) L(f,x) 4+ f € B(Dy(B, <)) if and only if A(0)x 4 f(0)e
€ Dyo(By o)

Ifw e Dy, f€ C(E) N Z,4(E), then:
(iii) L(f, x) € C(B) if and only if A(0)x 4 f(0) EIT(O).
Fixg also pe[0,1[. If ® € Dyp(l —u, o), f€ Zyp(H), then:
(iv) L(f, ») € Zup(B);
(v) L(fy ) + f € Zu(Da(B, o))
Finally fiw pe(1,1 + p[. If x€ Dyq, | € Zus(E) N L(EB), then:
(vi) L(f, ») € Z; 5(E);
(vii) L(f, @) + f € Z;(Da(B, o).

Proor. — For each statement we have to split conveniently
L(f, z)(t) into several terms, and to estimate each one separately.
(i) We write

t
(2.1)  L(f, #)(®) ZfA(t) exp [(¢ — s) A(1)1[f(s) — f(t)]ds +
0

+ [exp [tA(8)] —1] f(2) + A(?) exp [tA(?)]x;

hence if 0<r<ti<T

(2:2)  Lif, @)(®) — L(fy 2)(r) = [A(0) exp [(t — 5) A@][f() — ()] ds +
+[[A() exp [(t— 9) A1) — A(r) exp [t — ) A(M)]] [f(s) — f(©)] ds +
+ [exp [14(r)] — exp [(t — ) A(]] [f(r) — (0] +

+[ [y exploAwf() —f(r)]dods +

+ [exp [tA@#)]—1] [f(t) — f(r)] +
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+ [exp [tA(t)] — exp [tA(r)]] f(r) +fA(T) exp [aA(r)][f(r) — f(0)]do +

+ f [A(r) exp [0A(r)] — A(0) exp [6A(0)]] /(0) do +
+, [A(t) exp [tA(8)] — A(r) exp [tA(r)]] 2 +
+ f [A(r)? exp [0A(r)] — A(0)* exp [0A(0)]] 2 do +
+ [exp [tA(0) — exp [rA(0)]] [A(0)z + F(0)] = 21

All terms but I,, can be easily estimated by Lemma 1.10 (i)-(ii). Thus
we get:

|Z(f, 2)(6) — L(f, 2)(")|a< Ot — 1)? + [ Tulle,
and (i) follows by Lemma 1.8 (iii). More precisely we have
(2.3) I L(f, @) ooy < C{If ooy + 1] paey+ 14(0)2 + F(0) | paoripro0)) -
(ii) If 0<t<T we can write for each &> 0:
(2.4)  E-PA(L) exp [EAW]LL(, 0)(1) + f(1)] =
o f A(t)? exp [(& + t — ) AM)]I[f(s) — f(&)]ds +
p
+ E-0.A() exp [(£ + 1) A®IF) — £(0)] +

+ EPLA(2) exp [(§ + 1) A(£)]—A(0) exp [(£ + 1) A(0)]] f(0) +
+ &-0[A(2)2 exp [(£ + 1) A(1)] — A(0)? exp [(§ + ) A(0)]]» +

+ §8A(0) exp [(£ + 1) A(0)][f(0) + A(0)z] = EJu
by Lemma 1.10 (i)-(ii) we get

L(f, 2)(%) + f()1pacyB.ory <€ + sup 5] =
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and (ii) follows by Lemma 1.8 (iv) and (1.6),. More precisely we obtain

(2.8) | Ltf, @) + Flawasen <CiUFlosm + 1] pae +
+ 140)2 + £(0) | p,8,00)) -

(iii) The fact that L(f, x) € C,(F) will follow by (iv); thus we have
just to prove continuity at ¢t = 0. We have instead of (2.1):

t/2

L(f, »)(t) — A(0)x =fA(t) exp [(t — s) A(1)][f(8) — (0)]ds +
0

t

A(t) exp [(t — 5) A()][f(s) — f(t)]ds +

t2

+ [exp [t/2) A(®)] — 1] [f(t) — /(0)] + [exp [tA(£)] — exp [tA(0)]] f(0) -+
+ [A(t) exp [tA(t)] — A(0) exp [tA(0)]] = +
6
+ [exp [£A(0)] —1] [4(0)2 + f(0)] = 3 T,

By Lemmata 1.10 (i)-(ii) and 1.8 (ii) it is easily seen that
IL(f, 2)(t) — A(O)]z< | L]z + o(1)  as ¢ — 0%

on the other hand by Lemma 1.10 (i)

[4

Lis<ef ;-

t/2

i) — fo) [ ds <

t

tj/zf( )1—5/3 U]O B* sup “f r) “‘f(t)“E ’

t2

and this clearly implies that L(f, z)(f) — A(0)x as ¢ — 0.
Moreover by (2.10) below and by Convention 1.2 it will follow that

(2.6) I1L(fy @) oy < e{ | Fl 2,0+ 12| Dacer) -
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(iv) Similarly to (2.1) we write

t/2

27)  Lif, a)(t) = [4(t) exp [(t—5) A(®)]f(s)ds +
0

i
+[A(t) exp [(t— 9 AW][1(6) — f)1ds +
t2

+ [exp [(¢/2) A ()] — 1] f(?) + A(?) exp [tA(t)];

hence (1.9) and Lemma 1.10 (ii) yield
(2.8) 1L, ) e <5 {IIsz”(E>+ 1% Dawa—s,000} -

Next, if 0 <?/2<r<s<t<T, by (2.7) similarly to (2.2) we get:

8/2

(2.9)  L(f, #)(s) — L(f, «)(r) =fA(8) exp [(s — 0) A(8)1f(o) do +

r/2
r/2

+[[4(s) exp [(s — 0) 4(5)] — A(r) exp [(s — ) A(1)]] fl0) do +

r/2 s—o s 8
+ 2 [ 4@y exp EAMIf(0)d do +[ [— f 2]A<s) exp (s — ) A(s)]
0 r—oc ror/2

‘[f(e) —f(s)]do —i—f[A(s) exp [(s — o) A(s)] — A(r) exp [(s — 0) A ()] -

r/2

*[f(0) —f(8)1do + [exp [(s —7/2) A(r)] —exp [(s — ) A(r)]I][f(r) — f(s)] +

r 8—0C

+[ [A(? exp (EAMIIH(0) — fr)] dE do + [exp [(5/2) A()] —1]-

/2 r—0

“[f(8) — f(r)] + [exp [(s/2) A(s)] — exp [(s/2) A(")]] f(r) +

8/2

+fA(?') exp [£A(r)]f(r) A& + [A(s) exp [sA(s)] — A(r) exp [sA(r)]] @+

7/2

+ [4(r)2 exp (5410 aE;
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consequently by Lemma 1.10 (i)-(ii) and (1.11) we deduce, recal-
ling (2.8),

(2-10) HL(f7 $) ”Z,‘,B(E') < G{Hf”Z,‘,ﬂ(E) + “w”DA(.,)(l—[l,OO)} ’

and (iv) is proved.
(v) Similarly to (2.4) we write for 0 <i/2<s<t<T and for each
E>0:

(2.11)  £-PA(s) exp [EA(S)ILL(f, )(s) + f(s)] =
8/2

_ El—ﬁfA(s)z exp [(§ + s — 0) A(s)]f(0)do +
0

8

+ &8 A(s)* exp [(§ + s — o) A(s)][f(0) — f(s)]do +

8/2

+ &PA(s) exp [(§ + 5/2) A(s)1/(s) + &-F.A(s)* exp [(§ + ) A(s)];

now Lemma 1.10 (ii) and (2.8) easily lead to

(2-12) “L(f, 50) + f"z,,(DA(ﬂ,oo))<"{”fnz,,,ﬂ(E)+ ”wHDA(o)(l—[l,OO)} 9

which proves (v).
(vi) If 0<t<T, similarly to (2.7) we have

t/2 it
(2.13)  L(f, x)(¢) = —-f f A(t)* exp [0 A(¢)]f(s) dods +
0 i—s

t/2 t
+ A(t) exp [tA()][1(5) ds + [ At) exp [(¢— 5) A [(s) — f(t)]ds +
0 t/2

+ [exp [(t/2) A(1)] — 1] £(?) + A(?) exp [t4(8)]w;

hence by Lemma 1.10 (ii) we obtain

(2.14) 120, @)(0) < 5 {Jolls + 1fllznomr+ [T}



A unified approach to abstract linear nonautonomous ete. 63

Next, if 0 <?/2<r<s<t<T we have by (2.13)

s/2 s
L(f, a)(s) — L(fy 2)(r) = —[  [4(5)* exp [£4(s)]f(0) d do —
/2 8—o
r/2 8
*f f[A(S)2 exp [£A(s)] — A(r)? exp [EA(r)]] (o) d& do —
0 s—o
r/2 s T

_f [f_”A(”)ZeXP [6A(r)]f(0) dé do +

0 8—¢6¢ r—o
8/2

+ [A(s) exp [sA(s)] — A(r) exp [SA(T)]]ff(G) do +
0

8/2 s/2

13
+ f A(r)* exp [EA(r ]dsf fo)do + A(r) exp [r4(n)][f(0)do + S I,
2 i=4
where I1,, I, ..., I,; are the same terms occurring in (2.9); thus denot-

ing by J,,... J7 the remaining terms above we have

7 13

L(f, »)(s) — L(f, 2)(r) = 2 J,+ 3, L.

Now some attention must be paid in extimating ||J; 4 J,|z: indeed,
we have by Lemma 1.10 (ii)

vt adeef L) i ] o

f i f +f [l f +f] B L tam=

8—0 r—0 r

r/2

< [ (5= (F) S 1am<e 32 1o
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the other terms are easily estimated by Lemma 1.10 (i)-(ii). Summing
up, and recalling (2.14), we get

(2.15) | L(f, =) ”z,,,,,(E)<0{uqu + 1l 20y + [fls,5) -

By (1.13) it remains to show that L(f, z) € I.(E), i.e. (by (2.14)) that
there exists
T

E—1lim [L(f, )(t)dt .

a—>0+
a

Fix 0 < a<b<g<T. We have for each te€ [a,b]:

b b t/2
[zt oxwa =] [[40 explt—s5)40]— A(s) exp Lt — ) A@)]-
a O

a
b t/2

-f(s) ds dt +f J'A(s) exp [(t — ) A(s)](s) ds dt -+
a 0

bt
+[ [Aw) exp 1 — ) A@Li(s) — f)1ds at +

a t/2

b
+[lexp (@) A0) — 1] f0) @t +

b
+[[A () exp [tA®)] — 4(0) exp [t4(0)]] o dt +

a

6
+ [exp [bA(0)] — exp [aA(0)]] z = ZII,- .

Now both I, and I; are absolutely convergent integrals, so that using
Fubini’s Theorem it is not difficult to see that:

al2

I, = [[exp [(b — ) A(s)] — exp [(a — ) A(s)]] f(s) ds +
0

b/2
+[[exp (6 — ) A(9)] — exp [sA4(s)]] () ds ,

a/2



A unified approach to abstract linear nonautonomous ete. 65

b (t—e)Vi/2
L,=1lim [ [4 exp 10— 5) AD1Ls) — f01ds a1 =

+
&0 P t2

b i
= [T exp [0 — ) A1) — A(s) exp [(1 — 5) A(s)]] f(s) ds dt +
a t/2
b (t—e)Vi/2
+ lim {f J'A(s) exp [(t — s) A(s)]f(s) ds dt —
>0t t/2
b (t—e)At/2)
—f JA(t) exp [(t — 8) A(1)]f(2) ds dt} -

a t/2

bt
= [[At) exp [t — ) A0 — A(s) exp [(t— 5) A(s)]] f(s) ds @t +

a t/2
b/2 b
+[exp [s4(9)1/(5) ds -+ [exp [(b — ) A(5))f(s) ds —
a/2 b/2
a b
—[exp L@ — 5) A()11(5) ds —[exp [(s/2) A(s)]f(5) ds;
a2 a

in the last equality we have used again Fubini’s Theorem. Summing
up, we easily get

b bt
(216)  [L(f, )ty @t = [ [[A(t) exp [t — ) A(t)] —
a a0
— A(s) exp [(t — ) A(s)]] {(s) ds di +

b a
+[[exp [(b — ) A($)] — 1] f(s) ds —[ [exp [(a — 5) A(s)] — 1] {(s) ds +
0 0

b
T+ f [A(t) exp [tA(2)] — A(0) exp [tA(0)]] wdt +

+ [exp [bA4(0)] — exp [a4(0)]] =,
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and consequently by Lemma 1.10 (i)-(ii) we deduce

b
120, 2)(e) @ths <o(d — @) (| flscsy + Ials} +

’ b

+ of If(@)sds + | [exp [(® — @) A(0)] —1]@]s;
0
thus recalling Lemma 1.8 (ii) we conclude that
b
|[L(F, @)(s)dsla= o(1) as a,b —0%;

moreover we also get

(2.17) [L(f, )]s z<e{l®]z + £l ey}

which, together with (2.15), implies

(2.18) 1L(f, @) 25, imy < el @& + 1Flney + 12,0} -

(vii) By (2.13) if 0 < ¢/2<s<t<T we have for each & > 0 similarly
to (2.11): ’

§1-6.A(s) exp [EA(s)] [L(f, 2)(s) + f(s)] =
8/2 s

= — o f A(s) exp [(£ + n) A(s)1f(s) dnds +
0s8—oc

8/2

+ E-04(5)* exp[(€ + 5) A(5)][f(0) do +
0

+ é:l—ﬁfA(s)‘l exp [(§ + s — o) A(s)][f(0) — f(s)]do +

s/2

+ E-0A(s) exp [(€ + $/2) A(s)1(s) + E-PA(s)? exp [(£ + ) A(s)];
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hence Lemma 1.10 (ii) yields

LL(f, @)(8) + 1) bucnts, o < 5 18+ 12003+ [Fass} -
This, together with (2.14), shows that

(219) [ L(f, @) + flzupus.con <o{12le + 1flz.pm + [Fls5}s
recalling (2.17), we deduce that
(2.20) IL(f, ®) + fllzupacs,oon) < {12z + 1l 200y + 1z} -

The proof of Proposition 2.1 is complete. m

PROPOSITION 2.2. Fix f €10, 0]. If x € Dy, f € B(Da(f, )), then:
(i) L(f, ) € C4(E) if and only if A(0)z € Dyo(p, o0);

(ii) L(f, @) € B(Da(B, o)) if and only if A(0)x € Dyq(p, o).
If € Dyq, f€ C(B) N ZO(DA(‘B’ o0)), then:

(iii) L(f, z) € O(B) if and only if A(0)x + f(0) € Dyq).
Fiz also pel0,1[. If x€ Dyl —pu, o), € Zu(Du(f, o)), then

(iv) L(f, #) € Zup(E);

(v) L(f, @) € Zu(Da(By o).
F@'nally f@m M E [1, 1 "l‘ /3[ If re DA(o); fE ZM(DA(ﬁy 00)) N LI(E)y then

(vi) L(f, w) € Z, o(B);
(vii) L(f, ®) € Z%(Da(B, 0)).

Proor. It is quite analogous to the proof of Proposition 2.1:
the required splittings are just slightly different from the corresponding
ones in that proof, and again only Lemmata 1.10 and 1.8 have to be
applied. Thus we omit the details, writing down only the precise
inequalities that can be obtained for each statement:

(2.21) | L(fy @) |camy + [ LAF, @) | B(nas,00n <
<c{“inB(DA(ﬂ,w))+ Hw”DA(o)+ “A(o)w”DA(u)(ﬁ,w)} (cases (i)'(ii));
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(2'22) ﬂL(f, w) ”C’(E)< c{nf"zu(DA(ﬁ,oo)) + ”w“DA(o)} (Ga‘se (iii));

(2.23) L, D)l 7,0+ [ LAy 2) | 2(Da(8,000) <

<C{IV|IZ,;(DA(.3,°°)) + "x”DA(w(l—[:,oo)} (cases (IV)'(V));

(2.24) I L(fy @) 2, 08y + 1 Lfy @) | 20(Da(Br00) <
<[ z.pacs,e0n) F [Fla,z + 12]5} 5

(2.25) “L(f5 ) “Z;,Q(E) + ”L(f7 ) HZ,';(DA(/?,N)) <
<O{Fl zupats,o0n + 1flimy+ |#]g} o(cases (vi)-(vii)). m

(b) The operator Q.

We start with the following lemma, concerning the kernel (¢, s)
defined in (1.19).

LEMMA 2.3. We have

k
i) 9@, s)|em<e Z Vo<s< t<T;

1+ Bi—oy

@) 10t 9 — o, D lew=e 3 [ "3:;{+f e ]

Vo<s< o <t<T;

i) Qc,5) 0t nlew<e 3 [ =18 ft;f,,)“' ¢|

Vo<r<s< t<T,

@) 1[I0, ) —Q(o, )]y dsz=c(t — o)y s
) Vo<a<o<i<T, Vyek,

(t—0)o(s —7)°
o —a0

Vo<r<s< o<t<T.

) 19@, 8) —Q(o, ) — Q1) + Q(o, ) [em< ¢ —

ProoF. (i) Trivial consequence of Lemma 1.11 (i).
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(ii) By (1.19) we have

(2.26)  Q(t,5) — Qo, 5) = A()* exp [(¢ — 5) A(?)][A() — A(0)] +
+ [A(%)* exp [(¢ — ) A()] — A(0)? exp [(¢ — 5) A(0)]][4(0)* — A(s)*]+

t—
+[4(0) exp [EA(0))[A(0)* — A(s) ¢

oc—

and the result follows easily by Lemma 1.11 (i)-(ii).

(iii) Similar to (ii) (with the «dual» splitting and using again
Lemma 1.11 (i)-(ii)).

(iv) It follows by integrating (2.26) over la, o[ with the use of
Lemma 1.11 (i)-(ii).

(v) By (2.26) we can write:

Q(t’ §) — Q(Gy §) —Q(t,r) + Q(Gr r) =
t—r
= —[A@)? exp [EAMILA®) — A(0)1dE —
t—s
t—r
—f[A(t)a exp [£A(1)] — A(0)? exp [£A(0)]] [A(0)* — Als)]dE —

t—s

— [A(t)? exp [(t —7) A(t)] — A(0)* exp [(t — 1) A(0)]] [A(s)~* — A(r)*] +

i—s t—r
+[ _j,_a J J A(0)° exp [EA(0)][A(0) — A(s) "] dE —
i—r
6
—[4(0) exp [EA@A(s) — Ar)1dk = S T..

The sum I,-} I; can be estimated by Lemma 1.11 (i) as follows:

t—n

112+ Is|leqm = ]If%? [ A(0)? exp [£4(0)] [A(G)"l—A(S)“]d&] anllee =
8 n

o—
ri—n

= If [A@)* exp (AN [A(0) — A(s)"1aE e <
n

8 6—
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8 t—7

1 1 1 1
/cff(a—s 5 In<c(o—s)° [G_S_—O-_.p‘_t—s—}—t_‘r]:

r c—n

(s—rt—o)t+o—s—r) ({—0)s—r)
(@—s8)o—r)t—s)(t—7r) = (c—sr '

= ¢(oc —8)9

the other terms are easily estimated by Lemma 1.11 (i)-(ii) and the
result follows. W

ProrosiTION 2.4. We have:
(i) QeL(B(E), C(B)) Vee]o, d[;
(i) QefL(CE), CXE)) Vee]0,1[;
(iii) QeL(B,(E),Z,_, (B) Vuelo,1[, Vee]0, d[;
(iv) QeZueE), Z,_s 6E)) Yuel0,1[,Vee]0,1[;
(v) Qe L(Bu(B), Z,_s(Du(d, 0))) Vue [0, 1.
(vi) Qe L(IE), Z,_s (E)) Vue[l,1+ o[, Vee]0, d[;
(vii) Qe L(ZE(B), Z,u_s,o(E)) Vuell, 1+ 8, Vee0,1[;
(viii) @€ L(Iu(E), Z,_o(Dy(d, 0))) Vue[l,1 + Il
Proor. (i) Let ge B(H), If 0<o<t<T we have:

(2.27)  Qg(t) —Qg(o) =

t o
—[Qtt, 9)9(9)ds +[1Q(t, ) — Q(o, 91g(8)ds = L+ I,
4 0
and consequently by Lemma 2.3 (i)-(ii) we easily get

100()— Qu(@) s <ett — o [1 + 10g (1 + )] Iglace,

which clearly implies (since Qg(0) = 0)

(2.28) Q9 cemy<e(e)glpm Veelo,dl.
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(ii) Let g€ C¢(E). If in (2.28) we replace I, by
[10t, 9) — (o, 5)119(6) — g(e)1ds +[1Q(t, ) — o, 9)]g(0) ds
0 0

then Lemma 2.3 (i)-(ii)-(iv) yields
(2.29) 199 6oy < €l 9l ey -

(iii) Let g € Bu(E). Assume first u € [0, 0[: then by (2.27) and
Lemma 2.3 (i)-(ii) we have

(2.30) 199 cin-orzy < |9 Buceys
on the other hand if ue[d,1[ by Lemma 2.3 (i) we readily obtain
(2.31) 19915,-sz)<cl9| 5.z -

Next, if 0 <t/2<r<o<i<T we have as in (2.27)

(2:32) Qg(0) —Qg(r) = [Q(c, 9)g(s)ds +

/2 r

+”+ﬂ [Q(o, 8) — Q(r, 8)19(s)ds = J, + I, + T,

0 /2

hence by Lemma 2.3 (i)-(ii) it is easy to deduce

c t
199(0) —Qg(r) |z <5, (0 —1)° [1 + log (1 + o—-—;)] 1918uE) 5
which, together with (2.30) or (2.31), clearly implies

(2.33) 1991z, .y <€) 9lp.zy Ve€]10, .

(iv) Let g€ Z,+(E). Replace in (2.32) I; by

[10(0, 5) —Q(r, 91 [9(s) — g1 ds +[1Q(c, 5) — @(r, 9)1g(r) ds;

7/2 /2



72 Paolo Acquistapace - Brunello Terreni

then by Lemma 2.3 (i)-(ii)-(iv) and recalling (2.30) or (2.31) we con-
clude that

(2.34) 199 z,. sy <191 2,.2) -

(v) Let g€ Bu(H). Assume first x4 €[0, 6[: then Lemma 1.11 (i)
easily leads to

(2.35) Qg ||B(1)A(ly—a|,oo)) <¢|9lz.m;

on the other hand if u €[4, 1[ as in (iii) we have (2.31). Next, if 0 <
<t2<0<t<T we have for each &> 0:

(2.36)  &'7°A(0) exp[£4(0)1Qg(0) =
c/2 [

= 870 [+] ]| Aoy exp (¢ + 0 — ) 4(@)][4(0)* — Als)1g(s) ds ,

0 o/2

s0 that by Lemma 1.11 (i)

[Qg(a)]lhw)(",w) <
E1-ogi-u fio [ 1 1 ¢ .
SOeS {us o T [5—,, - <§+—a/2)—3]} 10l < i l9ln;

this, together with (2.35) or (2.31), shows that

(2.37) 1991 2,-s(Dac3,000) < €9 | B,() -

(vi) Let ge I, (E). We have

¢ 14
Q9() = [1Q(t, ) — Q(t, 0)1g(5) ds + Q(t, 0) [g(s) ds ,
0 0

and by Lemma 2.3 (i)-(iii) we get

(2.38) 199 3.-smy<clgz.z) -
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Next, if 0 <#/2<r<o<t<T we replace in (2.32) I, by

/2

(2.39) J‘[Q(G, 8) — Q(r, s) — Q(a, 0) + Q(r, 0)]g(s) ds +
0

r/2

+ [9(0,0) — Q(r, 0)1[g(s) s ,
0

so that by Lemma 2.3 (i)-(ii)-(v) we find

10006 — Qo) <5 (o — 112 [1 -+ 1og (1 + -25)] I

o—7
this, recalling (2.38), implies
(2.40) 1991 5,0,y <C(e)9]1.my Veelo,dl.

(vii) Let g € Z}; .(B). As in the proof of (vi) we have (2.38).
Next, if 0 < t/2<r<o<t<T we replace in (2.32) I, by (2.39) and I, by

[10(a, 9) — Q(r, 9)119(s) — g(r)1ds + [1Q(c, 5) — @(r, )g(r) ds
/2 r/2
Now I, and the terms in (2.39) can be estimated as in the proof of (vi),

whereas the terms replacing I; can be estimated by Lemma 2.3 (ii)-(iv),
obtaining

199(0) — Qg1 <5; (0 — )19 g0ty
Thus by (2.38) we conclude that

(2.41) 199 2,0, 0y < €19 22,.5) -

(viii) Let g e I,(E). As in the proof of (vi) we have (2.38).
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Moreover for 0 < #/2<o<i(<T and for each £> 0 we have, starting
from (2.36):

§1-0 A (c) exp [£4(0)]Qg(0) =
o/2 o

=—gf fA *exp[(& + ) A(0)][A (o) — A(s)*]g(s) dn ds —
0 o—s

o/2

—51“’f[A 9 exp [(& + 0) A(0)] — A(s)s exp [(€ + o) A(s)]]-

“[A(s)" — A(0)]g(s) ds —
a/2
— El‘ofA(S)a exp [(§ + o) A(s)][A(s)"* — A(0)*]g(s) ds +
0
o/2

+ £04(0)° exp [(£ + 0) A(0)][A (o) — A(0)][g(s)ds +
0

[

+ &%) A(0)® exp [(§ + 0 —s) A(0)] [A(0) — A(s)"]g(s) ds

a/2

Now by Lemma 1.11 (i)-(ii) we easily get

0 1
[Q9(0)]paco.c00 <3 191209

hence recalling (2.38) we find

(2.42) 1992, s(Da8,00) < €l 9| 1) -

The proof of Proposition 2.4 is complete. N
(¢) The operator (1 — @)-1.
We need the following elementary lemma:

LEMMA 2.5. Let o, f,9,0€[0,1[ with y<o and y +1—oa—f —
—0>0. Then:
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(i) sup [seexp[—sr]] = gereexp[—p] Vr>0;
8>

¢
(ii) lim sup wetvf

w—>+ oo t€10,T]

exp [— w(t — )]

(t—s)Ps ds=0.

Proor. Tedious but easy. N
ProrosITION 2.6. We have:

(i) (1 —@) e L(Bu(B)) Vpel0,1[;

(i) 1 —@Q)*eL(IuB)) Vpue 1,1+ d[;

(iii) (1 —@)te £(X) where X is any of the following spaces:
(a) C3(B), (b) C(B), (c) CuB), () Zup(E), (e) Zu(Da(p, o)),
where B €10, 0], ue[0,1[, and
(f) CulBYNILE), (9) Z;sB), (h) Zy(Du(B, o))

where p€10,6], pe[l,1 4 d[.

ProoF. (i) For each o > 0 introduce in B,(E) the following norm:

(2.43) 19w, Bumy = ’S]%I;]t" exp [— wt]|g(?) |z

which is obviously equivalent to the usual one. We will show that
for sufficiently large w

(2.44) 1990, 5.2 <290, .25

this will prove that (1—@)*= Y Q" exists in £(B,(H)). Now (2.44)
n=0

follows easily by Lemma 2.3 (i) and Lemma 2.5 (ii) (with o = 0,
a:}l:‘[" /3:1——-6).
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(ii) Set for each w >0

190, 7.2 = 190,88 + [lo,xz

where ||, 5,z is defined in (2.43) and

[0 6= SUD {“ fbexp [— ws]g(s) dsj 'E: 0<a<b< T} ,

Again we have to show that for large w
(2.45) 19910, 7.8 <2 190, 2.02) -
Now if 0 <t<T we have

(2.46)  exp [— wt]Qg(t) =

1
= [exp [— w(t — )] [Q(t, 8) — Q(t, 0)] exp [— ws]g(s) ds +
0

¢
+[[exp [— w(t — 8)] — exp [— 0] Q(¢, 0) exp [ ws]g(s)ds +
0

t
+ oxp [— wt]Q(t, 0) [exp [— wslg(s) ds;
0

hence by Lemma 2.3 (i)-(iii) we check

t exp [— wt][Qg(t) |z <

t i
e {t fw ds L w0 f exp [~ (i —s)] ds} 19 o, .00
0 0

sH—o0 sh—
+ ctv=9 exp [— wt][g]o, s, ,

so that by Lemma 2.5 (i)-(ii) we deduce for large w

(2.47) 199,58, <1190, 1.2) -



A unified approach to abstract linear nonautonomous ete. 77

Next, if 0 < a<b<T we have by (2.46) and Lemma 2.3 (i)-(iii):

ds dt
sk <’t

fexp[—wt]Qg t)dt” <c¢ ffexp[—— (t—8)]

d
ffexn 1 ote—aor 22011,
00

n J‘exp [tl— wt]dt [0lo.s. 5 ’

which easily implies for large w

(2.48) [€9)o,,5<1 |90, 1.2

by (2.47) and (2.48) we obtain (2.45).

(iii) This is a simple corollary of (i), (ii) and the statements of
Proposition 2.4. Indeed, let h = (1 —@Q)-'g; then, by definition %
solves the equation

(2.49) h=g—Qh.

Thus to prove (a) and (b) we have the following chains of implications
(the last of which is due to (2.49)):

Zee(éﬂ(ﬁ),ﬁel% o } =g e B(E) =heB(E) =
I € CH(E)
h € C(E);

g€ CHE) =ge C¥2E) =he CE)=>Qge C(E) =heC)E).

=Qh e C°(E) Vee]0, [ = {

The proof of the remaining statements of (iii) is analogous and can
be omitted. This completes the prcof of Proposition 2.6. m

3. The representation formula. Uniqueness.
The technical results of the preceding section allow us to give sense

to the heuristic argument used at the end of Section 1, and to intro-
duce the representation formula for strict and classical solutions of (0.1).
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As a consequence we will obtain some uniqueness results for such solu-
tions. To begin with, set (just formally)

(3.1) w=(1—@)Lf,x),

where € E and f: 10, T] — E are presecribed data and @, L(f, #) are
defined by (1.21)-(1.19) and (1.20). The following result summarizes
the cases in which the function w is well defined.

PrOPOSITION 3.1. Let & be defined by (1.8). If €10, 6], we have:
(i) f © € Dy, f € OB(E), then w € C8(E) if and only if A(0)x +

+ (0) € Dyor(By o0);
(ii) ¢f € Dyq, f€ C(E) N Z,4(E), then we C(E) if and only if

A(0)z + £(0) € D 40);

(iii) 4f @ € Duey, f € B(Da(B, o)), then w e C8(E) N B(Dy(B, o))
if and only if A(0)x € Dio(f, o0);

(iv) if @€ Dy, f€ C(B) N Zo(Du(B, o)), then we C(E) if and
only if A(0)x + f(0) € Dyo);

Further, if pe]0,06] and ue[0,1[, we have:
(v) if #€ Duo(1 — py o), | € Zyp(E), then w e Zup(E);

(vi) ¢f v € Dyp(1 —p, o0), f€ Zﬂ(DA(ﬂ, oo)), then we Z”’ﬂ(E) N
N Zu(Dy(p, =0)).

Finally, if £€10,0] and pe[l,1 4 B[, we have:
(vii) if @ € Dyyy | € Zup(B) N LY(E), then w € Z}; 4(E);

(viii) if @ € Dyy, | € Zu(Da(B, 00)) N LH(E), then w e Zy; 4(B) N
N Z:(DA(ﬂ7 °°)) .

ProoF. It is a straightforward consequence of (3.1) and Propo-
sitions 2.1, 2.2 and 2.4. ®

We need the following property of classical solutions:

LeMMA 3.2. Let zc€ E, fe C (E) and let u be a classical solution
of (0.1). If f satisfies in addition

T
dE —lim |f(s)ds =y

a—0+
a

then Aw has the same property.
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ProoF. We have for each a€]0, T]

T T

T
w(T) — u(a) =J.u’(s)ds =fA(s)u(s)ds +ff(s)ds;

a
as w e C(E) and %(0) = = we get
T

E—lim |A(S)u(s)ds = w(T)—oc—y. N

a—>0
a

Let us make precise the heuristic argument given at the end of
Section 1.

THEOREM 3.3. Let f€]0,6], pe[l,1+p[, A€[1,1+ d[; fir
# € Dyyy [E€Zup(BE) U Zy(Da(p, o0)) and moreover suppose fe L'(E).
If uw is a classical solution of (0.1) such that e I,(D,), then we have
Au = w with w defined by (3.1), i.e. the representation formula (1.22)
holds.

Proor. Fix t€]0, T] and set v(s) = exp [(t — ) A(?)]u(s), s € [0, t].
Write down v'(s), pick ¢ € ]0, f[ and integrate v'(s) in [, ¢]: it is easy
to see that

u(t) —exp [(t —2) A(1)] =

t
ZfA(t) exp [(t — 8) A(D)][A () — A(s)7'] A (s) u(s) ds +-

l
+[exp [(t—9) A f(s)ds ,

which can be rewritten as
¢
w(t) = A1) [Q(t, 5) — Q(t, 0] A(s)u(s) ds +

t t
+ A0 Q(, 0)[A(s) u(s)ds + [exp it —s)A®11(s)ds



80 Paolo Acquistapace - Brunello Terreni

Since Au e I,(B) and fe L'(E), by Lemmata 3.2 and 2.3 (i)-(iii) as
e —> 0% we deduce that

¢
u(t) = A@)~[Q(Aw)](?) +feXP [t — ) A(1)]1(s) ds;
0

finally, operating with A(t), we get Au = Q(Au) + L(f, ), and the
result follows. W

COROLLARY 3.4. Let f €10, 6], pe[l,1 + B[; fix v € Dy, f € C(E).
If w is a strict solution of (0.1), then we have Au = w with w defined
by (3.1). m

THEOREM 3.5. For each x € E and fe C.(E), the classical solution
of (0.1) in the class |J Iu(D,) is unique.

#el0,14 [

Proor. Trivial consequence of Theorem 3.3. N

COROLLARY 3.6. For each x € Dy, and fe C(E) the strict solution
of (0.1) 4s wumique. MW

Concerning existence of strict and classical solutions, a necessary
condition is given by:

PROPOSITION 3.7. (i) If a strict solution u of (0.1) exists, then f € C(E),
% € Dy and A(0)z + f(0) € D -

(ii) If a classical solution w of (0.1) exists in the class |J Bu(D.),
p#el0,1+4[
then x € D .

ProOF. — (i) Obviously f € C(E) and = € D,,): Next, clearly we have

t—0+

on the other hand we can write

(3.3) ”(t)t‘ v %—[R (tl, A(t)) R (l A(O))] ’%ﬁ +

t—’

1 2 (7 400)[“2=" — 4o + o0 +
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+ R A0) 403 + 700 = (7 A0) LOu0 — 4021

— L AWR (7, 40) 407 — 4014000 = 3T,

Moreover by Lemma 1.9 (ii) and Hypothesis II we get
[Llz+ Lz + [T+ [L]e= o(1) as t —0%;
hence by (3.2) and (3.3)

0)x + f(0) = E —limI, = F —1lim — R( (O))[A yx + f(0

-0+ t——>0+

which evidently yields the result.
(ii) Let we€[0,1 + J[ be such that Au e By(HE). Write

utn) = [& (1, 40) — 2 (3, 40))] [;—40]ue +

1 1
+ R (;, A<0)) [;— A(t)] w(t) = Iy + Jo;
obviously %(t) —J, = J,€ Dy,: Now by Lemma 1.9 (ii) we get
1]z <ct*+o {“ llem+ 5 ”A“”Bu(E)} =o(1) ast—>0t,

80 that # = B —lim [u(t) — J;] € Dayo). M
-0+

We will see in Section 6 that the compatibility conditions of the preced-
ing proposition are also sufficient for existence of strict, or classical,
solutions of (0.1), provided the data x,f are slightly more regular:
in faet the function w = A-1w, with w defined by (3.1), will turn out
to solve Problem (0.1). We will obtain « as the limit as n — oo, in
suitable norms, of functions u, solving certain problems which in
some sense approach Problem (0.1) as n — oo. Such problems have
the same form as (0.1), with A(¢) replaced by the bounded operator
nA(t)R(n, A(t)) (its Yosida approximation). This will be done in the
next sections.
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4. The approximating problems.

We consider here the problems

Un(t) — Au(t)ua(t) = (1), t€[0,T]
Un(0) = 2 ,

(4.1), {

where n eN*, A,(t) = nA(t)R(n, A(t)) is the Yosida approximation of
A(t), ©,= nR(n, A(0))z, x is an element of E and f: 10, T] - E is
a fixed function. This section starts with a survey of the main prop-
erties of the operators 4,(t); next, we prove existence and uniqueness
of the solution of (4.1), and a representation formula for it (see (4.2),
below), provided the data are sufficiently regular.

LEmMMA 4.1. Let 0 € 1n/2,0,[. Then

1 3 [1 + tg207}

+
7w “simo[L + A" Jtgolm VAE€Sy, VmeNt.

ProoF. Tedious but elementary. |

LeMMA 4.2. Let 0 € 1n/2, 0,[. Then for A€ 85, n eNt and 0<s<t<T
we have:

i) o(4.(t) 28, and

R(h, 4,0) = 155 n— AR (75, 40);
() 1RO, 4,0) e <g
(i) R(7, A1) — R(2, A() = |
= s AOR (A, A0) ARG, 40);
. n An .
(V) ARG, 4,0) = 7 AR (2, aw);
n? An
%) B(h 4u0) — RO A,66) = — o AR (7 400)
i - An
gyt — A 1A R( 2, 40).
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ProoF. Straightforward. =

LemmA 4.3. Let 6 € ]x/2, 0,[, fiz f €[0,1], u€[0, o[, meN. Then
for £€>0, neNt+ and te [0, T] we have:

. ¢l m
(l) ”An(t)m exp [SAn“)]”fv(DA(c)(ﬁ,OO),E)<Z_—f{n"__ﬂﬁ,)”\/7);

(ii) [[An(t)™ exp [EA,(8)] — A()™ exD [EA()]]L(Dacr(B,00),B) <
c(0, B, m)

Spngm—B+n

(iii) lim sup & [A,(¢)™ exp [£4,(t)] — A()" exp [EA)]]y[z=0

n—>o0 £>0

Vn €0, 1];

Vy € Dyy;

(iv) lim sup |f(r—s)[Aus)" exp[(r —s) A, ()] —

n—o00 0<p<Las<r<T
— A(s)exp[(r—s)A(s)]] f(s)ds|e=0 Vfe LY(E) N B,(E);
(V) "An(t)m exp [EAn(t)] - A”(S)’" exp [E-An(s)] [lf(DA(a)(ﬂ,Oc),E) <
k 1 — g)%i
<e(0, B, m) 3 #(@fﬂ’?%ff ’

i=1
ProoF. (i) Easy consequence of Lemmata 4.2 (iv) and 4.1.
(ii) Easy consequence of Lemma 4.2 (iii), (1.6); and Lemma 4.1.
(iii) Fix ¢ > 0 and select z € D, such that |y —z|z<e. Then
setting B = A,(t)™ exp [£A,(t)] — A(t)™ exp [EA(?)] and using (i)-(ii) and
Lemma 1.10 (ii) we get
c e
1By ”E<5—m ly — 2]+ Py 12]Daco »

so that

limsup sup é”||By|z<ce Ve>0.
n—>oo £>0

(iv) Fix ¢€]0, 7T[ and choose o:> 0 such that

a+0s

sup_[[f()lzds <e.
a€l0, T—o,] P
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Then if ¢ — p<30: we have by (ii)

Q

[ =946y exp [(r — 9)40(9)] —

P

— A(s)™ exp [(r — ) A($)T]f(s) ds| s < ce
whereas if ¢ —p>30. we get, again by (ii)
p+0, a@—0s
”f—{—f—{—f(r—s m[An(8) exp [(r — 8)A,(s)] —
V4 P+0s ¢ —0s
— A(s) exp [(r — 8) A($)]] f(8) ds s < e+~ ,,0,,+,,

and (iv) follows readily.

(v) Basy consequence of Lemma 4.2 (v), (1.6)s and Lem-
ma 41. W

LEMMA 4.4. Let 0 € 1n/2, 0,[ and fix m eN*. Then for £ > 0, n eN*,
0<r<s<t<T we have:

() Aty exp [EAL LA — A(s)"] |y < (O, m) z  amd
(i) [[Aa(t)" exp [E44()] — A(t)™ exp [EA@D)]] LA — A(s)ecsy <

c(6,m) k. (t—s)™
< nn z L Em—1+Bi+n
(ili) [|[Aa(t)™ exp [EA4(t)]— An(s)" exp [EA,(8)]] [A(s) 2 — A(r) e <

L (E—8)s — 1)
<e(0, M)l ; QT

V77 €[0,1];

=1
Proor. (i) It follows by Lemmata 4.2 (iv) and 4.1.
(ii) It follows by Lemmata 4.2 (iii) and 4.1.
(iii) It follows by Lemmata 4.2 (v) and 4.1. ®m

We are now ready to prove existence of the solution of Pro-
blem (4.1), and a representation formula for it.

PrOPOSITION 4.5. Set x,= nR(n, A(0))x with x€ E and fe C(E)
(resp. f e Cu(B) with pue[0,1[, f€ L'(E)). Then for each n eN* Pro-
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blem (4.1), has a wunique solution u,ec C(E) such that u, € C(E) (resp.
u, € Cu(E), u, € L'(E)); moreover u, is given by

(42)n  wa(t) = 4.()7 A —Qu) 7 Lu(f, a)]) ,  ¢€[0, T,

where the operator Q, and the function L,(f, x,) are defined by:
11

(.3, Qug(t) = [Qult, 9)9(s)ds ,
0

(4.4)x Qa(t, 8) = A, (1) exp [(1 — 5) A, ()] [A()~ — A(s)7],
(4.5)n Ly(f, 2)(t) =

t
- f A (1) exp [(¢ — 5) Aa(8)11(s) ds 4 A.(2) exp [14.,(1)]=, .
0

Proor. For fixed n eNt Lemma 1.9 (i) yields
k
[ 4a(@) — Au(s)emy<e 2 nHo(t—s)*  VO<s<ti<T,
i=1

and consequently by the method of successive approximations we get
existence and uniqueness of the solution of (4.1),. Formula (4.2),
follows by the same argument of the proof of Theorem 3.3 (in an
even simpler way). N

5. Technicalities, II.

In this section we study the regularity and convergence prop-
erties of the functions L,(f, x,) and the operators @, defined by (4.5),
and (4.3),-(4.4),. We recall that z,= nR(n, A(0))x.

(&) The functions L,(f, r,).
ProposrITION 5.1. L, (f, #,) € C(E) whenever x, € E, f € L'(E).

ProoF. It is quite easy since, for fixed =,
(t, 8) > A, (t)exp [(t—s)A,(f)] and ¢+ A4,(t) exp [t4,(?)]

are continuous functions with values in £(Z). m
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PROPOSITION 5.2. Let & be defined by (1.8) and fixz f €]0, 6],
uwel0,1[. If either (i) @€ Dyo(l—p, o0), f€Zup(H), or (ii)) ze
€ Duoy(1 — py ), f€ Zu(Da(B, 0)), then Ly(f, @) — L(f, x) in B, ,(E)
as n — oo, for each n €10, (1 — u)ApI.

Fiznow €10, 8], ue[1,1 + B[. Ifeither (iii) x € Dy, f € Zups(B) N
N LME), or (W) x€ Dy, | Zu(Dy(B, o0)) N LNE), then Ly(f,x,) —
— L(f, ) in 1,,,(E) as n — oo, for each € 10,1 4 f— ul.

Proor. We write
(6.1)  Ly(f, .)(t) — L(f, 2)(t) =

t
:J-[-An(t) exp [(t — 8) A,(t)] — A(t) exp [(t — 8) A(t)]] f(s) ds +-
+ [A(2) exp [tAA(t)]®, — A(t) exp [tA(t)]x] = U+ V:

we will split U and V in different ways.
(i) Fix €10, (1 —u)AB[. By (5.1), for U we have

2

(5.2) U= [[4u(6) exp[(t—5) 4s()] — A(t) exp [(¢ — 8) A®)]] f(s) ds +
0

+f[An(t) exp [(t — 8) A.(1)] — A(t) exp [(t — ) A()]][f(s) — f(2)1ds +
t/2

+ [exp [(t/2) A.(t)] — exp [(¢/2) A(®)]] () ,

and by Lemma 4.3 (ii)
¢ 1
nn et

1U]e< 17112, 52 «

Concerning V, we fix ¢€]0, T[ and distinguish two cases:
(@) t€]0, ¢,
(b) tele T1.

In case (b), we split

(6.3) V= A,(t) exp [t4,(8)] [#n — 2] +
+ [44(t) exp [¢4,(1)] — A(?) exp [LA()]] @,
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and as #,— = A(0)R(n, A(0))x, by Lemma 5.2 (i)-(ii) and (1.6),
we deduce

WVle< 5 l2e;

”x ”Dm)(l o) T S

nl—u 81+nnn

in case (a) we write
(5.4) V= [A,(t) exp [t4.(!)] — 4.(0) exp [t4,(0)]] . +
+ [4.(0) exp [¢4,(0)] — A(0) exp [tA(0)]] =, +

+ A(0) exp [¢4(0)] [z, — «] + [A(0) exp [tA4(0)] — A(t) exp [tA(t)]] =,

so that by Lemmata 4.3 (ii)-(v) and 1.10 (i)-(ii) we check

1 1
(5.5) Pl + ] s 1ol
Consequently we get

(5.6)  limsup sup t#+7| L,(f, 2,)(t) — L(f, )() |z <cen Ve>0,

n—>co t€10,7T1
and (i) is proved.
(ii) Fix again 5 €10, [1 —u)AB[. We write now U as follows:

t/2

(6.7 U :f[An(t) exp [(t — )4, (1)] — A(t) exp [(t — s) A(%)]] f(s) ds +
V]

t
+ J [4.a(t) exp [(t — 8) A(8)] — A(t) exp [(t — 8).A(2)] —

t/2

— An(s) exp [(t — ) Au(8)] + A(s) exp [(t — ) A(s)]] f(s) ds +

¢
+f[An(s) exp [(1 — ) A, (s)] — A(s) exp [(t — ) A(s)]] f(s)ds = i I;.
j2 i=1
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It is easy to show that

ILls+ 1ols < oo lzuoutnenn

the estimate of I, is more delicate: if a €10, (6 4 B)/(n + 6 + B)[ by
Lemmata 4.3 (ii)-(v) and 1.10 (i) we have

¢
(5.8)  ILls= |[[4s— A= Ao+ Af(s) ds]z<
/2

11

<[4 — Aulow + 45— Aulew]*I(s) 15+
t/2

41— Asle(Dacr8,000,8) + [ A2 — Aalle(Dacer(8,00),5)] ™ [1(3) | Dater(8,00) 48 <

c 1
< et na—o(1—a) 1|2 DaB,000) -

On the other hand, exactly as in the proof of (i), we obtain (5.5):
summing up, we again get (5.6), which yields the result.

(iii) Fix n€]0,1 + f —u[. For U we use (5.2), easily obtaining
by Lemma 4.3 (ii)

10 < e (Wfllzcar+ 1} -

For V we again write (5.3) and (5.4) in cases t€[¢, T] and t€]0, [
respectively: hence proceeding as in the proof of (iii) we get (5.5)
(with g = 1) and finally (5.6), i.e.

(5.9) Ln(fy @) = L(fy @) in B,,,(B) .

Next, we have to show that

n—>o0 0<a<bT

b
(5.10)  lim sup J[[Lu(f, 2)® — LG, D)) @t = 0.
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We start from (2.16), which clearly holds similarly for L,(f,.,)(t),
obtaining

(5.11) f[L (Fy @) (1) — L(f, @) (0] dt =

= f f [A4.(t) exp [(t — 8) An(8)] — A(t) exp [(t — 5) A()] —
a0

— A,(s) exp [(t — 8) An(8)] + A(s) exp [(t — 5) A(s)]] f(s) ds dt +

+ f [exp [(b — 5) Au(s)] — exp [(b — 5) A(s)] — exp [(a — 5) A (s)] +
(1]

+ exp [(@ — 8) A(s)]] f(s) ds +

b 4 4
+[[exp L6 — ) Auls)] — exp [(0 — ) AW f(5) ds + [Vt = 3 7,

where V has been introduced in (5.1).
Now, proceeding as in (5.8), if «€]0, 6/(1 + J6)[ we easily have

(5.12) 12l < oz I lnumrs

moreover by Lemma 4.3 (iv)

(5.13) lo]lz+ [Jsllz<3- sup

0<p<e<r<T

. |]f[exp (r — 8) An(5)] — exp [(r — $) A(s)]] f(s) ds]z = 0(1) as n — oo.

Finally, concerning J,, fix ¢ €]0, T[ and suppose first b € ]0, ¢]; then
by using (5.4) and Lemmata 4.3 (ii)-(v) and 1.10 (i)-(ii) we easily have:

|7a]z<e® —a)|@]z+ ¢l|lon — o]z +

+ c sup [[exp [tA.(0)] — exp [tA(0)]] %],
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so that Lemma 4.3 (iii) yields

(5.14) limsup sup |Jullz<<ce® Vee]o, TT.

n—>co 0<a<b<e

Suppose now b € Je, T']; then if 0 < a<e we split

Jy= ”+f] vat,

and the first integral can be estimated by (5.14). Thus we can as-
sume that ¢ < a<b< T, and writing

V = A,(t) exp [tA.(t)](®.— ) + [A(t) exp [t4.(2)] — A(?) exp [tA(?)]],

by Lemma 4.3 (i)-(ii) we obtain

ide<2]len — ol -+ 1212],

nn
which, together with (5.12) implies

(5.15) lim  sup [Ja|e=0.

n—o0 0<a<HKT

By (5.12), (5.13), (5.15) and (5.11) we have (5.10), and recalling (5.9)
the result follows.

(iv) In order to estimate U (see (5.1)) we use (5.7): by Lem-
mata 4.3 (ii) (with 5 €10, f[), 4.3 (v) and 1.10 (i), proceeding as in
the proof of (ii) we deduce that

1 1 c 1 ¢c 1
I Ullz<c{7—ﬁ i W + 2 rmamsa=a flzupae,en + — oo {f}u,ﬂ} )
so that
(5.16) lim sup t#t1|U|g=0.

n—>oo t€]0,T]

For V we still have (5.5) (with 4 = 1) which, together with (5.16),
yields (5.9).
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Finally we have to prove (5.10); but the argument used in (iii)
still works, since we just used there the fact that fe By(E) N L' (E):
this proves (iv). Proposition 5.2 is completely proved. m

(b) The operators Q..

LEMMA 5.3. Let Q,(t, s) be defined by (4.4),, and fix 0 € ]n/2, O,[.
Then we have:

k
(1) ”Qn(t, S)Hf,(E)<C z _—1:‘435—“{ Vn € Nt , Vo<s < t&:T,

(ii) "Q"(t, 8) — Qx(0, 8) ”ﬁ(E)<

k - a;
())Z[t o) -*—j E”j d§]VneN+ Vo<s< o<t<T;

i=1 §) A

k —_ )%
(iii) [ @a(t, s) — Qn(t,r)llumﬂ(@)zl[(i—s_—?”l“+

& lE—ry

-}—f t;;? d&] VneNt, Vo<r<s<it<T,;

. c(0) k 1
() 10ty ) — 0t e <) 3

1 (t— ,g)H'ﬂi—“H'ﬂ
Vpel[0,1], VreNt, Vo<s<i<T;
(V) @4, ) — Q2 8) — Qult, ) + Q(t, 7) [£m < e(6) -
(s —17r)*
./nn(l—a)(t — 3)1—(6—71)(1—41)

Vn,x€[0,1], VneNt, Vo<r<s<it<T.

Proor. (i) It follows by Lemma 4.4 (i).

(ii) Exactly as in the proof of Lemma 2.3 (ii) (cfr. (2.26)), using
Lemma 4.4 (i)-(iii).

(iii) Exactly as in the proof of Lemma 2.3 (iii), using Lemma 4.4
(i)-(iii).
(iv) It follows by Lemma 4.4 (ii).
(v) By (iii)-(iv) and Lemma 2.3 (iii) we have easily:
[@a(t; 8) — Q(F, 8) — Qu(t, 7) + Q(t, 7) |y <
<[ 41— Aofeam + [As— Aufeam] (|41 — Aslem + [4:— Ailem]® <

1 I-a (s —7r)0]*
<] =i
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PROPOSITION 5.4. For each pe[0,1[ and Ae[l,1 -+ 6[ we have
Q. € L(Bu(E)) N L(I,(E)) VneN*t and

Q,.—Q as n — oo im L(Bu(H)) and in L(I,(E)).

ProoOF. The first part is obvious by Proposition 2.4, since the
kernels @,(t, s) have the same properties as Q(¢, s). Next, if g € Bu(K)
we have by Lemma 5.3 (iv) (with 5 = §/2):

1€290) — Q0O l5< sz 1905

this shows that @, — @ in £(Bu(E)) as n — oo.
On the other hand if g€ I, () we can write

(5.17)  Q.g(t) —Qg(t) =

i
=[1Qu(t, ) — @, 5) — Qu(t, 0) + Q(t, 0)]g(s) ds +
0

¢
+ [Qulty 0) — Q(t, 0))[g(s) s,
0

so that by Lemma 5.3 (iv)-(v) (with n = §/2 and « € J(2 —1)/d,1[)
it is not difficult to check

c 1 4
1929() — Q9|2 <5557 jimamaon 19180+ 5agizen [

this shows that @,— @ in £(B,(H)) as » — co. Finally we have to
verify that

(5.18) [@.9 — @9z = o(1) a8 n — oo;

now by (5.17) and Lemma 5.3 (iv)-(v) (with #=6/2 and «€
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€1(A—1—46/2)/(6/2), 1[) we have for 0 < a<b<T:

b
| [1Qu9(t) — Qo] at]5 <

b
1 a 1 [ at ¢
<¢ {nu—a)o/zftz—(wam/z 19115 + noiz | g1-orz [g]*’E} = pa—ool 19l »

a a

and (5.18) is proved. m
(¢) The operators (1 —Q,)".
PROPOSITION 5.5. We have:
(1) 1 —@a)le(pum) <o(p) Vuel0,1[, VneN*;
(i) @ =@ eumy<clp) Vue[l,1 + [, VneN+;
(ili) (1 —@Q.)*'—=(1—@Q) as n — oo in L(Bu(E)) Vu (0, 1] and in
L(Iu(B)) Vue(l,1 4 4[.

Proor. (i)-(ii) Exactly as in the proof of Proposition 2.6 (i)-(ii),
using Lemma 5.3 instead of Lemma 2.3.
(iii) We have

1—@.)"'9—(10—@)"'g=(1—0)Q.—QI1—@)yg,

and the result follows by (i)-(ii) and Propositions 5.4 and 2.6 (i)-(ii). =

6. Strict and classical solutions.

We are now ready to show that the function w(f) = A(t)'w(t),
with w defined by (3.1), is in fact the strict, or classical, solution of
Problem (0.1) under suitable assumptions on the data z,f; we will
also prove the maximal regularity properties of such solutions. Since
the right number of (0.1) can be chosen to be regular in time as well
as in space, for each kind of solution we have two distinct results.
We start with strict solutions.

THEOREM 6.1. Fix $€]0,0], let @€ Dy, f€ C(B) N Zyp(E) and
suppose that A(0)x + f(0) € D, . Then:
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(i) the function w = A-1w, with w defined by (3.1), is the unique
strict solution of (0.1);

(ii) u' € Zys(E) N Zy(Dy(B, o)) and Au € Z, s(E); in addition
(6.1) " |z, o5+ N9 ||zn(1),q(ﬂ,oo))+ uA’“Hz.,,g(E)<C{Hwﬂpu.,)‘|' “f”z.,,g(m} .

Let now x € Dy, fe C8(E). Then:

(iii) w' € CB(E) N B(D4(p, o)) and Auec CB(E) if and only if
A(0)x + f(0) € Dyo)(B, o0): in this case we have also

(6.2) %" sy + 1% | B(DaB,00)) T A% o)<
<6{Hw“ﬂ4(n)+ ”f”C”(E)_*_ HA(O)J‘I + f(O)“DA(o)(ﬁ,m)} .

PrOOF. (i) Set #,= nR(n, A(0))x, neN+. By Prop. 4.5, Pro-
blem (4.1), has a unique solution, %, € C1(¥), which is given by (4.2),.
By Proposition 5.2 (i) and 5.5 (iii), and taking into account that
A,(t)*= A(t)*—1/n, we deduce that w,—> A-'win B, (F)asn — oo,
for each 7 €]0,8[. On the other hand, as u, = A,u.+ f, by (4.2).
and Propositions 5.2 (i) and 5.5 (iii) we also get w, —w + f in B, (E)
as n — oo, for each 5 € ]0, f[. This implies that w = A-w € C}(E) and

(6.3) W= Au-+f in10,T].

But Prop 3.1 (ii) yields Au + fe C(E) and [Au + fl;—o= 4(0)z 4 £(0),
hence by (6.3) it is easily verified that

Ju'(0) = A(0)z + f(0) = lim u'(t);

t—>0+

As, clearly, #(0) = @, this shows that u is a strict solution of (0.1).
Uniqueness follows by Corollary 3.6.

(ii) By (6.3) and Prop. 3.1 (v) we get Au, u' € Z,5(E). On the
other hand, Proposition 2.1 (v) and 2.6 (iii) yield (1—Q)-*(L(f, #)+ f) €
€ Zo(Dy(p, =0)); hence

(6.4) w'=Q0—Q)*(Lf,®)+f=
=1 —QL{f,2) + ) —Q1 —Q)f,
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50 that w' € Z,(D4(B, o)) by Propositions 2.6 (iii) and (2.4) (iv),
and (ii) is proved. Estimate (6.1) follows by (6.3), (6.4), (2.10), (2.12),
Propositions 2.6 (iii)-2.4 (iv) and (2.37).

(iii) By Prop. 3.1 (i) and (6.3), we have «', Auec C8(E) if and only
if A(0)z + f(0) € Dyo)(B, o). In addition, bu Propositions 2.1 (ii) and
2.6 (iii), (1 — Q)Y (L(f, ) + f) € B(D4(B, o)) if and only if A(0)r +
+ £(0) € Dyoy(B,y o0); by (6.4) and Propositions 2.6 (iii) and 2.4 (v),
this is also equivalent to w' € B(D,(f, oo)). Finally, estimate (6.2)
follows by (6.3), (6.4), (2.3), (2.5), Propositions 2.6 (iii)-2.4 (v)
and (2.37). u

THEOREM 6.2. Fix f€]0, 6], let € Dy, f€ C(E) N Zy(D4(B, o))
and suppose that A(0)x -+ f(0) € D,,,. Then:

(i) the function w = A-'w, with w defined by (3.1), is the unique
strict solution of (0.1);

(ii) w' € Zo(Dy(B, oo)) and Au € Zy(Dy(p, o0)) N Z,p(E); in ad-
dition
(6.5) %' 24(Dai8,000) T A% 2,(Da(8,007) T
+ ”A”'“zo.a(E)<c{”@'nmm+ Hf“Zo(DA(ﬂ,w))} .

Let now € Dy, f€ B(Dy(f, 0)). Then:
(iii) w' € B(D4(B, o0)) and Au € B(Dy(f, o)) N C8(E) if and only
if A(0)x € Dyo)(f, oo); in this case we have also
(6.6) % |p(nacs,o0n T 1A%l B(Dui8,000) T [ A%]coe) <
< {12l pae T 1fl3(attr00n + 14(0)2 [ p,i6,000} -

ProOOF. Quite similar to the proof of Theorem 6.1. M

Let us consider now classical solutions. We start with the case
of solutions which are weakly singular at ¢ =0 (i.e. suchthat
Au € By(E) for some u € [0, 1[).

THEOREM 6.3. Fixz €]0,d], ue[0,1[ and let x € Dyq(l — p, o),
feZup(l). Then:

(i) the function w = A- w, with w defined by (3.1), is a classical

solution of (0.1) and is unique in the class U I,(D,);
o<u<1l+6
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(ii) %' € Zup(B) N Zu(Dy(py o)) and Aue Z,p(E); in addition

6.7) %l zunm T 1% | 2u0at6,00) T

+ A% 2,008 < {12 D1w1- w0y F+ 1 Flzapi} -

ProoF. (i) Set x,= nR(n, A(0))x, and let u, € C*(E) be the solu-
tion of Problem (4.1),, given by Prop. 4.5. By Propositions 5.2 (i)
and b5.5. (iii) we have, as n — oo, u, > A~w and u, = A,u, +f—
—w 4 fin B,,,(E) for each 7e]0,(1—u)AP[. Hence we get
we Ci(E) and (6.3) holds. Moreover we get

¢

©8)  Ju(t)— u@)ls< [|w(n)]sdr<

s

< [[lA@ s+ 170 |s] dr = (¢ —9)'~#~")  as t—s 0%,

so that ue C(E) and, clearly, «#(0) = 2. TUniqueness follows by
Theorem 3.5.

(ii) Quite similar to the proof of Theorem 6.1 (ii). W
THEOREM 6.4. Fix f€]0, 6], p€[0,1], and let x € Dyq(1 — p, o),
fE le('DA(ﬁ’ 00)). The’n:

(1) the fumction uw = A-'w, with w defined by (3.1), is a classical

solution of (0.1) and is unique wn the class | Iu(D.);
o<u<1+d

(ii) u' € Zu(Dy(B, 0)) and Au e Z,( Dy, o)) N Z,p(B); n ad-
dition
(6.9) K3 ||Zu(DA(ﬂ,°°))+ \lAullZu(DA(ﬂ;w))+
+ 4%z, o2 < 12| acwa—s,00 T [l 2u(DatB,000)} -
PRrROOF. Quite similar to that of Theorems 6.3 (i) and 6.2 (ii). =

Finally we treat the case of strongly singular classical solutions
(i.e. such that Aw e I,(E) for some g€ [1,1 4 J[).

THEOREM 6.5. Fix f€10,6], pe[l,1+ p[ and let z€ Dy,
1€ Zup(B) N I} (E). Then:
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(i) the function w = A-'w, with w defined by (3.1), is a classical

solution of (0.1) and is unique in the class U I.(D,);
o< u<1+o

(ii) u' € Z} 4(B) N Z}(Du(B, ) and Aue Z;; s(E); in addition

(6.10) o'l 25, p0my + %' | z2(DaB,00n) + [ A%] 25,00 <
<e{|@lz+ 1flzumm + 1l -
ProoF. (i) The solution u, € CYE) of (4.1), satisfies, as n — oo,
%, —~ A-'w and w, >w + f in I, . (B) for each ne]0,1 -+ f—u[

(Propositions 5.2 (iii) and 5.5 (iii)). Thus we have once more (6.3).
Next, as Auel,,,(E), we have

t 11
6.11)  Jul) —u@)e= | [w @) drls< | [A@)ur) drls+

8 8

t
+f”f(7')“Ed"' =o0(1) ast—s—0",

so that » € C(E) and, clearly «(0) = . Uniqueness follows again by
Theorem 3.5.

(ii) Similar to the proof of Theorem 6.1 (ii). MW

THEOREM 6.6. Fiz f€10,6], uc[l,1+p[ and let xe Dy,
f € Zu(Du(B, o)) N LN(E). Then:

(i) the function w = A-'w, with w defined by (3.1), is a classical

solution of (0.1) and is unique in the class | I.(D,);
0<pu<1+o

(ii) w' € Z}(Du(B, o)) and Aue Z}(Dy(p, o)) N Z}; s(B); in ad-
dition
(6.12) %" | z3(Dacs,000) T A% 25(Da8,00)) T [ A%] 25 52y <
<e{l@|z + 1 zupap,00n + 1z -

PROOF. Quite similar to that of Theorems 6.5 (i) and 6.2 (ii). m

REMARK 6.7. All results of this section can be improved in the fol-
lowing way. First of all, if A is the generator of a bounded analytic
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semigroup, we consider the «continuous interpolation spaces» D,(f)
introduced by Da Prato-Grisvard [9] (see also Butzer-Berens [7]),
and characterized, in analogy with (1.6),, (1.6),, (1.6);, by

(6.13),  Du(B) = {we Du(B, oo): lim s [exp [s4] — 1] ] = 0} ,
8—>0t

(6.13), D4(f) = {w€Dy(p, oc): lim s~ A exp [sA]z|z= 0}
s—0t

(6.13); Du(B) = {w€ Dy(B, oo): lim  |A|8|AR(A, A)a|z= 0} .
)

[A]—o0, A€0(4

It is known that D,(f) coincides with the closure of D, in the norm of
Dy(B, o) (see e.g. Sinestrari [16, prop. 1.8]). Introduce moreover the
«little-Holder » spaces, which are defined by

h(Y) = {f € 0(Y): lim sup {MQ:M :

r—0+ ’t —_— S'a
t,se[0,T],0< |t—s|<r} :0}.
Replace now the inequality of Hypothesis II by the stronger one

4@ B(2, A®)[A(E) — A(s)ewm <

Ma‘

<o(t—s)- > (E—s)%|Aft Vie S, — {0}, Vo<s<i<T,

i=1

I

where w: [0, T] —[0, co[ is a non-decreasing, continuous function
satisfying w(0) = 0.

Then we can improve all results of this section by performing, in
each statement, the following modifications: instead of

C8(B), B(Du(B, ), Duo(n, ), Zup(E), Zu(DuB, ),
Zi(B),  Z5(Dap, o))
read:
Wo(E), O(DuB)), Duo(n), Zup(®E), Zu(Dup)),
ZisB), Zi(DdP),

where the spaces Z, Z* are obtained by the corresponding spaces Z, Z*
by replacing in Definition 1.4, similarly, C# by k6 and B, B, by C, C,.
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The proof of these results needs a series of technicalities which are
closely related to those of Section 2, 4 and 5; we do not go into further
details. The corresponding results in the case of constant domains
(i.e. under Hypotheses I and 7.1 below) are explicitly stated and
proved in Acquistapace-Terreni [2], [3].

7. Comparisons and examples.

As remarked in the Introduction, Problem (0.1) in the parabolic
case (i.e. under Hypothesis I) has been studied by several authors,
with different assumptions in place of our Hypothesis II. Let us
shortly recall the main kinds of assumptions used in the literature.

The simpler situation is the constant-domain case (Tanabe [18],
Sobolevskii [17], Acquistapace-Terreni [2], [3]):

HyporHESIS 7.1. (i) Dyy= Duo V[0, T1,
(ii) there exist B> 0, a € ]0, 1[ such that

|A@)A(s) —1|gm<Bljt —s|* Vs, te[0,T].

If the domains are not constant, many situations may occur. In some
cases, the domains vary with ¢, but there are some intermediate spaces
between D, and E which do not change; more precisely, it can be
assumed (Kato [11],[12]) that the domain of some fractional power
of — A(t) is constant:

HypoTHESIS 7.2. (i) There exists p €]0,1[ such that
o *eNt,  Di_pe= Di_40 VE€[0,TI;
(ii) there exist B> 0 and a €]l — g, 1[ such that
I~ A®IT— A — 1o <Blt—s|* Vs, te[0, T].

On the other hand, it can be supposed (Acquistapace-Terreni[5])
that some interpolation space Dy (g, oo) is independent of ¢:

HyporHESIS 7.3. (i) There exists p €0, 1[ such that (with uni-
formly equivalent norms)

Doy o) = Dyo(e, 0) Vie[0, TT;
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(ii) there exist B> 0 and « € ]1 — g, 1[ such that

4@ — A($) ez, Dacote,con < Blt —s|* Vs, 2€[0, T].

In the case of totally variable domains, several kinds of assumptions

can be made. First of all we have (Kato-Tanabe [13], Acquistapace-
Terreni [1]):

HypoTHESIS 7.4. (i) t — R(4, A(t)) € CY(L(B)) VAES,,;
(ii) there exist K > 0 and p €]0,1[ such that

0 K
"at (/"7 A(t))

<_______—
cy 1A [Ale

VieRS,, Vtelo,T];

(iii) there exist B> 0 and 5 € ]0, 1[ such that

¢ aw— A

7 F <Bjt—s|n Vs,tel0, T].

(&)
Next, one can suppose (Tanabe [19]):
HyYPOTHESIS 7.5. (i) ¢ > A(t)~*e C(L(H));
(ii) there exists p € ]0, 1[ such that

d
7 A7 €LE, D—a)  VEEID, Ty;

(iii) there exists B > 0 such that

”[— O 5 A

<B Vtel[0,T].
£(&)

Further, another possible assumption is (Yagi[21]):
HYPOTHESIS 7.6. (i) t > A(t)'e C(L(H));
(i) there exist B> 0 and p € ]0, 1[ such that

d

“A(t)R(/l, A)) = A1)

B
<——— VAie8,, Vtel0,T].
ﬁ(E)<1 ¥ Mlg 0, [0, Tl

Finally it can be assumed the following (Yagi[22]):
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HYPOTHESIS 7.7. (i) t > R(4, A(t)) € C}(L(B)) VA€ 8,3

(ii) there exist K > 0 and p €]0,1[ such that

5 K

~— R(A, A(t < Viesl Vtel0, T];

O 0y VEEDD,T]

(iii) there exist B > 0, keN+t and oy, ..., &, f1, ..., fr € R such
that
—1<fi<a;<l forj=1,..,k
and
A(t)R(A A(t))iA(t)—l—A(s)R(z A(s))g—A(s)‘l <
! dt ! das E(E)\

k
<BY [t—s[¥|AlPr VieSe,— {0}, s,te[0,T].
=1

REMARK 7.8. It is easily seen, by (1.6); and the inclusions
Dy _ 4ye > Dyy(@y 00) > Di_ 440 Vo €10, 0

(see Triebel [20, formulae 1.15.2 (3) and 1.13.2 (3a)]), that Hyp. 7.5
implies Hyp. 7.6 and, conversely, Hyp. 7.6 implies Hyp. 7.5 with p
replaced by any smaller ¢. Similarly it is easy to show that Hyp. 7.4,
as well as Hyp. 7.5, is stronger than Hyp. 7.7. Finally we note that
Hyp. 7.6 implies Hyp. 7.4 (i)-(ii) (but not (iii)), in view of the identity

(1) SR, A®) = AGR(, AW) & 4072 40 B(3, A@).

In order to analyze the connections between Hypotheses 7.1, ..., 7.7
and our Hypothesis II, we divide such assumptions into two classes,
(4) and (B): class (A) consists of Hypotheses 7.1, 7.2, 7.3, 7.5 and 7.6,
whereas class (B) contains Hypotheses 7.4 and 7.7. We have the fol-
lowing result:

THEOREM 7.9. Assume Hypothesis I. Then Hypothesis 11 is weaker
than any assumption from class (4), and is independent of any assumption
from class (B).
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ProoOF. Clearly, Hyp. 7.1 is stronger than Hypothesis IT in view of
[A@) R(A, A@))NA@)— As) e =

= |R(4, A®)[1 — A@®) AS) e <=7 | [t —s|*.

1+|z

Assume now Hyp. 7.2, set m = p-! and write
(7.2) A@)1—A(s) =

[ Z [— ]—;/m{[_ t)]l/m [— A(s)]—l/m _ 1} [— A(s)]- 1+:/m
as Di_ 4 <> Dy, ), by (1.6); and (7.2) we easily obtain for each

xeF

A (t) R(A, A())[A(t)"*— A(s) 81 |p< o (LA @) — A($)71% | pacie,o0 <

|4]¢

B
< IO — A6) 0l sr < I‘;—I (t—s)als-

Similarly it is clear that Hyp. 7.3 implies
—8)*.

40 R(2, AO)A®— A6)lem <75

Finally, by Remark 7.8, Hyp. 7.5 is stronger than Hyp. 7.6; on the
other hand if Hyp. 7.6 holds, then we can write:

(O B(2, A@®))[A@)™— A(s)™'] =

:f[A(t)R(A, A(t)) — A(r)R(4, )] L A@ryrar +
t
—{—fA r)R(4, A(r)) %A(r)—ldr =

d d
—fjl 3 TA( )"ldodr —f—fA (r)R(2, A(r)) %A(r)—ldr,
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and hence by Hyp. 7.4 (ii) (which is true because of (7.1)) we get

4@ RB(4, A®)[A@®) —

ot —s)? +W" —8).

The first part of the proof is complete.
In order to prove the second statement, we need two lemmata.

LEMMA 7.10. Under Hypotheses 1, 11, if in addition t+— A(t)!
€ C(L(E)) then the range of (d|dt)A(t)* satisfies
d —
R (Et A(t)_]‘) c DA(t) Vte [0, T] .

Proor. Let z€ E. For 0<t<t -+ h<T we have:

At + ) — AW

h
1 1 At + By — At
— 2 |G 4+ ) — B (5, 40)] h o+
1 1 AG+ R — AW 4,
+5 B (pa0)| . — Ao +
1 (1 d .
+32 (5 A(t)) < Ao —

1
— A+ WE(G A€+ ) e+ Do — 407 = 31,
and it is easy to see, by Lemma 1.9 (ii) and Hypothesis II, that

Mallz+ [ L]e + [Llz= o(1) as b —0*,

whereas, clearly, I;€ Dy;,. Thus we get

1)z = lim I, e D
7 A(t) Jim 7, € Dago -

A similar and even simpler argument leads to the same result when
t=T. m
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LEMMA 7.11. Let zeC, fe €([0,1],C), peC([0, T],10, oo[). For
each te[0,T], 0,€1n/2,n[ and A€ Sy, there exists a unique solution
u € C*([0, 1], C) of the problem

Mufe) —u'(2) = flo), = e[0,1]
(7.3) u(0)
)

=0
w(1) + p)u'(1) = 2;

moreover we have (denoting by |- | the usual sup-norm):
[1+ (2] wle+ [1 4 [AF] 9 o+ | |o<
<O{lflo+ [1 + [AP]lel}  VAER,,,
where C depends on 0, and |f| but is independent of ¢, and
1 4f minf(t) =0

tel0,71

if min §(¢) >0 .
t€l0,T1

Yy =

DOt

PrROOF. See Acquistapace-Terreni [4, Prop. 3.1]. ®

‘We are now ready to prove the second part of Theorem 7.9. Let
us show that Hypothesis IT does not imply Hyp. 7.7. Take in (7.3)

(7.4) B(t) =1+ t¥;
then if we set

(7.5) B = 0([07 1], C) ’

(1.6) | Daw =€ 0¥[0,1],C): w(0) = 0, u(l) + f(t)u'(1) = 0}
) At)yu = u"

then Problem 7.3 is a particular case of (0.1) and, by Lemma 7.11,
Hypothesis I is fulfilled. In order to verify that Hypothesis IT holds
too, fix 0<s<i<T, pick fe E and set

v=A(s)"'f, w=R(A, A@t))[A— A(s)]v.
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Then it is easily seen that v and # solve respectively
v"=1§f in [0,1] Jw—u"= Jv—f in [0,1]

v(0) = 0 u(0) = 0
1)+ )01 =0, | wd)+pB)wa) =0,

congequently the function

w= A@M)R(A, A@®))[A@)*— A(s)1f =v—u
solves
w—w"=0 in [0, 1]
w(0) =0
w(1) + B(t)w'(1) = [B(s) — B(B)]v'(1) .

Hence by Lemma 7.11 and (7.4) we deduce that
[1+ [A]]lwlwe<e[1 + [21F]1B(s) — B)II' (V)] <e[1 + [A]] (¢ — 8)¥]flw

so that Hypothesis II is fulfilled.
On the other hand, as f is not differentiable it is easy to see that
t — A(t)-' ¢ O (L(E)),since

X

(7.7 A (@) =f ©r—y)f(y) dy —

[ff 1+‘3 yf(?/)d?/]m, ze€l0,1].

In view of Remark 7.8, this shows that no assumption from class (B)
can hold.

Conversely, let us show that Hyp 7.4 (and hence Hyp. 7.7 too)
does not imply Hypothesis II. Choose f(t) =, and let B, {A(t)} be
given by (7.5), (7.6). By (7.7) it is clear that

1

d
(7.8) [dt f] (+tfyfj)dyw z€0,1],
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so that Hypothesis 7.4 (iii) holds with any # € ]0, 1[; by Acquistapace-
Terreni [4, Prop. 3.2] we get Hypothesis 7.4 (i)-(ii) (with ¢ = %). Now
suppose by contradiction that Hypothesis IT also holds: then by Lem-
ma 7.10 we get

R([c% A(”_l] )gm = {u € C([0, 1], C): u(0) = u(1) = 0};
t=0

but if we take f=1, then (7.8) yields

a 1 —_Z
”:aA(t) :L=0f:|(w)——27 xe[O,]],

and this function does not belong to D,,.
Theorem 7.9 is completely proved. N

REMARK 7.12. Although the assumptions from class (B) are inde-
pendent of ours, it is to be noted that they always require continuous
differentiability for the map ¢+ R(4, A(t)), so that from this point
of view our hypotheses are indeed less restrictive. In addition, as
we have already remarked, Hypotheses I and II make it possible to
use a unified method for solving (0.1) in any situation (i.e. constant
domains, variable domains, intermediate cases), with minor smooth-
ness assumptions on the resolvent operator.
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